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Abstract 

We  present  in  this  report  a  summary  of  the  research  supported  by  the  AFOSR  during  the  period 
May  1  1997  to  December  31  2000  on  the  formulation  and  analysis  of  integration  algorithms  for 
different  dynamical  systems  in  solid  mechanics.  The  main  goal  is  the  development  of  robust  time¬ 
stepping  algorithms  with  improved  stability  properties  in  the  fully  nonlinear  range  in  this  type  of 
systems.  In  this  way,  we  have  developed  new  time-stepping  algorithms  for  the  integration  of  the 
equations  defining  the  contact/impact  of  solids  that  preserve  the  physical  conditions  of  energy  con¬ 
servation  for  the  normal  contact  interactions  and  of  energy  dissipation  for  the  tangential  frictional 
laws,  improving  considerably  on  the  performance  of  existing  schemes.  The  algorithms  also  exhibit 
the  conservation  laws  of  linear  and  angular  momenta  of  the  physical  system  by  construction.  We 
have  also  developed  new  arbitrary  Eulerian-Lagrangian  finite  element  methods  for  the  analysis 
of  finite  deformation  problems  in  solid  mechanics,  with  a  direct  application  to  the  Lagrangian 
treatment  of  viscous  fluids.  This  extension  allows  the  analysis  of  fluid-structure  interfaces  through 
the  Lagrangian  contact  logic  previously  developed.  Similarly,  we  have  developed  new  integration 
algorithms  for  nonlinear  elastodynamics  that  exhibit  the  controllable  high-frequency  dissipation 
required  to  handle  the  high  numerical  stiffness  characteristic  of  the  mechanical  systems  of  interest. 

The  numerical  properties  of  the  newly  developed  algorithms  have  been  supported  with  rigorous 
mathematical  analyses  and  evaluated  through  their  implementation  in  the  framework  of  the  finite 
element  method.  Additional  tools,  like  the  formulation  of  new  enhanced  strain  finite  elements 
for  finite  deformation  problems  and  a  new  contact  sorting/search  data  structure  for  the  efficient 
analysis  of  multi-body  elastic  systems,  have  been  developed  as  needed  in  the  solution  of  the  highly 
nonlinear  problems  of  interest  in  this  work. 

KEY  WORDS:  frictionless  and  frictional  contact  of  solids,  nonlinear  elasto¬ 
dynamics,  energy-momentum  conserving  algorithms,  numer¬ 
ical  stiffness,  high-frequency  dissipative  time-stepping  algo¬ 
rithms,  finite  element  method,  ALE  methods. 
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1.  Research  Goals 

The  research  considered  in  this  project  addresses  the  formulation,  analysis  and  im¬ 
plementation  of  numerical  methods  in  solid  mechanics.  The  two  specific  applications  of 
interest  are  the  dynamic  contact  of  elastic  solids  and  fluid-structure  surface  interactions, 
accounting  specifically  for  their  unilaterally  constrained  character.  Physically  significant 
properties  (like  conservation  of  momenta,  or  frictional  dissipation)  are  translated  into 
mathematical  properties  of  the  governing  equations  and  of  the  resulting  continuum  dynam¬ 
ical  system  (like  the  rich  geometric  structure  of  the  system  of  elastodynamics  including 
the  so-called  momentum  maps  in  the  presence  of  symmetries).  The  approach  proposed 
in  this  project  views  the  numerical  scheme  as  defining  a  discrete  dynamical  system  whose 
properties  are  to  be  analyzed.  The  comparison  of  these  properties  with  their  continuum 
counterparts  (e.g.  conservation  laws)  leads  to  the  identification  of  improved  integration 
algorithms.  Given  the  sound  theoretical  basis  of  this  approach,  the  newly  developed  nu¬ 
merical  methods  exhibit  the  robustness  necessary  to  deal  with  the  complex  problems  of 
interest  to  the  Air  Force  mission. 

Both  Hamiltonian  and  dissipative  dynamical  systems  are  considered.  In  the  case  of 
dynamic  contact  of  solids,  the  first  goal  is  the  development  of  conserving  numerical  schemes 
for  the  enforcement  of  the  unilateral  constraint  of  non-penetrating  solids,  continued  by  the 
development  of  dissipative  schemes  for  the  resolution  of  the  tangential  frictional  interac¬ 
tions  between  the  solids.  All  the  schemes  must  preserve  exactly  the  linear  and  angular 
conservation  laws  characteristic  of  the  dynamical  systems  with  symmetry  under  investiga¬ 
tion.  Emphasis  is  given  to  both  the  rigorous  analysis  of  the  numerical  properties  of  new 
schemes,  as  well  as  to  the  development  of  an  efficient  computational  structure  for  their 
numerical  implementation.  The  problems  of  interest  common  to  many  Air  Force  applica¬ 
tions  involve  multiple  bodies  in  contact  (e.g.,  fragmentation).  Motivated  by  the  need  of 
numerical  efficiency  in  the  ’resolution  of  these  systems,  the  goals  of  this  project  includes 
the  implementation  of  the  newly  developed  contact  algorithms  in  an  efficient  contact  sor- 
rting/searching  data  structure. 

In  addition,  this  research  project  includes  investigating  the  application  of  these  ideas 
to  the  analysis  of  fluid-structure  interactions.  These  systems  are  viewed  as  constrained 
dynamical  systems,  with  two  independent  sub-systems  (the  fluid  and  the  solid)  constrained 
by  the  interface  conditions.  These  fluid  problems  involve  large  strains  necessarily,  leading 
to  an  unacceptable  distortion  of  the  spatial  discretizations  (e.g.,  finite  element  meshes)  if  a 
fully  Lagrangian  approach  is  considered.  A  numerical  solution  becomes  the  impossible  to 
obtain.  This  limitation  motivates  the  development  of  new  arbitrary  Lagrangian-Eulerian 
(ALE)  finite  element  methods  that  can  avoid  this  mesh  distortion  and  accommodate  at 
the  same  time  the  methods  developed  previously  for  contact  problems  for  the  resolution 
of  the  fluid-solid  interfaces. 

During  the  work  in  this  grant,  and  given  the  success  in  the  development  of  energy- 
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momentum  time-stepping  algorithms  for  dynamic  contact  problems,  we  identified  the  for¬ 
mulation  of  numerical  schemes  for  general  nonlinear  elastodynamics  that  exhibit  a  control¬ 
lable  energy  dissipation  in  the  high-frequency  range  as  a  new  and  very  important  objective 
of  the  current  research  effort.  This  goal  was  not  present  in  the  original  proposal  of  this 
grant.  The  main  objective  is  the  development  of  time-stepping  algorithms  that  are  able  to 
handle  the  high  numerical  stiffness  of  the  systems  of  interest.  The  numerical  instabilities 
observed  when  using  existing  numerically  “dissipative”  schemes  (usually  developed  and 
analyzed  in  the  linear  range)  emphasizes  the  need  to  develop  these  schemes  in  the  nonlin¬ 
ear  range.  The  main  issue  is  the  introduction  of  this  controllable  numerical  dissipation  in 
the  high-frequency  response  only,  maintaining  the  second  or  higher  order  accuracy  of  the 
method  and,  more  importantly,  the  qualitative  features  of  the  phase  dynamics  (e.g.,  mo¬ 
mentum  conservation  laws  and  the  associated  relative  equilibria).  The  need  for  this  type 
of  dissipative  schemes  in  the  full  geometrically  nonlinear  range  is  clear  given  the  many 
practical  applications  of  interest  in  structural  dynamics. 

The  different  algorithms  developed  in  this  project  have  been  implemented  in  the  con¬ 
text  of  the  finite  element  method.  In  particular,  the  need  of  finite  element  formulations 
that  avoid  volumetric  and  shear  locking  while  being  stable  (in  the  sense  that  they  avoid 
hourglassing)  in  the  fully  nonlinear  finite  deformation  range  has  motivated  the  develop¬ 
ments  of  new  mixed/enhanced  finite  element  formulations.  These  developments  include 
complete  mathematical  analyses  of  the  new  and  existing  methods  in  the  general  context 
of  finite  strain  elastoplasticity. 


2.  Research  Accomplishments 

We  present  in  this  section  a  summary  of  the  research  accomplishments  obtained  in 
this  project,  addressing  the  objectives  described  in  the  previous  section  as  identified  in 
the  original  proposal.  Complete  references  to  the  publications  where  they  appeared  are 
included  (see  list  in  page  12  of  this  report). 

The  major  results  accomplished  under  this  project  can  be  summarized  as  follows: 

1.  The  formulation  of  energy-momentum  conserving  algorithms  for  frictionless  contact 
[6, 11,  20].  A  new  time-stepping  scheme  has  been  developed  for  the  numerical  resolu¬ 
tion  of  the  displacement  contact  constraint  that  does  not  lead  to  an  energy  increase  of 
the  system,  in  contrast  with  traditional  schemes.  The  method  is  based  on  a  penalty 
regularization  of  the  problem,  and  results  in  full  energy  restoration  upon  release,  that 
is,  upon  deactivation  of  the  penalization  potential.  These  properties  arise  from  the 
proper  definition  of  the  gap  between  the  solids  and  a  conserving  approximation  of  the 
contact  pressure.  Both  linear  and  angular  momenta  are  conserved. 

2.  Imposition  of  the  velocity  constraints.  [6, 11,  20].  During  persistent  contact,  not  only 
the  normal  component  of  the  displacement  of  the  points  in  contact  is  constrained 
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to  be  the  same,  but  also  their  normal  velocity.  We  have  developed  an  extension  of 
the  numerical  scheme  of  the  previous  item  that  enforces  this  constraint  and  preserves 
the  conservation  properties  of  the  scheme.  A  new  mass-penalization  scheme  has  been 
developed  to  this  purpose,  with  an  augmented  Lagrangian  variant  enforcing  exactly 
the  constraint. 

3.  Contact  schemes  with  controllable  numerical  dissipation  [6,11,20].  Continuing  with 
the  previous  item,  a  variant  exhibiting  a  controllable  numerical  (positive)  dissipation 
has  been  developed.  Numerical  experiments  have  shown  that  the  resulting  numerical 
scheme  is  especially  appropriate  for  the  resolution  of  the  contact  intervals  in  short¬ 
term  simulations  of  high-velocity  impacts,  avoiding  the  typical  oscillatory  (and  even 
unstable)  response  associated  to  traditional  implicit  schemes  in  resolving  this  type  of 
problems. 

4.  A  new  dissipative  numerical  scheme  for  frictional  contact  [5,10,18].  We  have  de¬ 
veloped  a  new  time-stepping  algorithm  for  the  integration  in  time  of  the  frictional 
interactions  between  solids  that  leads  to  a  positive  energy  dissipation,  in  contrast  with 
more  traditional  schemes.  The  method  is  based  on  a  new  time  integration  of  the 
relation  defining  the  slip  between  the  contacting  surfaces,  as  well  as  the  definition  of 
the  tangential  forces  between  the  solids  through  a  trial/corrector  scheme.  The  contact 
contributions  are  again  linear  and  angular  momentum  conserving.  The  method  has 
been  implemented  in  combination  with  the  numerical  schemes  developed  previously 
for  the  normal  contact  component,  leading  altogether  to  (energy)  stable  schemes  very 
appropriate  for  the  long-term  simulation  of  multi-body  systems. 

5.  Development  of  an  efficient  contact  detection  scheme  [17].  The  previously  developed 
methods  have  been  implemented  in  the  framework  of  the  finite  element  method.  In 
particular,  we  have  developed  a  complete  computational  structure  for  the  efficient  (and 
stable)  long-term  simulation  of  multi-body  systems.  The  numeric?.1  implementation 
consists  of  two  phases:  contact  sorting  and  searching.  The  contact  logic  involves 
primary  structures  (like  bodies,  surfaces,  facets  and  particles)  and  secondary  or  derived 
structures  (like  body /particle  pairs).  The  sorting  phase  is  based  on  a  binary  space 
partition  (BSP)  scheme,  and  identifies  the  active  body/particle  pairs.  The  searching 
phase  identifies  through  the  closest-point  projection  the  actual  facet /particle  pairs  in 
contact.  Numerical  tests  confirm  a  substantial  improvement  in  the  computational  cost: 
O(NlogN)  versus  0(N2)  of  a  non-sorted  contact  search  (TV  =  number  of  bodies). 

6.  Complete  analyses  of  existing  “dissipative”  schemes  [4, 15, 16,  21].  We  have  performed 
rigorous  analyses  of  the  time-stepping  algorithms  commonly  used  in  continuum  and 
structural  dynamics  (Newmark  and  HHT  families  of  schemes).  These  schemes  were 
developed  to  exhibit  high-frequency  dissipation  and  unconditional  stability  in  the  lin¬ 
ear  range.  These  analyses  not  only  identify  the  lack  of  this  dissipative  character  of  the 
schemes  in  the  nonlinear  range,  but  also  the  fundamentally  incorrect  qualitative  dy¬ 
namics  obtained  by  them.  The  analyses  were  performed  for  the  simple  model  problem 


Final  Report.  F49620-97-1-0196 


o 


of  a  nonlinear  spring/mass  system  rotating  around  a  central  fixed  point.  In  this  con¬ 
text,  we  have  shown  the  non-existence  of  relative  equilibria  in  the  discrete  dynamics, 
except  for  the  trivial  static  equilibrium,  thus  missing  completely  the  phase  portrait 
of  the  dynamical  system  (relative  equilibria  in  this  case  correspond  to  pure  rotations 
with  no  axial  oscillations  in  the  elastic  spring). 

7.  New  high-frequency  dissipative  time-stepping  algorithms  for  nonlinear  continuum  elas- 
todynamics  [3, 4,  9, 14, 15,  21].  We  have  developed  a  new  class  of  time-stepping  algo¬ 
rithms  for  nonlinear  continuum  elastodynamics  that  exhibit  numerical  high-frequency 
dissipation,  while  maintaining  fundamental  qualitative  properties  of  the  dynamics  of 
the  system.  More  specifically,  the  linear  and  angular  momenta  conservation  laws,  as 
well  as  the  corresponding  relative  equilibria,  are  exactly  preserved.  We  have  proven 
these  properties  in  the  general  context  of  nonlinear  elastodynamics.  We  have  de¬ 
veloped  first  and  second  order  schemes,  with  a  complete  control  of  the  numerical 
dissipation  introduced  in  the  simulations  (e.g.  zero  if  desired)  through  the  consid¬ 
eration  of  algorithmic  parameters.  Complete  spectral  analyses  of  these  methods  for 
the  linearized  problem  have  identified  the  dissipative  spectral  properties  of  the  new 
methods.  In  particular,  the  new  second  order  schemes  are  shown  to  be  L-stable.  As 
indicated  in  the  section  on  objectives  above,  the  newly  proposed  methods  have  shown 
a  big  improvement  over  existing  “dissipative”  and  conserving  schemes  in  problems 
with  a  high-frequency  content. 

8.  A  new  ALE  framework  for  finite  deformation  problems  [1,8, 12, 13].  We  have  devel¬ 
oped  a  new  arbitrary  Lagrangian-Eulerian  (ALE)  finite  element  formulation  for  the 
treatment  of  finite  deformation  problems  to  accommodate  the  large  distortions  of  the 
finite  elements  in  this  class  of  problems.  The  proposed  approach  is  based  on  a  direct 
treatment  of  both  the  material  map  moving  the  finite  element  mesh  with  respect  to 
the  material  particles  and  the  spatial  map  defining  the  deformed  configuration  of  the 
solid.  The  direct  use  of  the  material  remap,  in  contrast  with  existing  formulations 
based  on  the  interpolation  the  physical  deformation  between  material  and  deformed 
configurations,  has  shown  to  be  especially  suited  for  the  advection  of  any  internal 
variables  characteristic  of  inelastic  models.  In  fact,  this  advection  is  accomplished  by 
an  efficient  particle  tracking  scheme  based  on  the  connectivity  graph  of  the  reference 
mesh.  We  have  already  considered  successfully  finite  strain  multiplicative  models  of 
elastoplasticity  in  the  dynamic  range.  Our  main  goal  as  related  to  the  current  re¬ 
search  project  is  the  treatment  of  viscous  fluids  in  this  non-Lagrangian  framework  for 
the  study  of  fluid-solid  interactions  through  the  appropriate  contact  treatment  of  the 
material  interfaces. 

9.  New  mixed/enhanced  Unite  element  methods  for  finite  deformation  problems  [2, 7, 19]. 
We  have  developed  new  enhanced  finite  element  methods  for  finite  deformation  prob¬ 
lems  in  the  general  context  of  finite  strain  elastoplasticity.  The  main  challenge  is  the 
formulation  of  finite  elements  avoiding  both  volumetric  and  shear  locking,  and  the 
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hourglass  instabilities  observed  in  the  finite  deformation  range.  To  this  purpose,  we 
have  explored  a  framework  that  considers  an  assumed  strain  finite  formulation  of  the 
volumetric  strain  component  with  an  enhanced  treatment  of  the  deviatoric  part.  We 
have  gained  a  complete  understanding  of  the  locking  and  stability  properties  of  these 
new  and  existing  finite  element  formulations  with  a  series  of  modal  analyses  in  the 
full  finite  deformation  range.  Additional  stabilized  enhanced  finite  element  techniques 
have  been  developed  to  handle  the  aforementioned  instabilities. 


3.  Impact  of  the  Research.  Relevance  to  the  Air  Force 

We  believe  that  the  research  developed  in  this  project  has  led  to  important  advances 
in  the  understanding  of  time-stepping  algorithms  for  nonlinear  dynamics.  In  particular, 
we  have  developed  new  integration  algorithms  that  improve  on  existing  techniques  for  the 
solution  of  the  complex  problems  in  nonlinear  solid  mechanics,  including  the  always  difficult 
treatment  of  the  contact  between  solids.  These  results  have  led  to  the  interaction  with 
the  Computational  Mechanics  group  of  the  Munitions  Directorate  at  Eglin  AFB.  These 
contacts  are  expected  to  continue  in  the  extensions  that  we  are  currently  considering  of 
the  work  developed  in  this  project;  see  Section  4  below. 

These  results  have  been  presented  in  a  number  of  refereed  publications  as  well  as  in 
many  conference  contributions  and  invited  lectures.  A  complete  list  of  the  publications  pre¬ 
pared  in  this  project  is  presented  in  page  12  of  this  report,  and  in  page  15  for  the  transitions 
of  the  research  funded  by  this  AFOSR  project.  These  lists  include  only  the  publications 
and  presentations  linked  directly  to  the  objective  of  the  current  research  project.  A  list  of 
additional  publications  prepared  by  the  PI  during  this  period  acknowledging  the  support 
of  th'.  AFOSR  is  available  upon  request. 

Recognition  to  the  research  developed  in  this  project  has  come  in  different  forms. 
In  particular,  we  can  quote  the  many  invitations  received  by  the  P.I.  to  present  these 
findings  in  national  and  international  conferences,  including  keynote  lectures  and  addresses 
in  major  national  and  international  meetings  (like  in  the  World  Congress  on  Computational 
Mechanics  held  in  Buenos  Aires,  Argentina,  in  June  1998,  and  the  European  Congress  on 
Computational  Mechanics  held  in  Munich,  Germany,  in  September  1999,  among  others). 
During  the  period  of  performance  of  this  project,  the  P.I.,  Francisco  Armero,  was  awarded  a 
NSF  CAREER  Award  in  June  1997,  and  the  Juan  C.  Simo  Award  and  Medal  in  June  1999 
given  by  SEMNI  (the  Spanish  Society  of  Numerical  Methods  in  Engineering)  every  three 
years  to  “a  young  investigator  in  recognition  of  his/her  scientific  career”.  Furthermore, 
he  received  the  Best  Paper  in  Engineering  Computations  in  June  1997  for  the  paper  [7] 
co-authored  with  the  postdoctoral  fellow  Dr.  S.  Glaser. 

We  would  like  to  mention  also  the  strong  educational  component  of  the  research  de¬ 
veloped  in  this  project.  The  graduate  student  Mr.  Ignacio  Romero  (PhD  expected  May 
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2001)  has  been  supported  entirely  during  his  doctoral  studies.  Other  graduate  students, 
Dr.  Eva  Petocz  (PhD  October  1997)  and  Dr.  Edward  Love  (PhD  December  2001),  have 
also  been  involved  with  the  development  of  the  research  in  this  project.  The  P.I.,  Fran¬ 
cisco  Arrnero,  received  partial  support  during  the  summer  terms.  Additional  collaborators 
include  visiting  postdoctoral  fellows  and  visiting  professors,  not  financially  supported  by 
this  grant. 


4.  Future  Work  and  Extensions 

The  improved  performance  of  the  numerical  methods  developed  in  this  project  has 
motivated  us  to  consider  their  extension  to  additional  situations.  For  example,  we  have 
extended  these  methods  to  the  treatment  of  plane  rods  in  the  context  of  geometrically  exact 
theories  of  the  Cosserat  type.  The  extension  of  these  methods  to  the  general  case  of  three 
dimensional  rods  require,  however,  a  different  and  more  complex  treatment  of  the  finite 
rotations  appearing  in  these  theories  if  a  frame  indifferent  formulation  is  to  be  obtained. 
In  fact,  this  identifies  the  goals  to  be  pursued  in  this  area,  including  the  development  of 
conserving/dissipative  time-stepping  algorithms  for  the  solution  of  nonlinear  shells  of  the 
Cosserat  type.  The  finite  element  resolution  of  the  relative  equilibria  of  these  systems, 
and  the  complete  characterization  of  their  stability  in  this  numerical  context,  arise  also  as 
important  issues  to  be  explored. 

Similarly,  we  have  identified  the  need  for  the  extension  of  all  the  previous  develop¬ 
ments  to  handle  inelastic  problems  in  solid  mechanics  More  precisely,  it  is  our  goal  to 
develop  new  time-stepping  algorithms  for  finite  strain  plasticity  and  damage  that  exhibit 
rigorously  the  positive  energy  dissipation  characteristic  of  the  physical  system.  Given  the 
applications  of  interest  to  the  Air  Force,  the  development  of  these  schemes  to  handle  the 
fracture  and  fragmentation  of  solids  in  dynamic  conditions  is  of  the  main  interest.  All  these 
new  objectives  are  being  supported  by  a  continuing  grant  from  the  Computational  Math¬ 
ematical  Program  of  the  AFOSR.  This  continued  support  is  gratefully  acknowledged.  We 
believe  that  the  combination  of  all  these  results  will  lead  to  powerful  novel  computational 
tools,  with  the  sound  theoretical  basis  necessary  for  the  analysis  of  the  complex  practical 
problems  of  interest  to  the  Air  Force. 


5.  Outline  of  the  Rest  the  Report 

After  presenting  a  complete  list  of  the  publications  prepared  under  the  support  of  the 
AFOSR  and  the  invited  lectures  and  conference  contributions  on  the  research  concerning 
this  project,  we  present  in  different  appendices  a  summary  of  the  technical  results  obtained 
in  this  grant.  More  specifically,  we  present  the  following  five  appendices: 
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I.  Conserving  algorithms  for  frictionless  dynamic  contact  problems. 

II.  A  new  dissipative  time-stepping  algorithm  for  frictional  contact  problems. 

III.  An  alternative  formulation  avoiding  the  deficiencies  of  existing  “dissipative”  al¬ 
gorithms  in  nonlinear  dynamics. 

IV.  A  new  second-order  high-frequency  dissipative  time-stepping  algorithm  for  non¬ 
linear  elastodynamics 

V.  An  ALE  finite  element  method  for  finite  strain  plasticity  and  viscous  fluids. 

As  summarized  in  the  following  sections,  these  appendices  describe  the  main  results  related 
to  the  main  objectives  of  the  project  as  identified  in  the  original  proposal.  No  discussion 
is  made  of  a  number  of  additional  important  results  obtained  in  this  project,  including 
development  and  finite  element  implementation  of  an  efficient  sorting/searching  data  base 
structure  for  multi-body  elastic  systems,  and  the  formulation  and  analysis  of  new  enhanced 
strain  finite  element  methods  for  finite  deformation  problems.  We  refer  to  the  different 
publications  presenting  these  results  as  indicated  in  Section  2. 


5.1.  Appendix  I:  Conserving  algorithms  for  frictionless  dynamic  contact 

problems 

This  appendix  presents  the  formulation  of  conserving  time-stepping  algorithms  for 
ffictionless  dynamic  contact  of  solids.  A  new  class  of  finite  element  methods  is  proposed 
for  the  solution  of  these  problems  that  exhibit  the  same  conservation  laws  as  the  underlying 
continuum  dynamical  system.  The  proposed  methods  are  based  on  a  penalty  regulariza¬ 
tion  of  the  constrained  contact  problem,  and  lead  to  full  conservation  of  the  total  energy 
of  the  system  (including  the  regularization  penalty  potential)  during  persistent  contact, 
and  restoration  of  the  original  energy  upon  release.  Both  linear  and  angular  momenta  are 
conserved  by  the  scheme.  Furthermore,  the  newly  developed  methods  have  the  ability  to 
enforce  the  associated  constraints  in  the  velocity  besides  the  impenetrability  constraint  in 
the  displacements,  while  preserving  the  conservation/restoration  properties  of  the  final  nu¬ 
merical  scheme.  A  modification  of  these  schemes  is  described  that  assures  positive  energy 
dissipation  if  desired  (even  in  the  highly  nonlinear  setting  of  contact/impact  problems), 
leading  to  contact  schemes  with  high-frequency  energy  dissipation.  Representative  nu¬ 
merical  simulations  are  presented  illustrating  the  performance  of  the  proposed  numerical 
schemes. 
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5.2.  Appendix  II:  A  new  dissipative  time-stepping  algorithm  for  frictional 

contact  problems 

This  appendix  presents  a  new  time-stepping  algorithm  for  frictional  contact  problems 
that  exhibits  unconditional  positive  energy  dissipation.  More  specifically,  the  proposed 
scheme  preserves  a-priori  stability  estimates  of  the  continuum  problem  for  both  friction¬ 
less  and  frictional  contact,  leading  to  improved  numerical  stability  properties  in  particular. 
For  the  normal  contact  component,  the  algorithm  exhibits  full  energy  conservation  between 
released  states,  while  the  energy  does  not  increase  over  its  initial  value  due  to  the  enforce¬ 
ment  of  the  normal  contact  constraint  during  persistent  contact.  A  penalty  regularization 
is  considered  to  this  purpose.  A  new  regularization  of  the  stick  conditions  is  considered 
for  the  frictional  part.  The  new7  scheme  is  shown  rigorously  to  exhibit  positive  energy 
dissipation  like  the  continuum  physical  problem  in  this  frictional  case.  Coulomb  friction 
is  assumed.  Complete  analyses  of  these  considerations,  as  well  as  a  detailed  description  of 
their  finite  element  implementation,  are  included  in  the  general  finite  deformation  range. 
Representative  numerical  simulations  are  presented  to  assess  the  performance  of  the  newdy 
proposed  methods. 


5.3.  Appendix  III:  An  alternative  formulation  avoiding  the  deficiencies  of 

existing  “dissipative”  algorithms  in  nonlinear  dynamics 

This  appendix  presents  the  development  of  a  class  of  time-stepping  algorithms  for 
nonlinear  elastodynamics  that  exhibits  the  controllable  numerical  dissipation  in  the  high- 
frequency  range  required  for  the  robust  solution  of  the  resulting  numerically  stiff  systems. 
To  motivate  and  illustrate  better  the  developments  in  this  general  case,  we  present  first  the 
formulation  and  analysis  of  these  methods  for  two  simple  model  problems.  Namely,  we  con¬ 
sider  a  nonlinear  elastic  spring/mass  system  and  a  simplified  model  of  Tun  elastic  beams. 
As  it  is  discussed  in  detail  in  this  appendix,  the  conservation  by  the  numerical  algorithm 
of  the  momenta  and  corresponding  relative  equilibria  of  these  characteristic  Hamiltonian 
systems  with  symmetry  is  of  the  main  importance.  These  conservation  properties  lead  for 
a  fixed  and  finite  time  step  to  a  correct  qualitative  picture  of  the  phase  space  where  the 
discrete  dynamics  takes  place,  even  in  the  presence  of  the  desired  and  controlled  numer¬ 
ical  dissipation  of  the  energy.  This  situation  is  contrasted  with  traditional  “dissipative” 
numerical  schemes,  which  are  shown  through  rigorous  analyses  to  not  only  loose  their  dis¬ 
sipative  character  in  the  general  nonlinear  range,  but  also  the  aforementioned  conservation 
properties,  thus  leading  to  a  qualitatively  distorted  approximation  of  the  phase  dynamics. 
The  key  for  a  successful  algorithm  in  this  context  is  the  incorporation  of  the  numerical 
dissipation  in  the  internal  modes  of  the  motion  while  not  affecting  the  group  motions  of 
the  system.  The  algorithms  presented  in  this  work  accomplish  these  goals.  The  focus 
in  this  first  part  is  given  to  first  order  methods.  Representative  numerical  simulations, 
ranging  from  applications  in  nonlinear  structural  dynamics  to  nonlinear  continuum  three- 
dimensional  elastodynamics,  are  presented  in  the  context  of  the  finite  element  method  to 
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illustrate  these  ideas  and  results. 


5.4.  Appendix  IV:  A  new  second  order  high-frequency  dissipative  time¬ 
stepping  algorithm  for  nonlinear  elastodynamics 

This  appendix  presents  the  formulation  of  a  new  high-frequency  dissipative  time¬ 
stepping  algorithm  for  nonlinear  elastodynamics  that  is  second  order  accurate  in  time. 
The  new  scheme  exhibits  unconditional  energy  dissipation  and  momentum  conservation 
(and  thus  the  given  name  of  EDMC-2),  leading  also  to  the  conservation  of  the  relative  equi¬ 
libria  of  the  underlying  physical  system.  The  unconditional  character  of  these  properties 
applies  not  only  with  respect  to  the  time  step  size  but,  equally  important,  with  respect 
to  the  considered  elastic  potential.  Moreover,  the  dissipation  properties  are  fully  con¬ 
trolled  through  an  algorithmic  parameter,  reducing  to  existing  fully  conserving  schemes, 
if  desired.  The  design  of  the  new  algorithm  is  described  in  detail,  including  a  complete 
analysis  of  its  dissipation/conservation  properties  in  the  fully  nonlinear  range  of  finite 
elasticity.  To  motivate  the  different  constructions  that  lead  to  the  dissipative  properties 
of  the  final  scheme,  the  same  arguments  are  used  first  in  the  construction  of  new  linear 
time-stepping  algorithms  for  the  system  of  linear  elastodynamics,  including  first  and  sec¬ 
ond  order  schemes.  The  new  schemes  exhibit  a  rigorous  decay  of  the  physical  energy,  with 
the  second  order  schemes  formulated  in  a  general  two-stage  formula  accommodating  the 
aforementioned  control  parameter  in  the  dissipation  of  the  energy.  A  complete  spectral 
analysis  of  the  new  schemes  is  presented  in  this  linear  range  to  evaluate  their  different 
numerical  properties.  In  particular,  the  dissipative  character  of  the  proposed  schemes  in 
the  high-frequency  range  is  fully  demonstrated.  In  fact,  it  is  shown  that  the  new  second 
order  scheme  is  L-stable.  Most  remarkably,  the  extension  of  these  ideas  to  the  nonlinear 
range  is  accomplished  avoiding  the  use  of  multi-stage  formulas,  given  the  freedom  gained 
in  using  general  nonlinear  relations,  while  preserving  the  conservation  laws  of  the  momenta 
and  the  corresponding  relative  equilibria.  Several  representative  numerical  simulations  are 
presented  in  the  context  of  nonlinear  elastodynamics  to  evaluate  the  performance  of  the 
newly  proposed  schemes. 


5.5.  Appendix  V:  An  ALE  finite  element  method  for  finite  strain  plasticity 
and  viscous  fluids 

This  appendix  presents  an  implicit  Arbitrary  Lagrangian-Eulerian  (ALE)  finite  ele¬ 
ment  formulation  for  solid  mechanics.  The  interest  in  this  work  lies  in  the  consideration 
of  finite  strain  elastoplasticity  based  on  a  multiplicative  decomposition  of  the  deforma¬ 
tion  gradient  in  an  elastic  and  plastic  part,  and  the  use  of  an  hyperelastic  relation  for 
the  stresses  in  terms  of  the  elastic  part.  This  situation  is  to  be  contrasted  with  typical 
ALE  treatments  found  in  the  literature  based  on  rate  (hypoelastic)  forms  of  the  governing 
equations.  In  contrast  with  more  classical  approaches,  the  ALE  approach  presented  herein 
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considers  the  direct  use  and  interpolation  of  the  material  motion  with  respect  to  the  ref¬ 
erence  mesh.  This  aspect  leads  to  a  considerable  simplification  of  the  numerical  resolution 
of  the  advection  of  the  plastic  internal  variables.  In  fact,  this  advection  is  accomplishes 
through  a  simple  particle  tracking  scheme  based  on  the  connectivity  graph  of  the  reference 
mesh,  avoiding  the  use  of  more  complex  strategies  for  the  solution  of  the  pure  advection 
equation.  These  ideas  are  implemented  in  an  efficient  staggered  framework,  involving  a  La- 
grangian  step,  a  material  remap,  and  the  aforementioned  advection  of  the  plastic  internal 
variables.  Representative  numerical  simulations  are  presented  to  assess  the  performance  of 
the  proposed  formulation.  Both  quasi-static  and  fully  dynamic  problems  are  considered. 
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1.1.  Introduction. 

The  accurate  modeling  of  contact  interfaces  in  solids  is  one  of  the  main  difficulties  in 
common  engineering  applications.  Typical  examples  are  rashworthiness  analyses  and  the 
simulation  of  metal  forming  processes.  See  the  contributions  in  Reid  Yang  [1993]  and 
Desideri  et  al  [1996],  respectively,  for  recent  accounts  of  these  considerations.  The  ex¬ 
perience  accumulated  in  the  past  regarding  the  numerical  analysis  of  contact  problems 
indicates  the  inherent  difficulty  of  their  solution,  the  cause  being  not  only  the  highly  non¬ 
linear  nature  of  the  problem,  but  also  its  unilaterally  constrained  character.  The  lack  of 
robustness  of  current  implicit  methods  that  impose  the  contact  constraint  has  led  in  the 
past  to  the  consideration  of  explicit  schemes  for  the  numerical  solution  of  contact  problems. 
The  difficulties  in  the  enforcement  of  this  constraint  appear  often  as  oscillations  between 
contact  and  released  states. 

Additional  difficulties  arise  when  dynamic  problems  are  considered.  The  limited  condi¬ 
tional  stability  in  time  of  explicit  integration  schemes  appears  as  a  clear  drawback.  Implicit 
schemes  may  be  employed  to  recover  better  stability  properties  but,  as  it  is  well-known,  sta¬ 
ble  numerical  schemes  for  linear  problems  may  lose  this  property  in  the  nonlinear  context, 
leading  to  an  unstable  increase  of  the  energy  during  the  numerical  simulations.  Character¬ 
istic  examples  are  the  trapezoidal  and  mid-point  rules,  two  energy  conserving  schemes  for 
linear  problems  that  may  result  in  energy  increase  (and  actual  blow  up  of  the  computation) 
in  nonlinear  problems.  See  e.g.  SlMO  Sz  Tarnow  [1992]  for  representative  simulations. 
These  drawbacks  have  led  to  the  consideration  of  energy-momentum  conserving  schemes 
that  do  not  suffer  of  this  limited  (energy)  stability  properties,  as  described  in  SlMO  &z 
Tarnow  [1992],  Crisfield  &  Shi  [1994],  Simo  et  al  [1995],  among  others.  We  can  an¬ 
ticipate  that  the  presence  of  the  high  nonlinearity  due  to  the  contact  constraint  may  lead 
to  similar  instabilities,  as  the  simulations  of  f  ection  1.4  show.  The  goal  of  the  research 
presented  in  this  paper  is  the  formulation  cf  time-stepping  algorithms  that  possess  the 
desired  temporal  stability  properties  by  controlling  the  evolution  of  the  energy  and  that, 
at  the  same  time,  lead  to  a  stable  (non-oscillatory)  enforcement  of  the  contact  constraints. 

A  complete  account  on  the  numerical  analysis  of  contact  problems  until  the  late  1980’s 
can  be  found  in  Kikuchi  &  Oden  [1988].  Finite  element  methods  for  dynamic  contact 
problems  can  be  found  in  Hughes  et  al  [1976],  Hallquist  et  al  [1985],  Belytschko  & 
Neal  [1991],  Carpenter  et  al  [1991]  for  explicit  integrators,  and  Bathe  &  Chaud- 
hary  [1985],  Kikuchi  Sz  Oden  [1988]  involving  implicit  integrators  for  frictionless  and 
frictional  problems,  to  cite  just  a  few  references.  The  recent  works  presented  in  Taylor 
&z  Papadopoulos  [1993],  Lee  [1994],  and  Munjiza  et  al  [1995],  among  others,  show  the 
current  interest  in  the  formulation  of  more  robust  implicit  algorithms  for  frictionless  con¬ 
tact.  See  also  the  results  presented  in  Armero  &  Petocz  [1996].  The  robustness  of  the 
numerical  scheme  requires  good  stability  properties  in  the  limit  conservative  case,  without 
relying  in  the  physical  dissipation  introduced  by  frictional  effects. 
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The  approach  proposed  herein  makes  use  of  the  properties  of  the  continuum  dynami¬ 
cal  system  for  the  formulation  and  analysis  of  new  and  more  robust  implicit  time-stepping 
algorithms  for  contact  problems.  Assuming  no  external  forces,  the  total  energy,  linear 
and  angular  momenta  of  a  system  of  solids  in  frictionless  contact  are  conserved.  These 
conservation  properties  are  introduced  in  the  newly  developed  schemes  by  construction, 
thus  leading  not  only  to  a  better  modeling  of  the  physical  system  but  also  to  improved 
numerical  properties.  The  new  schemes  are  second  order  accurate  and  unconditionally  (en¬ 
ergy)  stable  even  in  the  fully  nonlinear  finite  strain  range,  as  implied  by  the  conservation 
of  the  total  energy  of  the  system.  The  (unilaterally)  constrained  problem  is  regularized 
via  a  penalty  formulation.  Both  the  constraint  in  the  displacements  and  the  associated 
constraint  in  the  velocities  are  enforced  in  this  manner.  The  (positive)  energy  correspond¬ 
ing  to  the  penalty  potential  is  taken  into  account  in  the  evolution  of  the  energy,  leading 
to  full  restoration  of  the  initial  energy  of  the  system  of  solids  upon  release  (i.e.,  when  the 
regularization  potentials  are  inactive),  while  the  energy  never  increases  beyond  its  initial 
value  during  persistent  contact.  The  total  energy  of  the  system  (solids  plus  regulariza¬ 
tion  potentials)  is  conserved  at  all  times,  leading  to  the  unconditional  (energy)  stability  of 
the  numerical  schemes.  These  properties  are  combined  with  full  conservation  of  angular 
and  linear  momenta.  Numerical  experiments  have  shown  that  these  improved  stability 
properties  lead  to  a  superior  numerical  performance  when  compared  to  similar  traditional 
schemes  (like  the  second  order  mid-point  and  trapezoidal  rules).  As  noted  above,  high- 
order  standard  numerical  schemes  usually  involve  an  artificial  increase  of  the  energy,  which 
eventually  leads  to  the  actual  blow-up  of  the  numerical  computation. 

Fully  energy  conserving  schemes  are  appropriate  for  the  long-term  simulations  of  the 
interactions  of  solids  in  contact,  where  the  main  interest  is  the  accurate  resolution  of  the 
configuration  of  the  system  in  the  long-term  (and  thus  its  energy  content).  On  the  other 
hand,  short  term  simulations  are  employed  for  the  study  of  high-velocity  frontal  impacts 
(e.g.  a  rod  impacting  a  rigid  wall),  requiring  then  the  resolution  of  a  wide  frequency  spec¬ 
trum.  In  fact,  weak  shocks  (discontinuities  in  the  velocity  and  strain)  dominate  completely 
the  solution  at  these  time  scales.  In  these  conditions,  high  frequency  energy  dissipation  is 
a  desired  feature.  We  emphasize  that  the  application  of  standard  dissipative  schemes  de¬ 
veloped  typically  for  linear  problems  do  not  assure  in  general  a  positive  energy  dissipation 
in  the  numerical  scheme,  the  cause  being  again  the  highly  nonlinear  nature  of  the  contact 
problem.  We  propose  herein  a  simple  modification  of  the  conservative  schemes  previously 
developed  that  accomplishes  this  feature,  and  whose  dissipative  properties  can  be  proven 
rigorously. 

An  outline  of  the  rest  of  the  paper  is  as  follows.  Section  1.2  includes  a  complete  de¬ 
scription  of  the  problem  under  consideration.  The  governing  equations  are  summarized 
in  Section  1.2.1,  with  the  conservation  laws  for  frictionless  contact  described  in  Section 

1.2.2.  The  finite  element  implementation  considered  in  this  paper  is  described  in  Section 

1.2.3.  Next,  the  formulation  of  the  new  energy-restoring,  momentum-conserving  scheme 
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proposed  herein  is  described  in  detail  in  Section  1.3.1,  when  only  the  gap  constraint  in 
the  displacement  is  enforced.  Rigorous  proofs  of  the  conservation  properties  of  the  pro¬ 
posed  methods  as  well  as  extensions  involving  high-frequency  dissipation  are  described  in 
detail.  Section  1.3.2  considers  the  enforcement  of  the  velocity  gap  constraint,  arriving  to  a 
similar  class  of  conserving  algorithms.  Representative  numerical  simulations  are  presented 
in  Section  1.4  to  assess  the  performance  of  the  proposed  methods.  Section  1.5  includes 
some  concluding  remarks.  Finally,  the  consistent  linearization  of  the  proposed  methods  is 
summarized  in  a  separate  appendix. 


1.2.  Problem  Description. 

We  describe  in  this  section  the  problem  and  numerical  simulation  of  dynamic  contact 
of  elastic  bodies.  Section  1.2.1  summarizes  the  governing  equations.  Section  1.2.2  describes 
the  conservation  laws  associated  to  this  Hamiltonian  system.  Finally,  the  finite  element 
implementation  of  the  governing  equations  is  described  in  Section  1.2.3. 


1.2.1.  The  governing  equations. 

Consider  the  motion  of  two  elastic  bodies  with  a  reference  placement  Qa  (a  =  1,  2), 
characterized  by  the  deformations  ipa  :  fia  x  [0,T]  —¥  Rnd,m  (ndim  =  1,2,  or  3).  The 
results  presented  herein  extend  trivially  to  multi-body  interactions,  as  well  as  to  self-contact 
of  solids.  We  identify  the  material  particles  of  each  solid  with  the  reference  coordinate 
X  G  LM?aC  Rndim.  Let  xa  ipa(X,t )  be  the  current  placement  of  the  material  particle 
X  G  fta  of  the  solid  a  at  time  t  G  [0,  T],  for  some  time  interval  T. 

Denote  by  Pa  the  nominal  stresses  (first  Piola-Kirchhoff  stresses)  in  each  solid.  The 
case  of  interest  corresponds  to  two  hyperelastic  solids  characterized  by  respective  storea 
energy  functions  W{Fa),  where  Fa  —  Gradcfy*,  and 


pa 


dWa 
dFa  ' 


(1.2.1) 


By  the  principle  of  material  frame  indifference,  the  stored  energy  function  is  invariant 
under  the  action  of  the  proper  orthogonal  group  (the  rotation  group)  SO(n<iim),  that  is, 


Wa(QFa)  =  Wa(Fa)  VQ  G  SO(ndim)  .  (1.2.2) 


Considering  a  one-parameter  group  of  rotations  Q(rj)  with  Q( 0)  =  1 
Rndim),  so 


7J  =  0 


—  TT  G  So(ndim)  ) 


(the  identity  in 


(1.2.3) 
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(where  so(ndim)  denotes  the  linear  space  of  skew-symmetric  tensors),  and  taking  the  deriva¬ 
tive  of  (1.2.2)  with  respect  to  r)  at  77  =  0,  we  obtain  the  relation 


dW°  T 
dFa 


:  W  =  0 


E  '5o(n( iim)  , 


(1.2.4) 


implying  the  symmetry  of  the  Kirchhoff  stress  tensor 


0WC 

dFa 


■Fa  =  rc 


(1.2.5) 


The  symmetry  relation  (1.2.2),  or  equivalently,  the  relation  (1.2.5),  leads  to  the  classical 
conservation  law  of  the  total  angular  momentum  as  discussed  below.  Furthermore,  a 
classical  argument  (see  e.g.  Truesdell  Sz  Noll  [1965])  leads  then  to  the  dependence  of 
the  stored  energy  function  on  the  Green-Lagrange  strain  tensor  E  =  |( FTF  —  1),  i.e., 


Wa(Fa)  =  Wa(Ea) 


(1.2.6) 


As  an  example,  the  simulations  presented  in  Section  1.4  consider  the  Saint- Venant  Kirch¬ 
hoff  model,  characterized  by 

W(F)  =  W(E)  =  \E  :  CE  ,  (1.2.7) 


where  C  denotes  the  material  secant  tangent. 

Let  Va  (pa  be  the  material  velocity  field  of  the  solid  a,  and  pQ  the  corresponding 
reference  density.  The  superimposed  dot  (■)  refers  to  the  (material)  derivative  with  respect 
to  time  t.  We  denote  by  7“  :=  dipa({2a)  the  boundary  of  the  current  configuration  of  solid 
a,  with  its  reference  counterpart  rQ  =  <pa~l{la)  —  df2a.  Denoting  the  current  and 
reference  boundaries  in  contact  by  7“  and  r°  :=  </?a_1( 7“),  respectively,  the  weak  form 
01  the  balance  of  linear  momentum  equations  reads 


2 

E 

a~l  L 


1  2  r 

[  pa  Va  ■  5va  df2  +  [  Pa  :  Grad(5c^a)  dQ  =  V  [  pab-  5pa  dfi 
J na  J Qa  a=1  Jna 


+  J  t-6<p°dr  +J  t-  [<sv>1(x)-ivj2(y(x))]  dr, 


(1.2.8) 


for  all  admissible  variations  5<p>a  :  fta  — »  Endim  (a  =  1, 2)  such  that 


5ipa  |pa  =  0  . 


(1.2.9) 


Here,  T"  denotes  the  part  of  the  reference  boundary  of  solid  a  with  imposed  displacements, 
and  jTta  is  the  part  of  the  reference  boundary  with  imposed  external  tractions  t.  The  specific 
body  forces  are  denoted  by  b.  The  decomposition 

ra  =  7°  u  rta  u  rcQ 


with  ru“  n  if  n  rcQ  =  0  (a  =  1, 2) 


(1.2.10) 
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FIGURE  1.2.1  Definition  of  the  gap  function  g(X)  and  unit  normal 
V  through  the  closest-point  projection  mapping  at  the  current  config¬ 
uration  of  the  solids  in  contact. 


is  assumed  for  a  well-posed  boundary  value  problem. 

The  vector  t  in  the  last  term  of  (1.2.8)  denotes  the  contact  nominal  traction  between 
the  solids  along  the  contact  boundary.  For  frictionless  contact,  this  traction  is  given  in 
terms  of  the  (nominal)  contact  pressure  p  >  0  as 

t  =  pu  ,  (1.2.11) 


with  v  denoting  the  unit  outward  normal  to  the  current  contact  boundary  7^.  The  contact 
pressure  p  corresponds  to  the  Lagrange  multiplier  imposing  the  unilateral  contact  constraint 


g(X)  :=!/.  [v\X)-v2(Y(X))\  >0, 


(1.2.12) 


for  the  gap  g(X )  of  a  particle  X  6  T1.  In  (1.2.8)  and  (1.2.12),  the  mapping  Y  =  Y (X)  € 
r 2  defines  the  closest-point  projection  of  a  material  point  X  G  f1  on  the  contact  surface 
to  r 2  at  the  current  configuration  of  the  solids,  that  is, 


Y(X)  =  arg  min  {\\<p\X)  -  ^2(F)||}  ,  (1.2.13) 

Yen 


where  ||  •  ||  denotes  the  usual  Euclidean  vector  norm.  Figure  1.2.1  depicts  the  geometrical 
construction  behind  the  definition  of  the  gap  function  g(X)  and  the  normal  u(Y(X))  in 
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(1.2.12).  In  the  continuum  problem,  the  current  contact  boundaries  are  defined  by  the 
condition  g  =  0,  that  is,  7*  —  7^  =  nQ  7“  in  this  case,  thus  allowing  the  use  of  F^ 
or,  alternatively,  /]?  in  (1.2.8)  without  a  preference  for  the  role  played  by  each  particular 
body  in  the  governing  equations.  In  the  discrete  problem,  the  contact  boundaries  are 
approximated  by  the  discrete  enforcement  of  the  gap  constraint  (1.2.12),  as  described  in 
Section  1.2.3. 

We  note  for  future  use  the  relation 

v\X)  -  <P2(F(X))  =  g(X)  v(Y(X))  (1.2.14) 

as  a  consequence  of  the  definition  (1.2.13)  for  the  closest-point  projection.  The  unilaterally 
constrained  system  under  consideration  is  then  completely  characterized  by 

P  >  0  ,  g>  0 ,  pg  =  0  ,  (1.2.15) 

the  so-called  Kuhn- Tucker  conditions  (see  Simo  &  Laursen  [1992]). 

During  persistent  contact,  the  time  derivative  of  (1.2.12),  which  now  holds  as  an 
equality,  implies 

h  :=g  =  v  (v'm  -  W(V(X)))  =  0  .  (1.2.16) 

where  we  have  made  use  of  the  property 

(<p‘m-*2(y(X)))  =0,  (1.2.17) 

a  consequence  of  the  the  closest-point  projection  Y  =  Y(X).  Therefore,  the  velocity  field 
is  constrained  by  (1.2.16).  After  using  the  Kuhn-Tucker  conditions  (1.2.15),  the  condition 
(1.2.16)  can  be  recast  as 

P9  =  0  ,  (1.2.18) 

commonly  referred  to  as  the  persistency  condition  (see  Simo  &  Laursen  [1992]). 

1.2.2.  The  conservation  laws. 

The  system  of  nonlinear  elastodynamics  equations  described  in  the  previous  section 
is  a  characteristic  example  of  an  infinite  dimensional  Hamiltonian  system;  see  Simo  et  al 
[1988].  The  consideration  of  contact  states  converts  the  system  in  a  unilaterally  constrained 
Hamiltonian  system  of  evolution.  The  presence  of  symmetries  like  (1.2.2)  leads  to  the 
conservation  laws  described  in  this  section. 

Consider  the  following  standard  definition  of  the  total  linear  momentum 


Pa  va  <m , 


(1.2.19) 
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and  the  total  angular  momentum 

J  :=  V  f  ipa  x  pa  Va  dn  ,  (1.2.20) 

«= 1^“ 

of  the  system  of  solids.  The  symbol  x  denotes  the  cross  product  of  two  vectors  in  R3  if 
n dim  =  3,  and  their  equivalent  reductions  (embeddings  of  Rndim  C  R3)  in  lower  dimensions 
ridim  <  3.  Similarly,  denote  the  total  energy  of  the  system  by 


2 

\pa  Va-va  df2+J2 

a— 1 
fC 


dn  =  JC  +  w , 


w 


(1.2.21) 


for  the  total  kinetic  energy  JC  and  strain  energy  W. 

The  case  of  interest  for  the  analysis  presented  below  corresponds  to  the  homogeneous 
Neumann  problem,  characterized  by  no  imposed  boundary  displacements  and  no  external 
loading.  In  this  case,  the  total  energy  £,  linear  momentum  L  and  angular  momentum  J 
are  conserved  as  summarized  in  the  following  proposition 


Proposition  1.2.1  Let  Tff  =  0  (a  =  1, 2),  t  =  0  and  b  —  0.  Then,  the  linear  momentum 
L,  the  angular  momentum  J,  and  the  total  energy  E  are  constants  of  motion. 


PROOF:  The  proof  is  based  on  classical  arguments,  and  is  included  herein  for  completeness. 
The  discrete  counterpart  presented  in  Section  1.3  follows  closely  the  same  arguments. 

i.  Conservation  of  the  linear  momentum.  Since  T®  —  0,  an  admissible  variation  is 
obtained  by 

6cpa  =  a  for  a  =  1,2,  (1.2.22) 

with  a  £  RUdim  constant.  Hence,  Grad(<5vja)  =  0  in  this  case.  Using  (1.2.8)  with  the 
admissible  variations  (1.2.22)  and  noting  that  t  —  0  and  b  =  0  by  assumption,  we  have 

dL  r 

a  ■  —  =  V  /  paVQ  -adT2  =  0  Va  £  Rndim  .  (1.2.23) 

a  =  l 

Therefore,  dL/dt  =  0  or  equivalently  L(t )  =  L( 0)  =  constant.  The  conservation  of  linear 
momentum  follows  then  from  the  invariance  of  the  equations  under  the  variations  (1.2.22), 
i.e.,  the  action  of  the  linear  (additive)  group  Rndim  (spatial  translations). 

ii.  Conservation  of  the  angular  momentum.  Similarly,  we  can  consider  the  admissible 
variations  defined  by 


6ipa(X)  w  x  xa  for  a  =  1,2, 


(1.2.24) 


where  w  G  Rndim  constant,  and  xa  =  <pa(X).  Thus,  we  have 


Grad  (Stpa)  =  WFa  , 


(1.2.25) 


where  W  G  so(ndim)  is  the  skew-symmetric  tensor  with  axial  vector  w  (i.e.  Wa  =  w  x  a 
Va  G  Rndim).  Writing  (1.2.8)  with  the  variations  defined  by  (1.2.24),  we  obtain  after  making 
use  of  (1.2.20)  and  (1.2.25) 


dJ 

w  •  —  =  w 
dt 


=  w  V  f  \xa  x  paVa  +  xa  X  pava }  dQ 
.0=1 L  J 

=  w  T  [  xa  x  pQVQ  dQ  =  V  f  paVa  ■  (w  x  xa)  dQ 

=  -V  f  Pa:WFadQ+[  t-\w  x  cpl{X) -w  x  <p2(Y(X))\  dr 

L  J 

=  -'£,[  EllQ 1 W  iSi  +  /  •  t“  *  (vW  -  v2(W*)))  dr] 

“-1  =  o  by  (i.2.5)  r‘  - - r~— ' 

=  9  i/  by  (1.2.14) 

=  J  p  g  v  ■  (w  x  u)  dr  —  0  Vrn  G  R”dim  .  (1.2. 


(1.2.26) 


Therefore,  dJ/dt  =  0  or  equivalently  J(t)  —  J{ 0)  =  constant.  The  conservation  of  angular 
momentum  follows  then  from  the  invariance  of  the  equations  under  the  variations  (1.2.24) 
(infinitesimal  rotations),  i.e.,  the  action  of  the  rotation  group  SO(n<tim). 

iii.  Conservation  of  energy.  Finally,  the  evolution  of  the  total  energy  is  obtained  using 
the  weak  equation  (1.2.8)  with  the  variations  5ipa  —  VQ  and  (1.2.21)  as 


ft  -  s  [L  -v°dn+ L  If  :  Grad  (y“> dn 

=  J  t  ■  (v\x)  -  v2(y (x»)  dr  =  J  pg  dr  =  o , 


(1.2.27) 


after  using  the  persistency  condition  (1.2.18).  Therefore,  the  total  energy  is  conserved 
£{t)  =  £(0)  for  all  time  t.  □ 

The  goal  of  this  paper  is  the  design  of  time-stepping  algorithms  that  possess  these 
conservation  laws. 


1.2.3.  Finite  element  implementation. 
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The  weak  equation  (1.2.8)  is  discretized  in  space  through  a  standard  isoparametric 
finite  element  formulation, 

cx 

™node  '  node 

X=  NA(Z)X£  e  Qa  and  <pa(X)  =  X  +  ^  NA(£)d£  G  ^a{Qa)  ,  (1.2.28) 

A—l  A= 1 


(a  =  1,2)  based  on  the  shape  functions  NA  :  □  ->•  R  defined  in  the  parent  domain  £  G  □ 
for  A  =  1,  n“ode,  the  number  of  nodes  for  solid  a,  with  references  coordinates  XA  G  Rnd,m . 
The  nodal  displacements  G  Rndim  (A  =  are  grouped  in  d  G  Rne?  where 

neq  =  ndim  x  nnode,  with  nnode  =  n°ode  being  the  total  number  of  nodes. 

Following  a  standard  procedure,  the  above  interpolations  lead  to  the  semi-discrete 
system  of  equations 


d(t)  =  M~lp(t)  , 

p(t)  =  -fint  ( d(t ))  +  fc  ( d(t ))  +  fext  ,  y 

where  we  have  introduced  the  nodal  (linear)  momenta 

p  :=  Mv  ,  with  v  :=  d(t)  , 


(1.2.29) 


(1.2.30) 


as  an  intermediate  variable.  Here,  M  is  the  mass  matrix  defined  by  the  standard  assembly 
procedure  M  =  ^  c  Me  of  the  elemental  mass  matrices  Me  (ne/  =  total  number  of 
elements).  For  an  element  with  nen  nodes,  we  have 


Me 


Mnlndi 


L-^ne„llndim 


nen  "^"Tldim 
nen  -f  Tldim  _ 


(1.2.31) 


where  lndim  is  the  rank-two  identity  matrix  in  Rndim ,  and  the  mass  coefficients  Mab  are 
given  by  the  usual  expression 


Mab  =  /  paNANB  dQ  .  (1.2.32) 

In  Section  1.3.2,  we  make  use  of  the  lumped  mass  matrix  obtained,  for  instance,  by  the 
standard  row-sum  technique 

Mab  =  MaSab  (no  sum)  ,  where  Ma  '■=  /  pQNA  dQ  , 

Jn? 

for  the  element  1?“. 


(1.2.33) 
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FIGURE  1.2.2  A  slave  node  contacts  a  master  segment  consisting  of 
four  master  nodes. 


The  external  force  fext  €  Rne9  corresponds  to  the  contributions  of  the  volumetric 
external  force  b  and  imposed  external  tractions  t.  The  internal  force  vector  fint  6  Rne? 
corresponds  to  the  stress-divergence  term  in  the  continuum,  and  is  given  by  the  usual 
expression 


fint  — 


Bj  rt  df2  , 


(1.2.34) 


for  the  standard  linea.ized  strain  operator  Bt ,  with 


Bt5d  —  =  sym  [Grad  [<5tt]  Ff1] 

for  the  displacement  field  u  <pt(X)  —  X.  Here,  the  subscript  t  refers  to  the  configuration 
at  time  t. 

The  force  of  contact  fc  in  (1.2.29)  is  obtained  with  the  use  of  the  now  standard  mas¬ 
ter/slave  data  structure;  see  Hallquist  et  al  [1985]  for  details.  In  this  context,  S  denotes 
the  slave  node  in  contact  with  a  master  surface,  at  a  point  located  in  a  master  surface 
element  defined  by  nodes  {Ml,  M2, ...};  see  Figure  1.2.2.  Thus,  we  can  assign  two  or 
more  master  nodes  (belonging  to  the  same  master  surface  element)  to  each  slave  node  in 
contact,  thus  establishing  a  contact  element.  The  slave  and  master  surfaces  approximate 
the  contact  boundaries  and  Fc2,  respectively.  Double  pass  schemes  can  be  easily  ac¬ 
commodated  to  avoid  the  bias  associated  to  a  particular  ordering  of  the  two  surfaces  (see 
Hallquist  et  al  [1985]). 
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The  force  of  contact  fc  is  then  expressed  as 

"^slave 

fc=  A  £’c’  witb  Uc  =  PsGs,  (1.2.35) 

s= 1 

where  As=re  denotes  the  assembly  over  the  nsiave  slave  nodes/master  segment  pairs,  and 

Vs  "| 

~NM1(£s)us 

Gs=  _NM2^Ug  eR(1+n”“st")xndim,  (1.2.36) 


where  nsmaster  is  the  number  of  master  nodes  in  the  master  segment  in  contact  with  the 
slave  node  S.  The  normal  component  of  the  contact  force  (=  nominal  contact  pressure 
x  nominal  contact  area)  at  the  slave  node  S  has  been  denoted  by  ps  in  (1.2.35)  and  it 
what  follows,  with  a  slight  abuse  of  notation  given  the  symbol  p  employed  in  the  previous 
developments  for  the  nominal  contact  pressure  in  the  continuum. 

In  (1.2.36),  Nmi(£s)  denotes  the  standard  shape  function  of  node  MI  in  the  master 
segment  at  the  point  of  contact  £s  with  normal  vs,  obtained  by  the  closest-point  projection 
mapping  as  in  equation  (1.2.13);  see  Figure  1.2.2.  The  discrete  counterpart  of  (1.2.14)  holds 
as 

TlS  . 
master 

Xs-  Y,  Nu,((.)xu‘  =  g(Xs)u,  ,  (1.2. 37) 

7=1 

where  xs  =  <^>1(XS)  and  xMI  =  ip2(XMI )  are  the  current  positions  of  the  slave  and 
master  nodes,  respectively.  We  note  that  > 

3 

^ master 

NMI(S)  =  1  ,  (1.2.38) 

7=1 

at  any  point  £  of  the  master  segment. 

For  later  use,  we  introduce  the  notation 

ds 
dMl 
dM 2 


that  is,  objects  denoted  by  (-)s  refer  to  individual  slave  nodes/master  segment  pairs.  The 
simulations  presented  in  Section  1.4  consider  linear  master  elements  consisting  of  two  mas¬ 
ter  nodes  (i.e.,  nsmasteT  =  2).  The  subscript  a  referring  to  the  solid  under  consideration 
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has  been  omitted  in  (1.2.37),  (1.2.39)  and  the  following  developments,  since  it  should  be 
clear  from  the  different  role  played  by  the  slave  and  master  nodes. 


1. 2. 3.1.  Temporal  discretization  of  the  continuum  contributions. 


We  consider  a  mid-point  approximation  of  (1.2.29)  and  (1.2.30)  leading  to  the  discrete 
equations 


(dn+i  dn)  —  vn+i  , 

—  M  (Vn+1  -  Vn)  =  ~fint  +  fc  +  Text 


(1.2.40) 


where  At  —  tn+ 1  —  tn  for  a  given  time  partition  Un{fn,  fn+i}  =  {0, £1,...}  of  the  time 
interval  of  interest,  dn  ~  d(tn),  vn  «  v(tn),  and  un+1/2  =  (vn+i  +  vn)/2.  The  momenta 


pt  =  Mvt  for  t  £  Un{tn,tn+1}  , 


(1.2.41) 


have  been  eliminated  in  (1.2.40). 

The  discrete  force  of  contact  ydn+1/2)  is  defined  in  the  following  section.  The  vec¬ 
tor  in  (1.2.40)  corresponds  to  the  time  discretization  proposed  in  SlMO  &:  Tarnow 

[1992],  It  defines  a  second  order  conserving  approximation  of  the  internal  force  vector 
at  £n+i/2>  and  is  given  by  (1.2.34)  with  Bt  evaluated  at  the  mid-point  configuration 
<Fn+ 1/2  :=  (<Fn+ 1  +  <Pn)/2  as 


2  ) 

J  int 


,T(B+i>  dQ  , 


with  the  discrete  Kirchhoff  stresses  r(n+1/2)  calculated  as 


(1.2.42) 


(iC(B„  +  E„+1))F„T+i, 


(1.2.43) 


for  the  Saint- Venant  Kirchhoff  model  defined  by  equation  (1.2.7).  In  (1.2.43),  the  defor¬ 
mation  gradient  Fn+ 1/2  :=  Grady>n+1/2  is  computed  at  the  mid-point  configuration,  and 
the  Green-Lagrange  strain  tensors  En  and  En+i  are  evaluated  at  the  configurations  n  and 
n+ 1,  respectively.  The  case  involving  a  general  stored  energy  function  W (E)  can  be  found 
in  Gonzalez  &  Simo  [1995]. 

As  shown  in  Simo  &  Tarnow  [1992],  the  following  properties  hold  for  the  time 
discrete  internal  forces  (1.2.42): 

i.  Internal  linear  momentum  contributions 


T^node  ,  A 

/  j  J  int 
L  A=1 


:  r(n+^  dQ  =  0 


Va  €  Rndim  (1.2.44) 
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where,  the  vectors  fA ["t+2')  £  Rndim  refer  to  the  nodal  forces  corresponding  to  (1.2.42). 
We  conclude  that  the  summation  in  the  left-hand  side  of  (1.2.44)  vanishes. 

ii.  Internal  angular  momentum  contributions 


Tlnodi 

E  x  n 


a  v  A*+iY 

"n+i  •>  int 


A  —  l 


2  Kode 


W 


'"node  n  _ 

=ee/0„ 


T 


-(n+^  dn 


a=l  1 
2 


=  J2  [  (X«+|  X  :  r(n+^  dQ 

a=l 

=  YlJ  W  ■  r(n+2)  dQ  =  0  Vm  £  Rndim  (1.2.45) 


given  the  symmetry  of  r(n+5)  in  (1.2.43).  We  conclude  that  the  summation  in  the 
left-hand-side  of  (1.2.45)  vanishes. 

iii.  Internal  energy  contributions 


'R'node  f 

E 

A=1 


;(n+4)J 


r  int 


{dn+l  ~  dn) 


=  J2[  v»+i  (u«+i  -  u”) :  r(n+^ dQ 
«= \Jna 

2  ^  r 

=  ~  En\  :  \C  [En+ 1  +  JSn]  dQ 

a=iJn° 

(1.2.46) 


=  w„ft+1  -  w; , 


where  the  superscript  {-)h  refers  to  the  discretized  system  of  solids. 

General  (non-conserving)  time  discretizations  of  the  internal  force  term,  involving,  m 
particular  high-frequency  dissipation,  are  considered  in  Section  1.4  in  combination  with 
the  contact  scheme  developed  next. 


1.3.  Conserving  Algorithms  for  Frictionless  Dynamic  Contact. 

Our  goal  is  the  design  of  the  time-discrete  counterpart  of  the  nodal  contact  forces 
(1.2.35),  that  enforces  the  unilateral  contact  constraint  and  retains  the  conservation  prop¬ 
erties  of  the  final  algorithm.  We  develop  in  Section  1.3.1  a  penalty  scheme  that  possesses 
these  properties.  An  extension  is  presented  in  Section  1.3.2  that  imposes  the  velocity 
constraint  (1.2.16). 


1.3.1.  An  energy-restoring,  momentum-conserving  scheme. 
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TABLE  1.3.1  Contact /release  logic. 

Let  contSjn  =  contact  flag  at  tn  (.true,  or  .false.),  and  gs,n+i  the 
(real)  gap  at  tn+ 1  for  slave  node  S.  Then,  contS[n+i  is  defined  as 

IF  (contSin  .or.  (gs,n+ i-le.O))  THEN 

Compute  gg  n+ 1  using  (1.3.1). 

IF  «»+1-le.O)  THEN 

contS)Tl+i  =  .true. 

ELSE 

conts>n+i  =  .false. 

IF  (<7s,n+i  •  ge  .  0)  THEN 

The  dynamic  gap  will  be  initialized  to  the  current 
9s,n+i  when  evaluating  (1.3.1)  in  the  next  time  step. 

ELSE 

The  dynamic  gap  will  be  initialized  to  the  current 
9s  n+ 1  when  evaluating  (1.3.1)  in  the  next  time  step. 

END  IF 

END  IF 

ELSE 

contS!n+i  =  .false. 

ENDIF 


Consider  for  a  typical  time  interval  [fn,fn+i]  the  second  order  approximation  of  the 
gap  evolution  equation  (1.2.16)  given  by 


9s, n+ 1  9s, n  d~ 


(**+.(**)- V*+i(Vn+4(X‘ 


-(<pl(Xs)-V2n(Yn+i(Xs))) 


(1.3.1) 


involving  the  unit  normal  1/2  defined  by  the  closest-point  projection  Yn+i(Xs )  of 
the  slave  node  S  at  the  configuration  ipn+ 1/2.  The  evaluation  of  the  current  positions  of 
the  contact  particle  i(Xs)  at  the  times  tn  and  tn+i  is  to  be  noted.  We  refer  to  the 
scalar  quantity  g*  the  dynamic  gap  (at  tn)  in  contrast  with  the  real  gap  gS)71  defined  by 
the  closest-point  projection  algorithm  given  by  (1.2.13)  at  tn. 
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Expression  (1.3.1)  can  be  written  equivalently  in  the  notation  introduced  in  the  pre¬ 
vious  section  as 


1 


dq 


(I.S.2) 


for  the  corresponding  displacements  of  slaves  and  master  nodes  at  tn  and  tn+ The 
evolution  of  the  dynamic  gap  (1.3.2)  is  initialized  with  the  real  gap  gs,n  for  the  last  time  step 
before  contact.  See  details  in  Table  1.3.1  and  the  discussion  below  for  the  contact/release 
logic. 


The  difference  g; n+1  ±  gs,n+ 1  (real  gap)  as  employed  in  traditional  treatments  of  the 
problem  is  to  be  noted.  We  point  out  that  (1.3.1)  corresponds  to  a  second-order  approxi¬ 
mation  of  the  equation  (1.2.16)  for  the  evolution  of  the  real  gap  gs,  and  accounts  for  the 
(geometric)  change  of  normal  during  contact.  In  one  dimensional  problems,  for  instance, 
both  gaps  coincide.  No  loss  of  accuracy  has  been  observed  because  of  this  approximation. 
We  note  in  this  regard  that  the  definition  of  the  gap  function  in  terms  of  the  closest-point 
projection  (1.2.13)  is,  from  a  physical  point  of  view,  completely  arbitrary. 

The  normal  component  of  the  contact  force  ps  for  the  slave  node  S  at  the  time  step 
[fn,fn+i]  is  defined  by  the  penalty  regularization  of  the  contact  constraint  (1.2.12)  given 
by  the  difference  quotient 


Ps  =  < 


u(sL+i)  -  u(sL) 

9s,n+ 1  —  9s, n 


if  9s, n+l  #  9s, n  , 


(1.3.3) 


-U'(\(.9ds, n  +  9s, n+l))  if  9s, n+l  =  9s,n  > 


where  U(g)  is  a  penalty  regularization  potential  of  the  form,  e.g. 


U(g)  := 


|  kp  g2  if  g  <  0  , 

0  otherwise  , 


(1.3.4) 


with  a  (large)  penalty  parameter  kv.  We  observe  that,  given  the  approximation  (1.3.3)  of 
the  derivative  of  the  (decreasing)  potential  (1.3.4),  ps  >  0  as  required  by  (1.2.15) i.  The 
force  of  contact  is  then  given  by 


f{n+ 1/2) 
J  s,c 


—  PsGs,n+  i  ) 


(1.3.5) 


with  ps  as  in  (1.3.3).  The  evaluation  of  the  normal  contributions  Gs  in  (1.3.2)  and  (1.3.5)  at 
the  mid-point  (pn+ 1/2  =  (< pn  +  y?n+i)/2  configuration  becomes  crucial  for  the  conservation 
of  the  total  angular  momenta  as  shown  in  the  following  section.  A  standard  calculation 
shows  that  the  final  numerical  scheme  is  formally  second  order  accurate  in  time. 

The  contact/release  logic  is  summarized  in  Table  1.3.1,  and  proceeds  as  follows.  The 
computation  of  the  dynamic  gap  gf  n+i  begins  when  a  negative  gs,n+ 1  is  encountered.  As 
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noted  above,  the  dynamic  gap  g*  is  initialized  with  the  value  of  the  real  gap  at  the  last 
converged  value  before  initial  contact.  Contact  is  detected  if  is  negative,  as  implied 

by  the  check  in  (1.3.4)  following  (1.3.3)  with  gd.  We  note  that  the  normal  contact  force 
depends  on  the  contact  states  at  tn+1  and  tn,  and  vanishes  when  both  states  at  tn  and 
fn+i  are  released  states.  We  observe  that  ps  ^  0  while  releasing  (i.e.,  contS)T1  =  .true, 
and  contSiTI+i  =  .false.,  following  the  notation  in  Table  1.3.1).  It  has  a  positive  value 
given  by  the  contribution  U{gdn)  at  tn.  This  final  “kick”  restores  the  energy  to  the  system 
of  solids  upon  release. 

Observe  also  that  the  same  contribution  to  (1.3.3),  U(gd n),  vanishes  in  the  first  contact 
increment.  Therefore,  the  proposed  penalty  formulation  enforces  the  gap  constraint  at  the 
end  of  the  time  step  tn+\.  This  situation  is  to  be  contrasted  with  schemes  enforcing  only 
the  velocity  constraint  (1.2.16)  (the  rate  of  the  gap),  thus  requiring  small  time  steps  to 
avoid  excessive  penetrations  of  the  solids,  like  in  the  conservative  schemes  of  Wasfy  [1995] 
or  Laursen  &  Chawla  [1996],  as  it  has  come  to  our  attention  recently. 


1. 3. 1.1.  Properties  of  the  proposed  scheme. 

The  consideration  of  the  interpolation  functions  in  the  definition  of  the  linear  momen¬ 
tum  (1.2.19)  leads  to  the  expression 

I-node 

Lht-.=  ]T  MABv?  ,  (1.3.6) 

A,B= 1 


for  its  discrete  counterpart  at  t  e  Un{£n,£n+i},  where  vf  ( B  =  1  ,nnode)  denote  the  nodal 
velocities.  We  note  that  the  same  expression  is  reached  by  the  consistent  mass  (1.2.32)  or 
lumped  mass  (1.2.33). 


as 


We  define  the  total  angular  momentum  for  the  discretized  system  at  t  G  Un{£n,£n+i} 

Tlnode 

jt  ;=  Mab  xt x  vt  •  (L3-7) 

A,B= 1 


For  the  consistent  mass  matrix,  this  expression  follows  from  the  inclusion  of  the  isopara¬ 
metric  interpolations  in  (1.2.20).  Similarly,  we  define  the  total  energy  of  the  discretized 
solids  as 


Et  :=  /Cj1  +  Wt  ,  with  Mvt  and  Wf 


izf  Wa (Fa (dt))  dQ  , 

«= iJna 


(L3.S) 

for  the  mass  matrix  considered  in  the  numerical  simulation.  The  superscript  (-)h  refers  to 
(finite  element)  discrete  quantities. 
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Noting  that  by  (1.2.41) 

H node 

P t  =  MAB  v f  A  =  l,nnode  ,  (1.3.9) 

B=1 

we  can  write  the  equivalent  expressions 

Unode 

^  :=  •  (1-3.10) 

A=1 

for  the  discrete  linear  momentum,  and 

Tlnode 

Jt  :==  x*  x  ’  (1.3.11) 

.4=1 

for  the  discrete  angular  momentum.  The  evolution  of  these  quantities  in  the  scheme  defined 
by  equations  (1.3.2)  to  (1.3.4)  is  characterized  by  the  following  proposition. 


Proposition  1.3.1  Let  Tf)  =  0  (a  =1,2),  and  fext~2^  —  0  for  a  time  increment  [tn,fn+i] 
(i.e.,  a  homogeneous  Neumann  problem  in  that  time  interval).  Then,  the  following  evolu¬ 
tion  relations  hold 

i.  The  linear  momentum  is  conserved,  i.e. 

Lhn+ 1  =  Lhn  .  (1.3.12) 


ii.  The  angular  momentum  is  conserved,  i.e. 

=  (i.s.13) 


iii.  The  energy  evolves  as 

^+1+^+1=^  +  ^.  (I-S.li) 

.  where 

H  slave 

Vt  ■■=  J2  U^s,t)  >0  for  t  e  U n{tn,tn+1}  ,  ( 1.3.15 ) 

S~1 


with  =  0  in  a  released  state. 
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Proof:  The  proof  follows  closely  the  proof  of  the  Proposition  1.2.1,  its  continuum  coun¬ 
terpart. 

i.  Conservation  of  linear  momentum.  Adding  the  nodal  components  of  the  equation 
(1.2.40)2,  we  obtain 


^node 


™tiode 


P+1  -  P  =  E  W+l  -Pi)=  E  M ™  W+l  -  ”») 

+4,B=1 


+4= 1 


^node  ^node 

-a*  E  /»;(n+5>  E 

A= 1  +4=1 


=  0  by  (1.2.44) 

Tl  slave 


=  A(Ep*  !-  E  *"'(«.,»+»)  ".,..+}  =»>  (1-3.16) 


S=1 


/=1 


=  0  by  (1.2.38) 


n+4 


after  using  the  definition  (1.3.5)  of  the  contact  force  /, 

ii.  Conservation  of  angular  momentum.  We  first  note  the  algebraic  identity 


x: 


'n+l  X  Pn+1  -*n*Pn=  ^+1  X  (pjJ+j  -  p“)  +  (®j}+1  ~  X*)  X  p 
for  A  =  1  ,nnode-  Equation  (I.2.40)i  reads  in  nodal  components 

f^node 

4+i  -  P  =  <tf+i  -  <4  =  At  «4+ .  =  Ai  E  , 


+4 

n+| 


(1.3.17) 


which  leads  to 

tt-node 


(1.3.18) 


B  =  1 


^node 


E  (“4+1  -  *£)  X  Pn+\  =  A*  E  (M  O+fiPn+J  X  P^+l  =  0  . 

+4=1  A,B=  1 


(1.3.19) 


by  the  symmetry  of  the  mass  coefficients  (M  l) AB  -  ( M_1)BA ,  and  the  skew-symmetry 
of  the  cross  product. 

By  equation  (I.2.40)2,  we  also  have 


l^node 


^node 


nnode 


E  -  W+ 1  -  pi)  =  -  At  E  P+1  -  /£T  *’  +ai  E  x  /A"+i> . 


A= 1 


+4=1 


+4=1 


=  0  by  (1.2.45) 


(1.3.20) 
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Combining  the  definition  (1.3.7)  and  equations  (1.3.17)  to  (1.3.20),  we  obtain 


^node 


Tl-node 


A  2  ) 


Jn+l  ~Jn=Y  ( Xn+1  X  Pn+ 1  "  *  Pn)  =  At  Y  Xt+\  X  ^ 


A- 1 


A=1 


^  slave 


=  At  E^^n+|-  Y  NMI(ts,n+$)  Xn+±J  X  *V+I 

^siaue 

=  A t  Y  Ps  5s,n+I  (^s.n+i  X  ^.n+j)  =  0  ,  (1.3.21) 


s  =  l 


after  using  (1.2.37). 

iii.  Energy  evolution.  Combining  the  evolution  equations  (1.2.40)  with  the  symmetry 
of  the  mass  matrix  M,  we  can  write 

fcn+l  ~£n  =  lvn+l  Mvn+1  -  \v X  Mvn  =  VX+i  M  («n+i  -  t>„) 

=  -  (dn+1  -  dnf  +  (dn+l  ~  dnf  fc^ 

=  -  (W‘+1  -  Wi)  +  (d..„+ ,  -  d,,„)  ,  (1.3.22) 

S=1 

where  we  have  used  the  relation  (1.2.46)  for  the  internal  forces.  After  noting  that  Sh  = 
Kh  +  Wh,  and  using  the  definitions  of  the  dynamic  gap  (1.3.2)  and  the  normal  contact 
force  (1.3.3)  from  the  regularization  potential  U(gd )  ,  we  conclude  that 

£n+ 1  —  =  'Yj  Ps  {ds,n+ 1  —  9s, n) 

s= 1 

=  -  E  (u(gi,„+ ,)  -  £/«„))  =  -  (p£+1  -  Pi)  ,  (1.3.23) 

s= 1 

which  proves  (1.3.14).  We  note  that  Vp  =  0  in  a  released  state  given  the  definition  (1.3.4) 
of  the  regularization  potential.  □ 

Proposition  1.3.1  shows  that  the  time-stepping  defined  by  (1.3.2)  to  (1.3.4)  conserves 
the  total  linear  and  angular  momentum  of  the  system  of  solids  in  a  homogeneous  Neumann 
problem,  as  the  original  continuum  system  does.  The  relation  (1.3.14)  indicates  that  the 
total  energy  of  the  system  solids  plus  the  regularization  potential  is  conserved  during 
persistent  contact.  We  note  the  important  role  of  the  definition  of  the  dynamic  gap  for 
this  property  to  hold.  Furthermore,  given  the  definition  of  the  regularization  potential 
(1.3.4),  we  have  U  —  0  in  a  released  state,  so  we  conclude  that  the  energy  of  the  system 
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of  solids  is  conserved  upon  release.  We  summarize  these  observations  in  the  following 
corollary. 

Corollary  1.3.2  Let  £%  denote  the  initial  energy  of  the  system  of  solids,  corresponding  to 
a  released  state  (in  the  sense  that  V %  =  0).  Consider  a  homogeneous  Neumann  problem. 
Then,  the  energy  at  any  time  0  >  tn  £  \Jn{tn,  fn+i}  is  such  that  £%  =  £%  for  a  released 
state  and  £%  <  £°  for  a  contact  state. 

Proof:  The  result  iollows  from  (1.3.14)  and  the  fact  that  Vh  >  0.  □ 

We  note  that  the  Corollary  1.3.2  indicates  that  the  energy  of  the  system  of  solids  will 
never  increase  beyond  its  initial  value  during  the  numerical  simulation  regardless  of  the 
size  of  the  time-step  A t.  We  conclude  the  unconditional  (energy)  stability  of  the  pro¬ 
posed  scheme.  The  numerical  simulations  presented  in  Section  1.4  illustrate  these  stability 
properties. 


1. 3. 1.2.  A  contact  scheme  with  positive  energy  dissipation. 

As  noted  in  the  introduction,  when  short-term  simulations  are  employed  for  the  study 
of  high-velocity  impacts,  high-frequency  energy  dissipation  may  be  a  desired  feature.  We 
describe  in  this  section  a  simple  modification  of  the  conserving  contact  scheme  developed 
above  that  incorporates  this  property. 

During  persistent  contact,  the  expression  (1.3.3)  for  the  normal  component  of  the 
contact  force  reduces  to 

Ps  =  -5  Kp  {gin+i+9in)  •  (1.3.24) 

A  contact  scheme  with  (positive)  energy  dissipation  can  be  easily  obtained  by  replacing 
(1.3.24)  during  persistent  contact  (i.e.,  contSin  =  .true,  and  contSjn+i  =  .true.,  fol¬ 
lowing  the  notation  in  Table  1.3.1)  by 

Ps  =  -Kp  ($9s,n+l  +  (1  -  0)  9s, n)  >  (1.3.25) 

for  d  >  1/2.  The  difference  scheme  (1.3.3)  is  maintained  during  initial  contact  and  release. 
Expression  (1.3.24)  is  recovered  with  d  =  1/2  in  (1.3.25).  The  accuracy  of  the  scheme  drops 
to  first  order  for  d  7^  1/2. 

With  this  modification,  the  balance  of  energy  (1.3.23)  reads 

7* s/ave 

£n+ 1  ~  =  Vs  G?s,n+1  —  9s, n) 

S  —  l 
H  slave 

=  -  KP  O9  si, „+l  +  (1  -  1?)  9i,n)  {gds,n+ 1  -  9ds,n ) 

s  =  l 
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-  -  E  Kp{\  (9s,n+l  +  9s,  n)  +  (&  -  5)  (9s, n+ 1  ~  9s,  n)]  {9s,n+l  _  9s,  n) 

=  -  XT  (C,  -  **,„)  -  W  -  I)  E* «,  feU  -  9t)2  ,  (1-3.26) 

S=1  S=1 

for  a  time  step  in  persistent  contact.  We  conclude  that 

*;+, + <  fi + vi ,  (1.3.27) 

if  d  >  1/2.  The  conservation  of  linear  and  angular  momentum  still  holds,  since  the  proof 
of  these  properties  in  Proposition  1.3.1  does  not  depend  on  the  actual  value  of  the  normal 
contact  force  ps. 

It  is  important  to  emphasize  that  energy  dissipation  is  not  assured  for  schemes  that 
are  dissipative  for  linear  problems  (e.g.  HHT  type  schemes).  This  fact  is  illustrated 
in  the  numerical  simulations  presented  in  Section  1.4.  The  normal  contact  force  may 
create  positive  work  on  the  initial  and  final  release  gaps  (see  MUNJIZA  et  al  [1995]).  In 
contrast,  the  proposed  scheme  has  the  proper  dissipative  properties  as  required.  We  note 
the  important  role  played  by  the  use  of  the  dynamic  gap  (1.3.1)  in  this  argument. 


1.3.2.  Enforcement  of  the  velocity  constraint. 

In  situations  where  an  extended  time  of  contact  appears,  penalty  schemes  imposing 
only  the  gap  constraint  are  known  to  lead  in  general  to  oscillations  of  the  contact  forces. 
These  oscillations  are  also  present  in  traditional  schemes,  and  their  origin  can  be  traced  in 
part  to  the  lack  of  satisfaction  of  the  constraint  in  the  velocities  (1.2.16).  As  discussed  in 
Section  1.2.1,  the  velocity  field  is  constrained  by  (1.2.16)  during  persistent  contact.  Finite 
element  formulations  where  this  constraint  jts  enforced  explicitly  can  be  found  in  Taylor 
&  Papadopoulos  [1993],  and  Lee  [1994],  among  others.  It  is  the  goal  of  this  section  to 
present  a  modification  of  the  penalty  scheme  described  in  Section  1.3.1  that  accomplishes 
the  imposition  of  (1.2.16)  while  maintaining  the  appropriate  conservation  properties. 

To  this  end,  we  modify  (1.2.41),  and  write  the  nodal  linear  momenta  for  a  typical  slave 
node/master  segment  pair  as 


Ps,t  = 


Ms,l  +  mStt  Gs'tG^j 


vs,t 


^^s,L^s,t  +  m8tt  hsj  GStt  ; 


for  t  E  Un{tn,tn+i},  where 


(1.3.28) 


^ master 

E  NMI(ts,,)vi" 


1=1 


1 


hs,t  ■■=  G^tvSit  =  vt  • 


(1.3.29) 
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the  discrete  counterpart  of  (1.2.16),  the  normal  gap  of  the  velocity.  We  consider  the  lumped 
mass  matrix  MSyL  of  the  slave  and  master  segment  pair,  i.e., 


Ms,l  = 


Ms  1 


fT'dii 


M]/i\  1 


^■dir 


MM  2lndin 


to  simplify  the  final  numerical  implementation.  In  (1.3.28),  mS)n+x  denotes  a  mass  added 
to  the  contacting  slave  and  master  nodes,  which  depends  on  the  contact  state  as  follows 


ma,t 


mp  if  gds  t  <0  or  pSyt  >  0  , 
0  otherwise  , 


(1.3.31) 


for  a  large  penalty  parameter  mp  >  0.  In  (1.3.31),  pSyt  denotes  the  normal  contact  force  for 
a  slave  node  S  at  time  t  obtained  via  (1.3.3).  We  note  that  we  consider  the  penalty  mass 
active  when  this  normal  force  component  is  positive,  including  the  time  increment  when  the 
contact  is  released.  We  have  observed  a  better  performance  of  the  final  numerical  scheme 
with  this  combination  (less  oscillatory  response  of  the  final  contact  force,  as  described  in 
Section  1.4).  As  mp  — >  oo,  the  constraint  hSyTl+ 1  =  0  for  a  typical  time  interval  [fn,tn+i] 
in  contact  is  effectively  imposed. 

A  mid-point  approximation  of  equations  (1.2.29)  is  considered  again.  This  leads,  after 
the  elimination  of  the  momenta  pn+i ,  to  the  following  contribution  of  a  typical  slave 
node/master  segment  pair 


to  (^S,n+l  dSin ^  —  vs +  2^s,L  ^s.n+l^s.n+lGj^+l  +  TnaynhSynGSyT^j  >  1 


2  - 


to  Ms>l  +  fsZl 


where  the  modified  contact  force  ^  is  given  by 


]  s,(c,mass) 

with  flnc+1/2S>  given  by  (1.3.5),  and 
7fn+2)  ._  _j_  ( rr, 

ls  -  At  K 


2 >  _  2in+^)  _7fn+l) 

J  S )C  *8 


n+lhSjn+l^s 


(1.3.32) 


(1.3.33) 


,n+l  ms,nhStn^*s,nj  ■  (1.3.34) 


Physically,  'isn+  2  ^  corresponds  to  the  impulse  enforcing  the  velocity  constraint  (1.2.16). 

wni i i a 

We  denote  by  is  2  ’  {A  =  1  ,nnode)  the  corresponding  nodal  components,  which  vanish 
for  the  nodes  not  in  contact. 
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1. 3. 2.1.  Properties  of  the  proposed  scheme. 

The  evolution  of  the  linear  momentum  (1.3.6),  the  angular  momentum  (1.3.7),  and  the 
energy  (1.3.8)  in  the  scheme  defined  by  equations  (1.3.32)  and  (1.3.33)  is  characterized  by 
the  following  proposition. 


Proposition  1.3.3  Let  T*  =  0  (a  =  1,2),  and  =  0  for  a  time  increment  [tn,tn+ 1] 

(i.e.,  a  homogeneous  Neumann  problem  in  that  interval).  Then, 

i.  The  linear  momentum  is  conserved,  i.e. 

£5+i  =  l*  ■  O-S-ss) 

ii.  The  angular  momentum  is  conserved,  i.e. 

4+.  =  Ji  ■  (I-SS6) 


iii.  The  energy  evolves  as 

rt+i  +  itn  +  >C,  =  %  +  ^  +  Mhn , 

where  >  0  is  defined  in  (1.3.15),  and 


(7.5.57) 


n  slave 


S=1 


Mt  ==  Y  m°>th2s,t  1  +  \ms,tGTS)tMs  lLGStt  >  0  , 


(1.3.38) 


for  t  G  Un  (tn,  tn+i }  • 


Proof:  We  first  observe  that  the  equivalent  expressions  (1.3.10)  and  (1.3.11)  for  the  linear 
and  angular  momenta  in  terms  of  the  nodal  momenta  pA  (A  =  l,nnode)  still  hold  for 
the  modified  momenta  (1.3.28).  Indeed,  we  have  for  the  linear  momentum  at  any  time 
t  £  Un{£n,  tn+l } 


^node 

£.  =  Y.  «t 

A,B= 1 

nnode 


B 


nalave 


Tin  ode 


=  Y  1~  Y  NMI(£*,t)  ut=  Y  p*  >  (1-3.39) 


A—  1 


s=l 


1=1 


A= 1 


=  0  by  (1.2.38) 
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and  for  the  angular  momentum 


^ node 


jt  =  Mab  x  v? 

A,B= 1 

71 node  7lsiave 

=  Y  xt  ~  ms,ths,t  (  z5  -  Y  NMI(£s,t)x¥T  I  x«* 


A=l 


T^node 


S  =  1 


Tlslave 


7=1 


=  9s,tvt  by  (1.2.37) 


T^node 


=  ^2  xA  xpA  -  Y  ™s,ths,tg8,t  (vt  xvt)=  z^4  x  pA  . 


(1.3.40) 


A= 1 


s=l 


A  =  1 


The  conservation  of  linear  and  angular  momentum  by  the  scheme  follows  then  easily 
by  rewriting  the  equations  (1.3.32)  in  terms  of  the  modified  momenta  p  given  by  (1.3.28) 


1 

A t 
1 

At 


ds, n+ 1  ds12j  —  MsLpSt 


’ 


~  \  Ftn+I)  I 

(p*,»+l  -  Ps,n)  =  -fs.int  +  f+o 


(1.3.41) 


for  the  homogeneous  Neumann  problem  under  consideration.  After  noting  that  the  equa¬ 
tions  (1.3.32)  are  the  same  as  the  original  equations  (1.2.40)  in  terms  of  the  momenta  p , 
the  equivalences  (1.3.39)  and  (1.3.40)  imply  the  conservation  properties 


L 


h 

n+1 


and 


jh  _  jh 

un- fl  “  un  ? 


(1.3.42) 


by  the  results  (1.3.12)  and  (1.3.13)  of  Proposition  1.3.1  (whose  proof  has  been  develooru  in 
terms  of  the  momenta  p). 


Similarly,  using  again  the  result  (1.3.14)  of  Proposition  1.3.1,  we  can 
scheme  defined  by  (1.3.41)  and  (1.3.28)  the  following  relation 

write  for  the 

£S+1  +  w„h+1  +  Vi+l  =  Kk+l  +  w„\,  +  vk+1 , 

(1.3.43) 

where 

:=  IpfMpp,  , 

(1.3.44) 

for  t  €  Lin{tn,tn+i}.  With  the  use  of  the  definition  (1.3.28),  we  can  write 

nsl  ave 

~  ms’th2s,n+ 1  1  +  \Tns,tG2tM~]jGs,t  , 

S  =  1 

(1.3.45) 

:=  M* 
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which  combined  with  (1.3.43)  results  in  (1.3.37).  □ 

We  observe  that  an  extra  contribution  appears  in  this  case  in  the  energy  balance 
corresponding  to  a  kinetic  energy  contribution  associated  to  the  mass  penalty  introduced 
in  the  formulation.  Given  the  energy  balance  (1.3.14)  and  the  fact  ms  —  0  after  full  release 
as  defined  by  (1.3.31),  we  conclude  that  the  total  energy  of  the  system  is  restored  upon 
release.  We  can  say  that,  during  persistent  contact,  part  of  the  energy  is  stored  in  the 
spring-like  and  the  mass-like  penalty  regularization  potentials.  In  fact,  Corollary  1.3.2  still 
holds  in  this  case  resulting  in  the  no  increase  of  energy  beyond  its  initial  value  during  the 
numerical  simulation  and  the  desired  nonlinear  energy  stability  of  the  proposed  method. 


Remarks  1.3.1. 


1.  An  augmented  Lagrangian  scheme  for  the  velocity  constraint  can  be  introduced  easily 
by  adding  to  (1.3.28)  a  Lagrange  multiplier  field  of  the  form 

Ps,n-\- 1  =  ■^s,L'^s)n+l  T  {^s,n+ 1  T  AS]Tj_j-i)  Gs^n^.\  .  (1.3.46) 


The  Lagrange  multiplier  AS]n+i  is  obtained  by  the  update 

,(fc+l)  _  ,(fc)  ,  L 

As,n+1  ~  As,n+1  '  ms,n+ 1  '1s,n+ 1  > 


(1.3.47) 


in  the  iteration  (k)  of  an  iteration  procedure  nested  with  the  solution  of  the  equations 
of  motion,  accomplishing  the  satisfaction  of  hSin+i  =  0  with  finite  values  of  the  mass 
penalty  mS)n+1.  See  Glowinski  &  LeTallec  [1989],  Simo  &  Laursen  [1992], 
among  others,  for  details  on  augmented  Lagrangian  methods. 

2.  The  mass  penclcy  scheme  described  in  this  section  can  be  combined  with  the  energy 
dissipative  scheme  proposed  in  Section  1.3. 1.2.  □ 


1.4.  Representative  Numerical  Simulations. 

The  goal  of  this  section  is  to  evaluate  the  performance  of  the  newly  proposed  numerical 
schemes  in  several  representative  numerical  simulations.  To  this  end,  we  consider  in  Section 
1.4.1  the  impact  of  a  linear  elastic  rod  on  a  rigid  wall,  and  the  impact  of  two  nonlinear 
elastic  cylinders  in  Section  1.4.2. 

1.4.1.  Impact  of  a  rod  on  a  rigid  wall. 

The  purpose  of  this  simulation  is  to  show  the  important  role  that  an  energy  restoring 
contact  algorithm  plays  in  the  overall  stability  of  the  numerical  scheme.  As  noted  in  Section 

1.3.1,  numerical  schemes  that  are  (unconditionally)  dissipative  for  linear  problems,  and 
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FIGURE  1.4.1  Impact  of  a  rod  on  a  rigid  wall.  Problem  definition. 


consequently  (unconditionally)  stable,  do  not  possess  this  property  in  general  nonlinear 
settings.  As  an  example,  we  consider  the  well-known  dissipative  HFtT  schemes  (or  a- 
method  as  sometimes  called),  and  show  that  the  energy  increases  due  to  contact  if  the 
numerical  scheme  is  not  used  with  an  adequate  contact  algorithm. 

To  this  end,  we  consider  an  one  dimensional  model  of  a  rod  impacting  a  rigid  wall  using 
a  combination  of  different  continuum  and  contact  algorithms.  The  problem  is  sketched  in 
Figure  1.4.1.  Linear  elasticity  is  assumed  for  the  one  dimensional  continuum,  so  that  the 
only  nonlinearity  arises  from  the  contact  conditions.  We  consider  general  discretizations 
in  time  of  the  continuum  to  accommodate  dissipative  schemes.  In  this  setting,  the  three 
parameter  family  of  HHT  algorithms  (see  Hilber  et  al  [1977]) 


-f-  K  [adjj-j-i  T  (1  <y)dn]  —  fc,n+a  >  (1*4. 1) 

dn+i  =  dn  +  A tvn  +  [2/3an+i  +  (1  —  2(5)  an\  ,  (1-4-2) 

vn-{-i  —  vn  T  A t  [qan+i  +  (1  t)  ®n]  >  (1.4.3) 

is  considered,  where  K  denotes  the  usual  stiffness  matrix  of  linear  elasticity.  We  note  that 

equation  (1.4.1)  has  been  written  in  the  form  presented  in  SiMO  et  al  [1995],  which  differs 
from  the  original  presentation  of  the  a-method  in  Hilber  et  al  [1977]  (the  a  parameter  in 
(1.4.1)  corresponds  to  1  +  a  of  Hilber  et  al  [1977]). 

We  consider  the  following  schemes: 

1.  Trapezoidal  rule:  a  =  1.0,  (5  =  0.25  and  7  =  0.5. 

2.  Midpoint  rule:  a  =  0.5,  (5  —  0.5  and  7  =  1.0. 

3.  HHT:  a  =  0.51,  (5  =  0.555025  and  7  =  0.99. 

All  three  schemes  are  combined  with  a  standard  penalty  scheme  for  the  contact,  with  the 
contact  constraint  imposed  at  tn+a,  consistent  with  (1.4.1).  We  consider  also: 
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4.  The  new  energy  restoring  contact  scheme,  with  midpoint  rule  for  the  continuum 
(as  in  Algorithm  2). 

5.  The  new  energy  dissipative  contact  scheme  of  Section  1.3.1. 2  (d  =  1.0),  with  HHT 
for  the  continuum  (as  in  Algorithm  3). 

We  note  that  for  the  linear  elastic  continuum  under  consideration  the  conserving  algo¬ 
rithm  considered  in  Section  1.2. 3.1  reduces  to  the  midpoint  rule  and  trapezoidal  rule,  which 
would  coincide  in  this  linear  setting.  As  it  is  well-known,  both  schemes  are  conservative  for 
linear  problems.  Similarly,  the  HHT  Algorithm  3  is  energy  dissipative  in  the  linear  elas¬ 
tic  case.  However,  the  nonlinearity  of  the  contact  conditions  when  the  simulation  starts 
at  a  non-zero  gap,  destroys  these  conservative  and  dissipative  properties  respectively.  In 
essence,  the  work  done  by  the  contact  force  on  the  initial  gap  is  not  zero,  and  without 
control,  leading  to  an  increase  of  energy;  see  Munjiza  et  al  [1995].  This  situation  is  to  be 
contrasted  with  the  newly  proposed  schemes.  For  Algorithms  4  and  5  the  energy  will  not 
increase  during  the  simulation,  and  for  Algorithm  4  it  will  be  restored  completely  upon 
release. 

The  rod  considered  in  the  simulations  has  unit  length  (L  =  1)  and  unit  cross  section 
area  (A  =  1).  The  Young’s  modulus  is  E  =  1,  and  density  p  =  1.  The  initial  velocity  of  the 
rod  before  impact  is  no  =  0.5.  The  initial  configuration  of  the  rod  is  located  at  a  distance 
of  dQ  =  7.5  •  10~3  from  the  wall.  The  exact  solution  consists  of  a  constant  stress  front 
propagating  along  the  rod  with  the  elastic  wave  speed  c  =  y/E/p  =  1.  The  magnitude 
of  the  compressive  stress  is  a  =  p  vQc  =  0.5.  This  front  reaches  the  right  end  at  a  time 
L/c  after  impact  where  it  is  reflected.  This  reflection  results  in  an  unloading  front  that 
propagates  back  along  the  rod  reaching  the  wall  at  a  time  2 L/c  after  impact.  At  this  time 
the  rod  is  released,  that  is,  at 

d„  2  L 

t  =  —  +  —  =  2.015  ,  (1.4.4) 

V0  C 

accounting  for  the  initial  time  before  impact  (d0/v0  =  15  •  10-3).  Therefore,  the  total  force 
of  contact  is  constant,  and  given  by  the  value 

fc  =  a  A  =  pvacA  =  0.5  ,  (1.4.5) 

during  the  contact  interval  15  •  10-3  <  t  <  2.015. 

The  rod  is  discretized  with  100  linear  finite  elements  in  the  numerical  simulations 
presented  herein.  A  Courant  condition  of  CFL  =  2  is  considered,  being  therefore  outside 
the  range  of  stability  of  explicit  methods  like  e.g.  central  differences  (a  =  1.0,  =  0, 
7  =  0.5).  In  all  the  cases,  the  contact  penalty  parameter  is  kp  =  106,  and  the  mass 
penalty  parameter  has  the  value  mp  =  103  for  the  Algorithms  4  and  5. 

Figures  1.4.2  to  1.4.4  show  the  results  obtained  with  these  schemes.  The  gap,  velocity 
gap,  contact  force,  and  total  energy  of  the  rod  are  plotted  versus  time.  With  respect  to  the 
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TRAPEZOIDAL  RULE 
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Total  Energy 


FIGURE  1.4.2  Impact  of  a  rod  on  a  rigid  wall.  Results  obtained  with 
the  trapezoidal  rule,  Algorithm  1. 


standard  schemes,  Figures  1.4.2  and  1.4.3  (left  column)  depict  the  results  for  the  trapezoidal 
and  midpoint  rule,  respectively,  showing  the  severe  oscillatory  behavior  associated  with 
these  schemes  when  trying  to  enforce  the  contact  constraint.  Oscillations  between  contact 
and  released  states  lead  to  a  clear  unsatisfactory  performance  of  the  scheme.  Furthermore, 
these  oscillations  lead  to  an  increase  of  energy  when  they  occur  due  to  the  associated  non¬ 
linearity.  The  trapezoidal  rule,  with  the  contact  constraint  imposed  at  tn+i,  improves  the 
performance,  as  shown  in  Figure  1.4.2,  but  the  oscillatory  response  remains,  as  it  does  the 
non-physical  increase  of  energy.  Figure  1.4.4  (left  column)  shows  the  results  for  the  HHT. 
We  still  observe  an  initial  oscillatory  response,  as  well  as  an  energy  increase  thus  leading 
to  potential  instabilities  of  the  scheme.  Although  the  oscillations  are  eventually  damped, 
this  is  obtained  at  the  cost  of  a  clear  energy  lost. 

The  performance  of  the  standard  schemes  is  to  be  contrasted  with  the  newly  proposed 
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MIDPOINT  RULE  ENERGY  RESTORING 

Gap 


Time  Time 


FIGURE  1.4.3  Impact  of  a  rod  on  a  rigid  wall.  Results  obtained  with 
the  midpoint  rule,  Algorithm  2  (left  column),  and  the  energy  restoring, 
Algorithm  4  (right  column). 
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FIGURE  1.4.4  Impact  of  a  rod  on  a  rigid  wall.  Results  obtained  with 
the  HHT  scheme,  Algorithm  3  (left  column),  and  the  energy  restoring 
scheme,  Algorithm  5  (right  column). 
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methods.  Figure  1.4.3  (right  column)  shows  the  results  obtained  with  the  energy  restoring 
contact  scheme.  The  good  enforcement  of  both  constraints  (g  =  0  and  g  =  0)  is  to  be  noted. 
Even  though  small  oscillations  are  observed,  these  are  not  between  contact  and  released 
states.  Persistent  contact  is  maintained  during  the  theoretical  contact  interval,  as  reflected 
in  the  persistent  positive  value  of  the  contact  force.  The  energy  of  the  rod  is  under  control 
during  all  the  simulation,  and  it  is  restored  upon  final  release.  The  total  energy  in  the 
discrete  system  (rod  and  regularization  spring)  is  conserved  at  all  times.  Figure  1.4.4  (right 
column)  shows  the  results  for  the  energy  dissipative  scheme  proposed  in  Section  1. 3. 1.2. 
As  expected,  we  observe  a  damping  of  the  oscillations  in  this  problem  involving  the  high- 
frequency  part  of  the  spectrum  in  the  solution.  The  energy  never  increases  beyond  its 
initial  value,  avoiding  any  type  of  instabilities. 

To  gain  a  better  understanding  of  the  proposed  methods,  we  have  included  in  Figure 
1.4.5  the  results  obtained  with  the  previously  considered  energy  restoring  scheme,  without 
mass  penalty  (mp  =  0),  i.e. ,  no  enforcement  of  the  velocity  constraint.  Whereas  the  gap 
constraint  is  enforced  equally  for  both  schemes,  we  note  the  improvement  accomplished  in 
the  imposition  of  the  velocity  constraint  and  the  contact  force.  This  improvement  is  to 
be  traced  to  the  impulse  (1.3.34)  introduced  by  the  mass  penalty  in  the  definition  of  the 
contact  force,  and  leads  to  better  resolution  of  the  small-time  scales  in  problems  where  the 
contact  intervals  need  to  be  resolved. 


1.4.2.  Impact  of  two  cylinders. 

We  consider  next  the  impact  of  two  nonlinear  elastic  cylinders  in  plane  strain.  The 
cylinders  have  a  diameter  of  3.6,  and  are  discretized  with  displacement  bilinear  finite 
elements,  as  shown  in  Figure  1.4.6.  The  Saint- Venant  Ivirchhoff  material  model  is  assumed 
for  both  cylinders  with  Lame  constants,  \  =  2  ■  104,  g  =  1  •  104,  and  density  p  =  1. 
These  properties  lead  to  the  consideration  of  quasi-rigid  cylinders.  A  penalty  parameter 
of  kv  —  1  •  105  is  considered  with  mv  =  0,  i.e.,  no  imposition  of  the  velocity  constraint.  We 
note  that  we  are  interested  in  the  overall  response  of  the  system  in  this  case  (the  long  time 
scales),  rather  than  resolving  the  different  contact  intervals  in  detail.  A  constant  time  step 
of  At  =  0.1  is  considered. 

Figure  1.4.6  depicts  the  results  obtained  with  the  proposed  new  scheme  in  a  simulation 
involving  rigid  walls  as  depicted.  The  left  cylinder  is  given  an  initial  velocity  of  {vx,  vy}  = 
{1,  —2},  hitting  the  bottom  rigid  wall  at  t  «  1.5.  Figure  1.4.7  shows  the  plots  of  the  total 
energy  of  the  cylinders  (kinetic  plus  strain  energies),  the  two  components  of  the  linear 
momentum  ( Lx  and  Ly),  and  the  angular  momentum  (J).  The  ^-direction  corresponds 
to  the  horizontal  direction  in  the  plots  of  Figure  1.4.6,  with  the  y-direction  being  the 
perpendicular  direction.  We  have  included  the  results  for  the  newly  proposed  contact 
energy-restoring  scheme,  and  a  standard  midpoint  rule  contact  (non  conserving),  both  in 
combination  with  the  conserving  scheme  considered  in  Section  1. 2. 3.1  for  the  continuum. 
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FIGURE  1.4.5  Impact  of  a  rod  on  a  rigid  wall.  Results  obtained 
with  the  energy  restoring  scheme  with  no  mass-penalty,  mp  =  0.  To 
be  compared  with  the  use  of  the  mass  penalty  ( mp  =  -O'*)  in  Figure 
1.4.3,  right  column.  As  observed  in  this  last  case,  the  addition  of  the 
mass-penalty  impulse  enforces  the  velocity  constraint  and  eliminates 
the  oscillation  of  the  contact  force,  as  observed  in  this  figure,  when 
trying  to  resolve  the  contact  time  interval  (short-time  scales). 


Therefore,  the  energy  and  momenta  will  be  conserved  for  both  schemes  between  contact 
interactions. 

We  observe  that  the  initial  hit  of  the  left  cylinder  with  the  bottom  wall  leads  to  an 
increase  in  the  y  component  of  the  linear  momentum  (Ly)  and  a  change  of  the  angular 
momentum,  as  expected.  The  increase  of  Ly  corresponds  to  the  total  force  applied  during 
contact,  positive  since  it  is  pointing  in  the  positive  ^-direction.  The  ^-component  of  the 
linear  momentum  is  conserved  for  both  schemes,  whereas  the  energy  is  only  conserved 
(restored)  after  bouncing  by  the  newly  proposed  scheme.  In  fact,  we  observe  a  sudden 
increase  of  the  energy  for  the  midpoint  rule  contact  (to  almost  four  times  the  original 
value) ,  which  is  accompanied  with  a  large  change  of  linear  momentum  in  the  y-direction 
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t=8.0  t=8.5  t=10. 


FIGURE  1.4.6  Impact  of  two  (quasi-rigid)  cylinders.  Deformed  con¬ 
figurations  at  different  times  obtained  with  the  newly  proposed  energy 
restoring  scheme.  The  left  cylinder  impacts  the  right  cylinder,  which  is 
at  rest,  after  bouncing  from  the  bottom  rigid  wall. 
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MIDPOINT  RULE  CONTACT 


ENERGY  RESTORING 
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FIGURE  1.4.8  Skew  impact  of  two  elastic  cylinders.  Deformed  con¬ 
figurations  at  different  times  obtained  with  the  newly  proposed  energy 
restoring  scheme.  Observe  the  large  finite  strains. 


Linear  Momentum  (y  component)  Linear  Momentum  (i  component) 
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FIGURE  1.4.9  Skew  impact  of  two  elastic  cylinders.  Results  obtained 
with  the  energy  conserving  scheme  for  the  continuum  in  combination 
with  a  midpoint-rule  contact  (left  column)  and  energy  restoring  contact 
scheme  (right  column). 
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(indicating  an  excessively  large  force  of  contact).  The  computed  solutions  will  then  differ 
afterwards.  We  note  that  due  to  the  quasi-rigid  character  of  the  solids,  the  total  energy  is 
mostly  kinetic  energy. 

After  bouncing  from  the  bottom  wall,  the  left  cylinder  impacts  the  right  cylinder  which 
is  at  rest.  This  happens  at  t  «  2.2  for  the  energy-restoring  scheme,  and  earlier,  at  t  «  2.0, 
for  the  midpoint  rule  contact,  due  to  the  excessive  energy  that  the  previous  impact  added 
to  the  left  cylinder.  As  expected,  no  change  of  momenta  (linear  or  angular)  is  associated 
to  this  impact  for  both  algorithms.  The  energy,  on  the  other  hand,  is  increased  again  for 
the  midpoint  rule  contact,  whereas  the  energy-restoring  scheme  recovers  again  the  initial 
energy  after  the  small  interval  where  the  contact  constraints  are  imposed.  We  note  the 
good  resolution  of  the  gap  constraint  g  =  0. 

Next,  the  right  cylinder  impacts  the  right  wall  close  to  the  upper  right  corner  (at 
t  ~  3.8  for  the  energy-restoring  scheme,  and  t  ~  2.6  for  the  midpoint  rule).  The  x 
component  of  the  linear  momentum  Lx  is  reduced  due  to  the  application  of  the  contact 
force  (pointing  to  the  negative  re-direction).  A  larger  contact  force  is  observed  again  for 
the  midpoint  rule,  compared  to  the  value  obtained  with  the  energy-restoring  scheme.  The 
total  energy  doubles  in  the  former. 

After  bouncing,  the  right  cylinder  hits  the  upper  wall  (at  t  ~  4.3  for  the  energy¬ 
restoring  scheme,  and  t  «  3.3  for  the  midpoint  rule).  This  can  be  observed  by  the  corre¬ 
sponding  decrease  (the  contact  force  points  in  the  negative  ^/-direction)  of  the  component 
Ly  of  the  linear  momentum  for  both  schemes.  The  left  cylinder  hits  the  left  wall  for  the 
midpoint  rule  at  t  ^  3.7,  due  to  the  excessive  velocity  that  has  gained  in  the  previous 
impacts,  leading  to  the  increase  of  Lx  observed  for  this  case.  This  does  not  happen  for  the 
energy-restoring  scheme. 

After  these  interactions,  the  two  cylinders  impact  each  other  again  in  the  middle  of 
the  domain.  This  occurs  at  t  ~  6.0  for  the  energy-restoring  scheme  and  t  «  4.2  for  the 
midpoint  rule.  This  impact  cannot  be  resolved  with  the  midpoint  rule  contact  scheme. 
The  numerical  computation  blows  up  in  this  case  (no  convergence  is  obtained),  with  an 
unrealistic  high  value  of  the  energy.  The  computation  with  the  energy-restoring  scheme  can 
be  continued  without  problems  after  the  impact  of  both  cylinders  (no  change  of  momenta, 
energy  conserved  again  upon  release).  After  this  impact,  the  left  cylinder  hits  the  left  wall 
at  t  «  8.0  (with  the  change  of  Lx  and  angular  momenta,  no  increase  of  energy  again). 

These  results  show  the  improved  stability  properties  of  the  newly  proposed  scheme. 
These  properties  are  achieved  by  the  proper  control  of  the  energy  during  all  the  compu¬ 
tation.  The  correct  conservation  of  energy  and  momenta  has  been  verified.  On  the  other 
hand,  the  artificial  increase  in  energy  for  a  standard  contact  scheme,  like  the  midpoint 
rule,  has  been  shown  to  lead  to  numerical  instabilities  that  force  the  termination  of  the 
computation.  We  point  out  that  physically  dissipative  effects  (like  friction)  would  not 
stabilize  the  computations  of  standard  schemes  in  general,  as  observed  in  Armero  & 
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SlMO  [1993]  in  the  analysis  of  the  stability  of  staggered  algorithms  for  thermomechanical 
problems. 

The  above  results  considered  quasi-rigid  cylinders.  In  order  to  test  the  performance  of 
the  scheme  with  large  finite  elastic  strains  (and  thus  significant  changes  of  the  normal  to  the 
contact  surface),  we  consider  the  same  cylinders  with  Lame  constants  A  =  130,  p  =  43.33, 
and  density  p  =  8.93.  The  left  cylinder  is  given  an  initial  velocity  {nx, ny}  =  {-1,0.1}, 
while  the  right  cylinder  is  at  rest.  Figure  1.4.8  shows  the  impact  of  the  two  cylinders  for 
this  case.  The  large  finite  strains  are  apparent.  Figure  1.4.9  depicts  the  evolution  of  the 
energy,  the  two  components  of  the  linear  momentum,  and  the  angular  momentum,  for 
both  the  midpoint  rule  contact  and  the  new  energy-restoring  scheme,  both  in  combination 
with  the  conserving  scheme  developed  in  Section  1. 2. 3.1  for  the  continuum,  as  before.  The 
non-physical  increase  of  energy  for  the  former  is  to  be  contrasted  with  the  no  increase 
and  final  conservation  for  the  latter.  The  two  schemes  conserve  all  the  momenta  for  this 
case.  A  penalty  parameter  of  kp  =  104  is  assumed,  leading  to  a  good  satisfaction  of  the 
unilateral  constraint  (1.2.12),  as  the  small  energy  associated  to  the  regularization  potential 
U(g)  indicates  (the  ripples  in  the  plot  of  the  energy)  in  Figure  1.4.9.  The  same  conclusions 
as  for  the  previous  simulations  involving  quasi-rigid  cylinders  apply  to  this  case. 


1.5.  Concluding  Remarks. 

We  have  presented  the  formulation  of  a  new  class  of  implicit  time-stepping  algorithms 
for  dynamic  contact  problems.  The  main  characteristic  of  the  proposed  methods  is  the  con¬ 
servation  laws  that  the  discrete  numerical  schemes  inherit  from  the  continuum  dynamical 
system  by  construction.  In  particular,  it  has  been  shown  that  the  energy  is  under  con¬ 
trol  at  all  times  during  the  numerical  simulation,  leading  to  the  proper  (energy)  stability 
properties,  while  efficiently  enforcing  the  contact  constraints. 

These  properties  lead  to  improved  performance  in  comparison  with  standard  numerical 
techniques  currently  in  use.  The  simplicity  of  the  implementation  of  the  proposed  scheme, 
a  modification  of  standard  penalty  formulations,  is  to  be  noted.  Modifications  involving 
the  imposition  of  the  velocity  constraint  and  the  introduction  of  positive  high-frequency 
energy  dissipation  have  been  discussed  in  detail.  Several  numerical  simulations  have  been 
presented  that  show  the  improved  numerical  stability  properties  of  the  new  schemes  over 
standard  time-stepping  algorithms. 


Appendix  1.1.  Consistent  Linearization  of  the  Proposed  Schemes. 

We  develop  in  this  appendix  the  consistent  linearization  of  the  time  stepping  algo¬ 
rithms  developed  in  this  paper.  To  this  purpose,  we  derive  in  Section  1.1  the  linearized 
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equations  of  the  problem.  The  contributions  of  the  contact  arrays  to  the  tangent  stiffness 
matrix  are  derived  in  Section  1.2. 


1.2.  The  linearized  equations. 


We  consider  the  discrete  equations  (1.2.29)  in  terms  of  the  nodal  momenta  p.  As 
indicated  below,  the  final  implementation  is  carried  out  in  terms  of  the  nodal  velocities 
v.  Only  the  nodal  momenta  p  of  the  nodes  in  contact  need  to  be  considered  for  a  non¬ 
vanishing  mass  penalty  mp.  Define  the  residuals 


Rd  (dn-|-i  dn )  Pn+~  > 


Ra  :=  /, 


(n+D  ,  .p(n+|) 


ext 


+  fc 


j;(n+i) _ L  ^ 

J  int  ^  VPn+l 


(1.1) 


Given  the  nodal  values  {dn,vn},  and  corresponding  pn  (see  below),  at  time  tn,  a  consistent 
linearization  of  these  equations  leads  to 
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(1.3) 


for  the  update  between  iterations  (i)  and  (i+l)  in  time  step  [tn,  tn+i]  of  a  Newton-Raphson 
scheme  for  the  solution  of  (1.1).  The  elimination  of  Ap^j^  leads  to  the  final  expression 


where  we  have  introduced  the  notation 
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for  the  continuum  contributions  to  the  tangent  stiffness,  and 


(1.4) 


(1.5) 


(1.6) 


(note  the  change  of  sign)  for  the  contribution  of  the  contact  arrays.  A  closed-form  expres¬ 
sion  for  the  contact  stiffness  K is  derived  in  Section  1.3  below. 
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Once  the  updated  nodal  displacements  and  nodal  momenta  p„+i^  are  known, 


the  nodal  velocities  are  recovered  using  the  definition  (1.3.28)  of  p^+i1 ,  i  e. , 
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S=  1 


in  the  general  case  involving  the  mass  penalty  mp  ^  0.  For  the  case  of  no  mass  penalty, 
mv  =  0,  the  dvnamic  update  equation  (I.l)i  is  linear,  leading  to  =  0  and  to  the 

standard  update 
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without  the  need  to  consider  the  extra  array  As  noted  in  Section  1.3.2,  we  consider 

a  lumped  mass  matrix  M  =  Ml  for  the  general  case  where  we  enforce  the  velocity  gap 
constraint  ( mp  0),  leading  to  the  standard  update  (1.8)  for  the  nodes  not  in  contact, 
and  the  update  (1.7)  involving  the  nodes  in  contact  only. 


Remark  1.2.1  An  implementation  avoiding  the  use  of  nodal  momenta  p  for  the  nodes 
in  contact  can  be  easily  devised  by  considering  the  linearized  version  of  equation  (1.7). 
Details  are  omitted. 


1.3.  The  contact  stiffness. 

The  lineal  cation  of  the  contact  force  fc,  defined  by  (1.2.35)  as 


TLalave 
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is  given  by 


A =  Ap.G.,„+ j  +  p.AG,,„+i  . 


material 

The  material  part  of  the  tangent  is  defined  by 
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^9s,n+ 1  “  2Gs  n+ 1  ciDs  n+i  C2T’s  n^i  Ads  n+i  , 
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Here,  we  employed  the  notation 
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The  expression  gSiU+i  refers  to  the  real  gap  found  through  the  closest  point  projection  at 
the  configuration  at  tn+i,  rn+ 1  is  the  normalized  tangent  vector  to  the  master  surface  at 
the  point  of  contact  (  i.e.  i/J+i  rn+i  =  0),  and  ls  is  the  length  of  the  surface  element  of 
the  master  surface  corresponding  to  tne  given  slave  node  S. 

The  geometric  part  of  the  tangent  arises  from  the  change  of  normal  and  contact  point 
in  Gs>n+  i  ,  and  is  obtained  as  follows 
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after  an  involved  calculation.  The  final  expression  of  the  contact  stiffness  is  then  given  by 
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with  the  difference  quotient  in  the  first  term  replaced  by  U"  (g^n+i)  if  9s,n+ 1  —  9s, n ■ 
We  note  the  non-symmetry  of  the  material  part  as  it  occurs  with  its  counterpart  for  the 
energy-momentum  conserving  algorithms  considered  in  this  paper  for  the  continuum. 
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II. 1.  Introduction 

The  numerical  analysis  and  simulation  of  contact  problems  is  probably  one  of  the  most 
difficult  and  demanding  tasks  in  typical  practical  applications  of  computational  solid  me¬ 
chanics.  The  cause  of  this  inherent  difficulty  can  be  traced  to  the  unilaterally  constrained 
character  of  the  impenetrability  constraint  between  solids.  The  introduction  of  frictional 
effects  adds  on  these  difficulties  with  the  need  to  model  non-smooth  stick/ slip  conditions. 
As  a  consequence,  the  resulting  problems  are  numerically  stiff,  highly  non-smooth,  and 
strongly  nonlinear.  Explicit  integration  schemes  are  popular  nowadays  to  avoid  some  of 
these  difficulties.  Explicit  methods,  however,  are  known  to  be  only  conditionally  stable 
in  time.  In  fact,  the  stability  restriction  becomes  a  severe  limitation  in  usual  applications 
involving  contact,  due  again  to  the  very  stiff  nature  of  constrained  problems. 

The  improved  stabihty  properties  of  implicit  schemes  are  often  needed  for  efficient 
analyses  of  problems  that  do  not  require  the  resolution  of  short  time  scales.  However, 
standard  implicit  schemes  are  known  to  exhibit  instabilities  in  nonlinear  problems.  In 
fact,  time-stepping  algorithms  that  are  unconditionally  stable,  or  even  dissipative,  for  lin¬ 
ear  problems  may  become  unstable  in  a  nonlinear  setting.  See  e.g.  the  numerical  examples 
in  SiMO  &  Tarnow  [1992]  and  the  results  presented  herein,  where  such  instabilities  are 
observed  even  in  the  physically  dissipative  context  of  frictional  contact  problems.  Given 
these  considerations,  the  goal  of  the  research  presented  in  this  paper  can  be  stated  as 
the  development  of  implicit  time-stepping  algorithms  for  contact  problems  that  possess 
unconditional  (energy)  stability  in  time  and  lead  to  a  stable  enforcement  of  the  contact 
constraints.  Dynamic  contact/impact  problems  are  of  particular  interest.  More  specifi¬ 
cally,  we  require  that  the  numerical  algorithm  inherits  a-priori  stability  estimates  of  the 
continuum  problem.  In  this  context,  we  develop  in  this  paper  a  time-stepping  algorithm 
for  frictional  contact  problems  that  is  rigorously  shown  to  be  energy  dissipative,  as  the 
physical  system. 

The  analysis  and  numerical  simulation  of  contact  problems  has  been  the  subject  of 
intensive  research  in  the  past.  Early  efforts  in  the  area  of  dynamic  contact  problems  can  be 
found  in  Hughes  et  al  [1976],  Hallquist  et  al  [1985],  and  Bathe  &  Chaudhary  [1985], 
among  others;  see  also  the  comprehensive  account  in  Kikuchi  &  Oden  [1988].  The  formu¬ 
lations  presented  in  Belytschko  &:  Neal  [1991],  Carpenter  et  al  [1991],  and  Munjiza 
et  al  [1995]  are  some  examples  of  more  recent  works  focusing  on  the  enforcement  of  the 
contact  constraints  in  the  context  of  explicit  integrators  for  dynamic  contact  problems. 
But  more  recently,  we  can  find  a  special  interest  in  the  formulation  of  improved  implicit 
schemes  for  dynamic  contact  problems.  The  recent  works  of  Taylor  &:  Papadopoulos 
[1993],  Lee  [1994],  and  Laursen  &  Chawla  [1996]  are  representative  examples,  with  an 
emphasis  on  frictionless  contact.  See  also  the  results  presented  in  Armero  &  Petocz 
[1996],  and  described  below.  These  efforts  can  be  considered  as  part  of  the  current  interest 
in  the  development  of  more  robust  time-stepping  algorithms  for  nonlinear  elastodynamics. 
In  this  context,  the  formulation  of  energy- momentum  conserving  schemes  for  nonlinear 
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elastic  systems  (as  presented  in  SlMO  &  Tarnow  [1992],  Crisfield  &  Shi  [1994],  and 
Gonzalez  &  Simo  [1995],  among  others)  is  of  special  significance  for  the  work  presented 
herein. 

We  have  presented  recently  in  Armero  &  Petocz  [1996]  a  new  class  of  conserving 
time-stepping  algorithms  for  frictionless  contact.  The  proposed  schemes  are  based  on  a 
penalty  regularization  of  the  normal  contact  constraint,  and  inherit  the  conservation  prop¬ 
erties  of  the  continuum  problem.  More  specifically,  the  energy  of  the  system  of  solids  does 
not  increase  due  to  the  imposition  of  the  contact  constraint  (part  is  stored  in  the  penalty 
regularization  potential),  and  it  is  fully  restored  upon  release.  Extensions  imposing  the 
associated  constraints  in  the  velocity  have  been  presented  also.  Altogether,  the  newly 
proposed  schemes  have  not  only  shown  a  superior  stability  properties  in  time  but  also 
an  improved  enforcement  of  the  contact  constraint  when  compared  with  more  traditional 
implicit  schemes.  In  fact,  we  have  observed  that  traditional  mid-point  and  trapezoidal 
rules,  and  even  the  dissipative  HHT  method,  are  prone  to  numerical  instabilities  in  the 
context  of  frictionless  contact,  often  leading  to  the  actual  blow-up  of  the  numerical  com¬ 
putation,  in  contrast  with  the  proposed  conserving  schemes.  The  reader  is  referred  to  the 
aforementioned  reference  for  further  details. 

In  the  present  paper,  we  consider  the  general  case  of  frictional  contact,  in  the  con¬ 
tinuum  framework  described  in  Laursen  &  SlMO  [1993].  More  specifically,  we  present  a 
new  time-stepping  algorithm  for  frictional  contact  that  leads  to  positive  energy  dissipa¬ 
tion.  A  crucial  ingredient  of  the  new  scheme  is  the  integration  of  the  friction  law  based 
on  a  properly  defined  (numerical)  slip  function.  This  definition  arises  from  a  second  order 
approximation  of  the  evolution  equations  defining  the  contact  kinematics.  This  new  slip 
function  is  employed  in  the  integration  of  the  constrained  equations  modeling  the  stick/slip 
conditions.  Furthermore,  a  new  penalty  regularization  of  the  stick  condition  is  considered, 
having  a  similar  structure  to  classical  elastoplasticiW  Joulomb  friction  is  assumed  for  the 
evolution  of  the  frictional  slip.  The  resulting  discrete  evolution  equations  are  shown  rigor¬ 
ously  to  lead  to  a  decrease  of  the  energy  of  the  solids  (i.e.,  positive  energy  dissipation),  in 
compliance  with  the  dissipative  nature  of  the  frictional  problem.  The  fully  nonlinear  range 
involving  finite  kinematics  is  assumed  in  these  developments.  In  fact,  invariance  issues  are 
carefully  considered.  As  a  consequence,  the  newly  proposed  schemes  are  not  only  frame 
indifferent,  but  the  resulting  discrete  contact  contributions  exhibit  the  conservation  prop¬ 
erties  of  linear  and  angular  momentum  characteristic  of  their  continuum  counterparts.  The 
newly  proposed  scheme  applies  to  both  dynamic  and  quasi-static  problems.  We  develop  in 
detail  the  finite  element  implementation  of  these  methods. 

An  outline  of  the  rest  of  the  paper  is  as  follows.  Section  II.2  summarizes  the  continuum 
formulation  of  the  frictional  contact  between  solids.  In  particular,  Section  II.2.3  describes 
in  detail  the  conservation  laws  of  linear  and  angular  momenta  characteristic  of  a  free  system 
of  solids  in  contact,  frictionless  or  frictional,  as  well  as  the  energy  conservation/dissipation 
in  the  continuum  problem.  A-priori  stability  estimates  to  be  inherited  by  the  numerical 
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FIGURE  II. 2.1  Frictional  contact  between  ;wo  solids.  Defi 
the  gap  function  g(X),  closest-point  projection  Y (X),  uni 
v ,  reference  tangent  bases  T  and  T,  or  the  tvo  dimensional 


algoritlims  are  derived  in  this  section.  We  develop  in  Section  II 
time-stepping  algorithms.  In  particular,  Section  II. 3  3  presents  tfc 
tive  properties  of  the  new  schemes.  We  assess  the  performance  of 
in  Section  II. 4  with  several  representative  numerical  simulations, 
dynamic  problems  are  presented.  Finally,  Section  II. 5  concludes  wi 


II. 2.  The  Governing  Equations 

We  describe  in  this  section  the  notation  end  the  governing  ec 
contact  of  solids,  as  employed  in  the  rest  of  the  pap  -f.  Section  II.  2.1 
ics  of  contact  .  The  fully  nonlinear  finite  deforn  at\„i  range  is  assum 
marizes  the  weak  form  of  the  governing  equat  on.s  as  required  for  1 
finite  element  methods  proposed  herein.  Partner  derails  of  the  n 
these  sections  can  be  found  in  Wriggers  et  e  [1990  and  LA.URSE 
tion  II. 2.3  summarizes  the  conservation  laws  that  arise  in  the  th 
particular,  we  describe  in  detail  the  evolution  of  the  energy  and 
character  of  the  frictional  problem.  These  developments  define  th* 
mates  to  be  preserved  by  the  numerical  methods  developed  in  Sect 


II. 2.1.  The  kinematics  of  contact 

Let  the  domains  C  Rn<lim  (ndim  =  1,2  or  3)  with  bo 
represent  the  reference  placement  of  ribody  solid  bodies  U  —  1 , r?i 
generality,  we  shall  present  the  following  developments  for  the  parti 
nboay  =  2.  We  refer  to  the  material  particles  >y  X  <E  l?*-’1,  and  le 
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Kndim  be  the  deformations  of  each  solid  to  a  current  placement  (with  X )  = 

<pW(X,t))  at  a  certain  instant  t  €  [0,T]  for  a  time  interval  T.  Let  7^  C  dfi^) 

denote  two  parts  of  the  boundaries  of  the  respective  solids  in  contact,  as  defined  below. 
The  subscript  t  emphasizes  the  dependence  of  these  boundary  segments  on  the  time  t.  We 
denote  the  corresponding  material  boundaries  by  :=  c p W  (7^*]). 

In  this  context,  we  define  the  closest-point  projection  mapping  Y ( t )  :  — »  Tc^ 

at  the  time  t  as 

Y(X,t)  =  arg  min  ||¥.J,)(V)  -  <p!2)(Y)||  ,  (H.2.1) 

Yerw 

for  X  e  rfy?  and  Euclidean  norm  ||  •  ||  in  Rndim.  Given  the  definition  (II.2.1),  a  standard 
argument  shows  the  orthogonality  property 

M  :=  V^iX)  -  2>(Y(X,t ))  =  gv,  (II.2.2) 

defining  the  unit  normal  v  to  at  ip[^(Y{X,  tj).  Note  that  the  unit  vector  v  is  also 
defined  for  the  case  of  non-smooth  boundaries  as  the  direction  joining  Y(X,t)  and  X. 
To  simplify  the  notation  we  do  not  write  a  subscript  t  indicating  the  dependence  on  time 
of  the  geometric  quantities  g,  u,  and  others  introduced  below.  Figure  II. 2.1  sketches  the 
construction  behind  the  closes-point  projection  (II. 2.1)  in  the  two  dimensional  case. 

Expression  (II.2.2)  defines  also  the  gap  function  g,  as 

g  =  g(X,  t )  =  l<ptj  •  v  ,  (II. 2. 3) 

which  is  imposed  to  satisfy  the  unilateral  contact  constraint 

9  >  0  ,  (II.2.4) 

at  all  times  t.  In  this  context,  the  contact  boundary  is  defined  by 

d,V  =  {X  €  rM  :  g(X,t)>  0}  ,  (11.2.5) 

and  the  boundary  d,t  38  the  image  of  d.V  under  the  closest-point  projection  Y  = 
Y(X,t).  Since  in  this  continuum  setting  we  impose  the  constraint  (II.2.4),  we  conclude 
that 

tIV  =  7$  =  n?.,a  (vSi>(«(i>))  ,  (H.2.6) 

with  no  special  role  played  by  the  ordering  of  the  solids.  The  numerical  schemes  described 
in  Section  II. 3  consider  a  penalty  regularization  of  the  unilateral  constraint  (II. 2. 4),  leading 
to  an  approximate  satisfaction  of  the  constraint  (II. 2. 4).  In  this  context,  one  refers  to  the 
surface  T ^  as  the  slave  surface  which  is  required  not  to  penetrate  the  master  surface 
as  it  was  introduced  in  Hallquist  et  al  [1985].  Double  passes  schemes  avoiding  the 
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special  role  assigned  to  each  sin-face  by  a  particular  ordering  of  the  solids  are  also  discussed 
in  this  reference. 

Following  Laursen  &  SlMO  [1993],  we  introduce  the  following  notation.  Let  the 
vectors  {Ta}  (a  =  1,  ndim  —  1)  define  a  basis  of  the  tangent  space  to  ,  not  orthonormal 
in  general.  See  Figure  II. 2.1  for  an  illustration  of  the  reference  basis  T  =  T\  in  the  two 
dimensional  case.  We  denote  by 

Map  :=  Ta  •  2>  ,  (II. 2. 7) 

the  associated  metric,  a  positive  definite  matrix.  We  consider  the  spatial  vectors 

rQ  :=  F™Ta  =  <*>g)  ,  (II.2.8) 

defining  a  convected  basis  {ra}  of  the  tangent  space  to  7 The  standard  notation 

F (i)  :=  Gradcp^  *  =  1,2,  (II.2.9) 

is  used  for  the  deformation  gradients.  We  denote  the  associated  metric  by 

mQp  ■=  ra-rp  ,  (II. 2. 10) 

and  the  corresponding  dual  basis  by 

Ta  :=  mal3Tp  a  =  1,  ndim  -  1  ,  (II.2.11) 

with  \rnal3]  —  [map}~x .  Summation  over  repeated  Greek  indices  is  assumed  hereafter,  e.g., 
addition  on  f3  =  l,ndim  —  1  is  implied  in  (II. 2. 11).  The  orthogonality  relations 

ra  ■  v  =  Ta  ■  u  =  0  ,  (II.2.12) 

follow  from  the  previous  definitions. 

Crucial  to  the  development  of  the  numerical  schemes  proposed  in  Section  II. 3  is  the 
evaluation  of  the  change  of  the  closest-point  projection  constraint  (II.2.2)  in  time.  To 
calculate  this  time  derivative,  we  consider  the  rate  of  the  closest-point  Y  =  Y(X,t )  given 

by 

Y  =  tTa,  (II.2.13) 

defining  the  values  £Q  in  terms  of  the- tangent  basis  {Ta}  in  the  reference  configuration. 
The  vector  field  Y  defines  a  relative  slip  velocity. 

The  material  time  derivative  of  (II.2.2)  reads 

[V]  -  F^Y  —  gv  -  g  [v£>  +  t^]  ■  r°  , 


(II.2.14) 
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in  terms  of  the  jump  of  the  material  velocities 

IV]  =  V^(X,t)  -  vW(Y(X,t),t)  ,  (II. 2. 15) 

at  a  particular  time  t,  with 

F(i)  :=  :=  <^~  i  =  1,2.  (II.2.16) 

at 

We  note  that  the  second  fundamental  form  of  the  surface  %  J  is  given  by  bQp  =  ~Ta,p  • 
and  it  is  symmetric.  Combining  (II. 2. 8)  and  (II. 2. 13)  with  the  orthogonality  relations 
(II.2.12),  the  normal  component  of  equation  (II.2.14)  can  be  written  as 


and  the  tangential  components  as 


AapiP  =  m-rQ+g  V}V-v, 


(II. 2. 17) 


(II. 2. 18) 


in  terms  of  the  symmetric  matrix 


A-ap  • —  map  T  ffbap  ,  (II.  2. 19) 

assumed  invertible  at  all  times.  Hence,  equation  (II.2.18)  defines  the  slip  rates  uniquely 
in  terms  of  the  material  velocities  of  each  solid.  For  the  limit  contact  problem  (g  =  0), 
the  invertibility  of  Aa<p  follows  readily  from  the  positive  definiteness  of  the  spatial  metric 
map.  Since  the  case  of  interest  involves  the  enforcement  of  the  contact  constraint  (II. 2. 4), 
and  therefore  it  is  close  to  this  limit  case,  this  assumption  is  not  excessively  restrictive. 


II. 2. 2.  The  weak  form  of  the  governing  equations 

The  evolution  of  the  system  of  solids  described  in  the  previous  section  is  governed 
by  the  balance  of  linear  momentum,  given  in  weak  form  by  the  variational  relation  (see 
Wriggers  et  al  [1990]  and  Laursen  &  Simo  [1993]) 


Yj{J  [po]V{i)  •  6(P(i)  +  s(i)  :  F(i)TGrad(fy>W)]  dti® 

-  [  ■  5<pW  dQ^  -  [  •  5tp®  dr « 

Jnw  Jr^t 

+  [  n.[-pS 9  + tTQS£Q]  dr(1)  =  0, 


(II.2.20) 


for  all  admissible  variations  S<p^  £  ( i  =  1,2),  with 


V(i)  =  {77  :  ->  Rndim  :  77  =  0  on  rjp}  , 


(II.2.21) 


that  is,  variations  satisfying  the  homogeneous  essential  boundary  conditions  as  usual.  In 
this  way,  the  deformations  are  assumed  to  satisfy  the  essential  boundary  conditions 


<Pt)  =  (Pt)  on  ru,t  (*  =  1,2), 


(II.2.22) 


for  given  boundary  functions  <p[l\  In  (II.2.20),  we  have  used  the  notation  for  the 
reference  density  of  solid  (i),  V ^  for  the  material  acceleration,  S ^  for  the  second  Piola- 
Kirchhoff  stress  tensor,  and  body  forces  and  nominal  applied  tractions  fW  on  r!j)t  C 
r l1)  (i  =  1,2).  The  conditions 

ru}  n  n  rc(J  =  0  and  u  r£>  u  rjg  =  r<4>  <  =  i,2,  (n.2.23) 

are  assumed  for  each  time  t  for  a  well-posed  problem.  The  symmetry  of  the  second  Piola- 
Kirchhoff 

S«  =  s«r  Vi  =  1,2,  (II.2.24) 

follows  from  material  frame  indifference.  The  general  dynamic  case  has  been  assumed  in 
(II. 2. 20),  hence  requiring  the  specification  of  initial  conditions 


’2o  =  <Po  : ]  ,  and  ¥>t=o  =  V0  (*  =  1,2), 


(II. 2. 25) 


for  given  initial  deformations  and  velocities,  respectively.  The  quasi-static  problem  is 
recovered  by  assuming  a  vanishing  density  in  the  transient  term  as  it  is  common  practice. 

The  variation0  of  the  gap  and  slip  in  the  contact  contribution,  last  term  of  (II.2.20), 
are  given  in  terms  of  the  variations  by 


(II. 2. 26) 


and 

Aap5^  =  [5tp]  •  rQ  +  g  8ipW  ■  v  ,  (II. 2. 27) 

respectively,  by  taking  the  variation  of  (II. 2. 2),  which  proceeds  exactly  as  the  derivation 
of  (II. 2. 17)  and  (II. 2. 18).  As  noted  below,  the  expressions  (II. 2. 26)  and  (II. 2. 27)  lead  to 
an  invariant  form  of  the  contact  forces  with  respect  to  translations  and  rotation,  leading 
to  the  conservation  of  linear  and  angular  momenta  as  described  in  the  following  section. 

In  (II. 2. 20),  the  nominal  contact  traction  t ^  on  has  been  decomposed  in  a  normal 
and  tangential  component  as 


t ^  =  p  v  —  tr  ,  where  iy  :=  tra  T“  • 


(II. 2. 28) 


F.  Armero 


70 


The  nominal  pressure  p  is  the  Lagrange  multiplier  enforcing  the  unilateral  constraint 
(II. 2. 4),  and  satisfies  the  Kuhn-Tucker  complimentary  conditions 

p  >  0  ,  g  >  0  ,  and  pg  =  0  .  (II.2.29) 


The  consistency  condition 

pg  =  0  ,  (II. 2. 30) 

follows,  and  defines  the  case  of  persistent  contact. 

The  evolution  of  the  tangential  traction  £y  is  governed  by  the  friction  law.  Frictional 
slip  occurs  when  a  certain  level  of  the  tangential  tractions  is  reached.  We  consider  herein 
the  classical  Coulomb  law  given  by  the  slip  relation 

”  =  7jM  •  (II2'31) 

As  proposed  in  Laursen  &;  Simo  [1993],  an  invariant  expression  of  the  slip  velocity  v  in 
(II. 2. 31)  is  obtained  as 

v  :=  MaP  &  ra  .  (II.2.32) 

Alternative  definitions  are  discussed  in  Remark  2.1  of  Section  2.3  below.  The  consistency 
parameter  7  in  (II. 2. 31)  is  determined  by  the  stick/slip  conditions 


4>  :=  ||tr||  -  PP  <  0  ,  (II.2.33) 

7  >  0  ,  7^  =  0  ,  and  7^  =  0  ,  (II.2.34) 


where  the  Euclidean  norm  ||  •  ||  in  Endim  is  given  by 

Ill’ll2  ~  TTlal3tTatTp  ,  (II.2.35) 

in  the  convected  surface  basis.  A  constant  friction  coefficient  p  >  0  is  assumed  in  (II.2.33) 
for  simplicity.  This  concludes  the  definition  of  the  problem  of  interest.  We  describe  next 
the  conservation/dissipation  properties  of  the  final  governing  equations. 


II. 2. 3.  The  conservation  laws  and  energy  dissipation 

The  system  of  equations  (II. 2. 20)  possesses  a  number  of  conservation  laws  in  the 
presence  of  symmetries  of  the  problem.  For  instance,  under  the  assumption  of  a  free 
system  of  solids,  that  is, 

6(i)  =  0  ,  fW  =  0  ,  and  =  0  *  =  1, 2  ,  (II.2.36) 

the  total  linear  and  angular  momenta  are  conserved.  We  summarize  in  this  section  these 
conservation  laws  together  with  the  evolution  of  the  total  energy  of  the  system  of  solids. 
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i.  Linear  momentum.  Define  the  total  linear  momentum  by 

2 


:=  V  f  pMv®  dQ {i)  . 


(II.2.37) 


Under  the  assumption  (11.2.36)3,  an  admissible  set  of  variations  is  obtained  by 

/>=flEV(i)  *  =  1,2,  (II. 2. 38) 

for  a  constant  vector  a  £  Rndim.  By  noting  that  the  gap  variation  5g  and  slip  variations 
6^,  defined  respectively  by  (II. 2. 26)  and  (II. 2. 27),  vanish 


-j-  ■  a—  [  a  dQ{i)  =  0  Va 

dt  Jn(i) 


(II. 2. 39) 


after  inserting  the  variations  (II. 2. 38)  in  the  weak  equation  (II. 2. 20).  The  conservation  of 
linear  momentum 

L  =  constant ,  (II.2.40) 

follows  then  as  a  consequence  of  the  invariance  of  the  governing  equations  under  the  vari¬ 
ations  (II. 2. 38)  (translations). 

ii.  Angular  momentum.  Define  the  total  angular  momentum  by 

2 


-SL 


<p®  x  pWyW  , 


(II. 2. 41) 


where  x  denotes  the  cross  product  of  two  vectors  in  R3  (and  th^  corresponding  embedding 
in  Rndim  if  ridim  <  3).  Under  the  assumption  (11.2.36)3,  an  admissible  set  of  variations  is 
obtained  as 

=  w  x  <p(ti]  £  V(i)  Vi  =  1,2,  (II. 2. 42) 

for  a  constant  vector  w  £  R”dim.  In  this  case,  we  have 

Grad  =  F(i)_TV  =  F®~TW  ,  (II.2.43) 

for  the  spatial  gradient  V(-),  and  the  skew-symmetric  matrix  kU  with  axial  vector  w,  that 
is,  _ 

Wa  =  w  x  a  Va£  R"dim  .  (II. 2. 44) 

The  gap  variation  (II. 2. 26)  vanishes  for  the  variations  (II. 2. 42),  since 

Sg  =  (w  x  •i/=|u)X5i/j'i/  =  0,  (II.2.45) 
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after  using  (II.2.2).  Similarly,  the  slip  variations  (II.2.27)  vanish  for  the  variations  (II.2.42), 


since 


Aap5£p  =  (w  x  -ra+g-  (w  x  ■  v 

=  (vox  g  v)  -Ta+g  (wXTa^ -v  =  0  , 
after  employing  the  expression  (II.2.8).  Therefore,  we  obtain  the  relation 
dJ 


(II. 2. 46) 


dt 


w 


=  V  [  •  (w  x  (pM)  dflW 

=  -  V  [  S(i)  :  W  dQ{i)  =  0  Vice 

S'  'n(i) 


(II.2.47) 


using  the  weak  equation  (II.2.20)  for  the  free  system  of  solids  (II.2.36).  The  last  equality 
in  (II.2.47)  follows  from  the  symmetry  and  skew-symmetry  of  and  W,  respectively. 
The  conservation  of  angular  momentum 


J  =  constant  , 


(II.2.48) 


follows  then  as  a  consequence  of  the  invariance  of  the  governing  equations  under  the  vari¬ 
ations  (II.2.38)  (infinitesimal  rotations). 

iii.  Energy  evolution.  Since  the  focus  in  this  work  is  on  the  contact  contributions,  we 
consider  without  loss  of  generality  the  case  defined  by  two  hyperelastic  solids  characterized 
by  the  stored  energy  functions  W(*)(C,(*))  in  terms  of  the  right  Cauchy-Green  tensor  = 
_F(*)  JF’G)  (j  =  l,  2)  by  frame  indifference.  The  second  Piola-Kirchhoff  stress  tensor  is  then 


given  by  the  usual  relation 


S{i)  =  2 


dWM 


(H.2.49) 


■0C«  ’ 

for  i  =  1, 2.  In  this  case,  the  total  energy  of  the  system  of  solids  is  given  by 

2 

St  :=  V  {  [  p^||y(i)||2  dfl{i)  +  [  W{i)  )  ,  (II.2.50) 

~1  1  Jaw  Jnw  > 

t-i  v - - - '  ' - v - ' 

kinetic  energy  strain  energy 

for  a  given  time  t. 

The  evolution  of  the  total  energy  of  the  system  of  solids  is  easily  obtained  by  inserting 
VW  in  the  test  function  slot  of  (II. 2. 20).  Carrying  on  this  operation,  the  rate  of 
change  of  the  total  energy  is  given  by 


st=  f  pgdrw  -  [  tTJadrW , 

Jrw  Jrw 


:=  t 


CN 


:=  £, 


CT 


(II.2.51) 
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where  we  have  extended  the  integrals  over  F ^  since  the  integrands  vanish  outside  F^ . 
The  case  of  a  free  system  of  solids  as  defined  by  (II. 2. 36)  is  considered  again.  The  normal 
contact  component  vanishes  by  (II.2.30),  that  is, 

Scs  =  0  ,  (II. 2. 52) 


showing  the  conservative  character  of  the  normal  contact  interaction.  On  the  other  hand, 
denoting  by  ||tt||^e/  :=  tTaMa/3fr/3  (i.e.,  the  norm  in  the  convected  reference  frame),  the 
;  tangential  contact  component  leads  to 


(II. 2. 53) 


given  (II.2.29)i  and  (II.2.34)i.  The  inequality  (II. 2. 53)  shows  the  dissipative  character  of 
the  frictional  problem.  Therefore,  we  conclude  that 


St  —  —'Dfrict  <  0 


St  <  S0  it , 


(II. 2. 54) 


for  an  initial  energy  SQ.  The  energy  inequality  (II.2.54)  defines  an  a-priori  stability  estimate 
to  be  preserved  by  the  numerical  scheme.  The  goal  is  then  the  formulation  of  time-stepping 
algorithms  exhibiting  positive  energy  dissipation  (or,  simply,  dissipative  schemes ),  and 
momentum-conserving  as  shown  by  (II. 2. 40)  and  (II. 2. 48)  for  the  continuum  system. 


Remark  II. 2.1  A  fully  spatial  formulation  of  Coulomb  friction  is  obtained  by  replacing 
the  reference  metric  Map  in  the  definition  (II.2.32)  of  the  slip  velocity  v  with  the  spatial 
metric  rnap .  In  this  case,  a  straightforward  calculation  shows  that  the  frictional  dissipation 
(II. 2. 53)  reads 

Vfrict  =  [  wrt  dr&  >  0  .  (II. 2. 55) 

Jrw 

Similarly,  the  convected  form  of  Coulomb  law  (see  Laursen  [1994])  is  obtained  by  eval¬ 
uating  the  norms  of  the  tangential  traction  in  (II. 2. 31)  and  (II. 2. 33)  with  the  reference 
metric  (i.e.,  ||tt||rey  as  defined  above),  while  maintaining  the  definition  (II. 2. 32).  In  this 
case  also,  the  frictional  dissipation  is  given  by  (II. 2. 55).  □ 


II. 3.  A  Dissipative  Time-Stepping  Algorithm  for  Frictional  Con¬ 
tact 

We  describe  in  this  section  the  formulation  of  a  new  time-stepping  algorithm  for  gen¬ 
eral  frictional  contact  problems  that  exhibits  the  a-priori  stability  estimate  (II.2.54)  derived 


F.  Armero 


74 


in  the  previous  section  for  the  continuum  problem.  As  a  consequence,  the  final  scheme  is 
unconditionally  dissipative  in  the  sense  that  the  energy  of  the  system  of  solids  never  ex¬ 
ceeds  its  initial  value.  The  approximation  of  the  normal  part  has  been  presented  recently 
in  Armero  &  Petocz  [1996]  by  the  authors  and  it  is  summarized  in  Section  II. 3. 2.  A 
treatment  of  the  frictional  contributions  leading  to  positive  dissipation  is  introduced  in 
Section  II. 3.3. 


II. 3.1.  Temporal  discretization.  Momentum  conservation  and  energy  evolution 

We  consider  a  temporal  discretization  of  the  equations  described  in  the  previous  sec¬ 
tion  for  the  interval  [0,T]  =  Un{tn,  £n+i}-  Let  {tn,fn+1}  denote  a  typical  time  increment, 
with  time  step  At  =  tn+ 1  —tn.  Denote  by  ipn  «  <ptn  and  by  Vn  «  Vtn ,  that  is,  time  discrete 
approximations  of  the  deformation  and  velocity  fields,  respectively.  With  this  notation, 
we  consider  the  following  mid-point  temporal  discretization  of  the  governing  equations 
(II.2.20) 


(0  (0 
¥>n+l  ~  ‘Pn  =  y{i) 


At 


n+2 


*  =  1,2, 


t\L 


yd*)  _  y(*) 
Po  At 


5ip{i)  +  S(i)  :  F(l^Grad((5v?(i))j  dQ^ 


-  f  Po]b{i)  i  •  6<p{i)  -  [  t*0  !  •  6<p{i)  dT( 

o  n+2  Jr ^  n+2 

+  (  {-pig+tTc.  <*?“]  dr^  =  0, 

J  *  r 


(II. 3.1) 


in  the  mid-pokd.  configuration 


and  the  mid-point  velocities 


:=  i  (Vn  +  ¥>n+l)  , 


Kh-I  =  i  (v»  +  ^»+i) 


(II. 3. 2) 


(II. 3. 3) 


The  time  discrete  variations  of  the  gap  and  the  slip  in  (II.3.1)  are  defined  accordingly  by 


5g  := 


6'PW{X)-6'pW(Yn+  i{X)) 


•*'  I  » 
n+2 


(II.3.4) 


and 


*-af3 


n+; 


= 


5<pw(,X)-6vW(tn+i(X)) 


Ta  ,  1 
n+j 


+  VJ 


n+i 


n+ 


(II. 3. 5) 
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for  a  material  point  X  G  T in  terms  of  the  closest-point  projection  Y  1  =  Y  i(X) 

n+2  n+ 2 

evaluated  at  the  mid-point  configuration  (II. 3. 2).  This  closest-point  projection  defines 

also  the  geometric  quantities  v  i ,  rQ  i,  and  the  gap  g  i  as  given  by  (II. 2. 3).  The 

n+2  n+5  n+2 

discrete  approximations  p ,  and  for  the  stresses,  normal  pressure  and  tangential 
frictional  tractions,  respectively,  are  to  be  defined.  The  interest  herein  is  the  develop¬ 
ment  of  approximations  such  that  the  conservation  and  dissipation  properties  identified  in 
Section  II.2.3  are  inherited  by  the  numerical  scheme.  We  have  written  again  the  contact 
contributions  in  (II. 3.1)  with  the  whole  .boundary  T ^  as  domain  of  integration,  since  the 
integrands  (p  and  ixa)  are  imposed  to  vanish  outside  the  contact  boundary.  We  refer 
to  the  Appendix  for  complete  details  on  the  finite  element  implementation  of  the  above 
considerations. 

i.  Conservation  of  linear  momentum.  The  conservation  of  linear  momentum  for  the 
case  of  a  free  system  of  solids  (i.e.,  satisfying  (II. 2. 36)  at  the  mid-point  configuration  (II. 3. 2) 
as  needed  in  (II. 3.1))  follows  as  for  the  continuum  system  by  considering  the  translations 
(II.2.38)  in  the  variations  of  (II. 3.1).  We  conclude  that 


Ln  =  L 


n+1  ) 


(II.3.6) 


for  a  typical  time  step  {tn,tn+i}. 


ii.  Conservation  of  angular  momentum.  Following  the  arguments  presented  in  Sec¬ 
tion  II.2.3  for  the  continuum  problem,  consider  variations  consisting  of  the  infinitesimal 
rotations 

—  w  x  1  i  =  1,2  ,  (II. 3. 7) 

n+2 

for  w  G  K"dim.  We  first  note  that  the  gap  and  slip  variations,  given  respectively  by 
(II.3.4)  and  (II.3.5),  vanish  for  the  variations  (II. 3. 7).  The  arguments  presented  in  (II. 2. 45) 
and  (II.2.46)  for  the  continuum  system  apply  here  for  the  time  discrete  case.  We  note 
that  the  consideration  of  the  geometric  quantities  of  the  contact  terms  in  the  mid-point 
configuration,  and  in  particular  the  closest-point  projection,  shows  to  be  crucial  for  these 
arguments  to  apply.  The  introduction  of  (II. 3. 7)  into  (11.3.1)2,  in  combination  of  the  vector 
identity 


,  x  (V®,  -  V«)  =  ¥>«,  x  V„«  -  *,<<>  x 
n+2 

»  =  1,2, 


(II.3.8) 


the  last  term  vanishing  by  (II.3.1)i,  and  the  relation  (II. 2. 43)  with  F x  by  (II. 3. 7),  leads 


(Jn+i  -  Jn)  ■  w  =  -  V  [  S{i)  :  W  dtnw  =  0  , 


(II.3.9) 


F.  Armero 


76 


if  we  impose  the  symmetry  condition  for  the  stresses  (i  =  1, 2),  as  for  the  continuum 
case.  The  conservation  of  angular  momentum  for  a  free  system  of  solids 

Jn  =  Jn+ 1  ,  (II. 3. 10) 


for  the  discrete  equations  (II.3.1)  follows.  For  our  purposes,  the  momentum-conserving 
character  of  the  discrete  contact  contributions,  regardless  of  the  actual  approximations  p 
and  tx,  is  to  be  noted. 

iii.  Energy  evolution.  The  evolution  of  the  energy  for  the  discrete  equations  (II. 3.1) 
follows  by  considering  the  variations 

Sv(i>  =  dh  -  vP  i  =  1,2  .  (113.11) 

The  energy-conserving  approximation  S ^  of  the  stresses  presented  in  SiMO  k  Tarnow 
[1992]  is  considered,  leading  to  the  expression 

§(i)  =  +  £?W)  i  =  1,2  ,  (II. 3. 12) 


for  a  Saint- Venant  Kirchhoff  model  characterized  by  the  constant  material  tangent  C  and 
the  Green-Lagrange  strain  tensor  E  =  (C  —  l)/2.  The  symmetry  of  S ^  is  to  be  noted. 
Expressions  for  general  elastic  models  can  be  found  in  Gonzalez  k  Simo  [1995].  The 
introduction  of  (II.3.11)  in  (II. 3.1)  leads  to  the  evolution  of  energy  equation  for  the  discrete 
problem 


AS 


n+l 


=  AS, 


Cn 


n+l 


+  AS, 


CT 


n+l 


(II.3.13) 


identifying  the  change  of  energy  in  a  typical  time  step  {fn,  ]  in  a  free  system  of  solids  as 
arising  from  the  contact  terms,  the  normal  and  tangential  part^,  respectively.  We  consider 
each  contribution  separately  in  the  next  sections. 


II. 3. 2.  A  conserving  approximation  of  the  normal  contact  pressure 

The  introduction  of  the  variations  (II. 3. 11)  in  the  normal  contact  term  in  (II. 3.1)  leads 
to  the  expression 


AS, 


CN 


n+l 


=  f  P  (ffn+l  -  9dn)  drm  , 


(II.3.14) 


where,  after  using  (II. 3. 4), 


9dn+ i(x)  =  gi(X)  +  1  ■  [((P&pr)  -  vi'Hx)) 

-  -  rf>(Yn+i(X))) 


(II. 3. 15) 
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for  a  material  point  X  £  T^1).  The  evolution  equation  (II.3.15)  is  initialized  with  the  last 

(real)  gap  gn  previous  to  the  first  time-step  in  contact,  detected  by  an  initial  negative  (real) 

gap  gn+ 1-  We  refer  to  gd  as  the  dynamic  gap.  The  difference  of  gd+1  and  the  gap  gn+i 

defined  by  the  closest-point  projection  (II. 2. 2)  at  the  configuration  <pn+i,  as  employed  in 

standard  numerical  treatments  of  the  problem,  is  to  be  noted.  In  this  respect,  we  observe 

that  (II.3.15)  defines  a  second-order  approximation  of  the  evolution  equation  (II. 2. 17).  The 

evaluation  of  the  deformations  ipn+i  and  ipn  with  the  closest-point  projection  Y  i  at  the 

n+2 

mid-point  configuration  (II. 3. 2),  defining  also  the  unit  normal  u  i,  is  again  considered 

n+2 


in  (II. 3. 15)  as  a  consequence  of  its  use  in  (II. 3. 4). 


In  view  of  (II.3.14),  we  define  the  contact  pressure  p  by  the  difference  quotient 


P  = 


u(gLi)-u(9dn) 

Sn+i  -  gd 

-U'{\{gdn+i  +  9dn)) 


if  gt+i^gt 

if  9n+ 1  =  9t 


(II. 3. 16) 


for  a  non-negative  penalty  regularization  potential  U(g).  The  numerical  simulations  in 
Section  II. 4  consider 


U(gd) 


if/<0, 


(II. 3. 17) 


if<?d>0, 


for  a  large  penalty  parameter  kn  >  0-  Note  that  the  definition  (II. 3. 16)  is  such  that  p  >  0. 
We  point  out  that  the  contact-release  check  in  (II. 3. 16)  is  performed  with  the  dynamic 
gap  gd+i-  Furthermore,  since  the  term  U(gd)  vanishes  in  the  first  increment  in  contact, 
the  normal  gap  constraint  (II. 2. 4)  is  imposed  effectively  at  tn+i  (not  at  the  mid-point)  as 
kn  -+  oo,  leading  to  an  improved  numerical  performance  of  the  scheme.  We  no+o  that 
such  enforcement  of  the  gap  constraint  (II. 2. 4)  is  not  present  in  other  conserving  cdiemes 
for  the  problem  at  hand  (see  Laursen  &  Chawla  [1996]),  but  only  of  the  gap  rate  g,  so 
gn+i  —  9 n  is  effectively  imposed  instead.  Similarly,  we  note  that  p  >  0  for  the  time  step 
of  release  detected  by  gd+1  >  0. 


The  change  of  energy  (II. 3. 14)  in  a  typical  time  increment  reads  then 


AS, 


n+l 


=  -  [  (£4+i  -  un)  dr w  ,  (ii. 3. is) 

Jrw 

which  implies 

A  ( £Cn  +  V)  "+1  =0  for  Vt=  [  U(gf)  >  0  .  (II.3.19) 


For  the  frictionless  case,  A£Ct  =  0  in  (II. 3. 13),  so  we  conclude  £n  <  £0 ,  for  a  contact 
state  at  tn,  and  £n  —  £0,  for  a  released  state  at  tn  (since  Vn  =  0).  The  restoration 
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of  the  energy  of  the  system  of  solids  upon  release  follows  in  this  frictionless  case,  while 
the  energy  is  under  control  during  the  enforcement  of  the  normal  contact  constraint,  in 
compliance  with  the  a-priori  stability  estimate  (II. 2. 54).  Physically,  energy  is  stored  in 
the  regularization  potential  while  enforcing  the  normal  contact  constraint  (II. 2. 4),  and  it 
is  completely  restored  upon  release. 

The  schemes  summarized  in  this  section  have  been  presented  recently  by  the  authors 
for  the  numerical  simulation  of  frictionless  contact  in  Armero  &:  Petocz  [1996].  In  ad¬ 
dition,  extensions  imposing  the  derived  constraint  on  the  velocity  ( g  =  [V]  •  u  =  0)  during 
persistent  contact  and  modifications  exhibiting  high-frequency  dissipation  have  been  also 
presented.  The  reader  is  referred  to  this  reference  for  further  details.  We  introduce  next 
an  approximation  of  the  frictional  tangential  components  that  inherits  the  dissipativity  of 
the  frictional  problem. 


II. 3. 3.  A  dissipative  approximation  of  the  frictional  tangential  traction 

Following  a  similar  strategy  as  in  the  previous  section,  the  introduction  of  the  varia¬ 
tions  (II. 3. 11)  in  the  tangential  contact  term  of  (II. 3.1)  leads  to  the  expression 


A5Ct 


n+1 

n 


(in  drm , 


(II. 3. 20) 


where,  after  using  (II. 3. 5), 


(II. 3. 21) 


As  a  consequence  of  the  expression  (II. 3. 5),  the  unit  normal  u  i,  the  tangent  basis 

n+  2 

rQ  i,  the  (real)  gap  g 

n-t-  2 

using  the  closest-point  projection  Y  i  ( X )  given  by  (II. 2.1)  at  the  mid-point  configuration 

n+2 

(II. 3. 2).  The  evaluation  of  the  deformations  c and  at  this  mid-point  closest-point, 
as  in  the  expression  (II. 3. 15)  of  the  dynamic  gap,  is  to  be  noted  again.  The  recursive 
definition  (II. 3. 21)  is  initialized  by  that  is,  with  the  position  of  the  closest-point 

projection  in  the  first  iteration  detecting  contact.  We  refer  to  the  quantity  as  the 


n+ 


i  and  the  matrix  Aap^+i  (obtained  by  (II. 2. 19))  are  evaluated 
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dynamic  slip.  We  observe  that  the  time  discrete  equation  (II. 3. 21)  corresponds  to  a  second 
order  approximation  of  the  continuum  rate  equation  (II.2.18). 

Coulomb  friction,  as  described  by  equations  (II.2.31)  to  (II. 2. 35),  defines  a  perfect 
stick/slip  response  of  the  interactions  between  two  solids.  The  constraint  of  perfect  (rigid) 
stick  leads  to  a  difficult  enforcement  numerically.  To  integrate  these  equations,  we  consider 
the  following  new  regularization  of  the  slip  equation  (II. 2. 31) 

(II. 3. 22) 

for  a  large  penalty  parameter  kt  >  0.  In  the  limit  kt  — >  oo,  (II.3.22)i  enforces  £  =  £, 
which  follows  the  slip  relation  (II.3.22)2,  that  is,  (II.2.31).  We  refer  to  the  point  £  as  the 
stick  point,  and  its  value  is  initialized  with  the  initial  contact  point.  In  the  time  discrete 
setting,  we  have 

i~to,  (11-3.23) 

with  £0  =  £d  at  t0  (referring  again  to  the  first  iteration  where  contact  is  detected).  The 
regularized  equations  (II. 3. 22)  have  a  structure  similar  to  the  equations  of  elastoplasticity. 
We  note  the  use  of  convected  components  in  (II. 3. 22),  leading  to  the  invariance  of  the  pro¬ 
posed  regularization.  In  (II.3.22)i,  we  have  considered  Map,  the  metric  at  £,  for  simplicity 
in  the  numerical  equations  that  follow;  see  comments  below.  The  regularized  equations 
(II. 3. 22)  are  then  integrated  numerically  using  an  operator  split  strategy  as  developed  next. 

We  discretize  the  slip  relation  (II. 3. 22)  in  time  through  a  generalized  mid-point  ap¬ 
proximation  of  the  form 

tTa  =  kt  MaPn  , 

tT/T  ( Fd,f3  Fd.0\  _  a 

"*•  “ f"  )  -  A7  liF^f ' 

with 

tTc„+,  :=  6  tr„„+1  +  (1  -  0)  tTan  .  (11.3.25) 

for  a  numerical  parameter  d  E  (0, 1].  Note  the  use  of  the  dynamic  slips  in  (II.3.24).  We  have 
considered  an  explicit  approximation  at  £((  of  the  reference  metric  Map-  The  need  of  this 
approximation  in  the  proof  of  the  dissipativity  of  the  scheme,  as  developed  below,  arises 
from  the  hypo-elastic  character  of  the  regularization  (II.3.22) i ,  unless  Map  is  constant.  In 
fact,  for  a  constant  metric  MaP  =  Map ,  the  hyper-elastic  relation 

ta  =  Jk  q  gting)  ,  for  e?  :=  ?  -  f  , 


(II. 3. 26) 
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is  recovered  for  the  regularized  stick  phase,  identifying  a  quadratic  energy  potential  for  the 
regularization  (II.3.22).  Given  the  small  slips  during  the  stick  phase  (enforced  to  vanish 
in  the  limit  kt  ->  oo),  and  the  simplicity  of  the  resulting  discrete  equations,  we  view  this 
approximation  as  a  simplification  of  the  final  equations  rather  than  a  limitation. 

The  unknown  tangential  traction  txn+i  is  constrained  by  the  slip  surface  (II.2.33), 
defining  the  discrete  stick/slip  and  consistency  conditions 


0  =  ll*r„+J  -  P  P  <  0  ,  (II. 3.27) 

Ay  >  0  ,  and  Ay$>  =  0  .  (II.3.28) 


The  pressure  p  defined  by  (II.3.16)  has  been  used  in  (II.3.27).  The  Euclidean  norms  in 
(II.3.24)  and  (II. 3. 28)  are  computed  following  the  continuum  relation  (II. 2. 35).  The  value 
$  =  1/2  is  preferred,  since  it  leads  to  a  second-order  accurate  scheme  (for  constant  Map), 
and  the  availability  of  the  metric  mQp  i  from  the  closest-point  projection  Y  i . 

n+2  n+2 


The  discrete  slip  equations  (II. 3. 24),  (II. 3. 27),  and  (II. 3. 28)  are  solved  for  the  tangen¬ 
tial  traction  using  an  operator  split  with  an  structure  similar  to  return  mapping 

algorithms  in  elastoplasticity  (see  SiMO  &:  Hughes  [1997]).  In  this  setting,  define  the  trial 
state 


:=  Mapn 


(II. 3. 29) 


and  compute  the  trial  slip  function 


t***  ■■=  11*?“'  II  -  W  .  (II.3.30) 

for  the  contact  pressure  p  >  0  given  by  (II. 3. 16).  The  case  ptrial  <  0  corresponds  to  a 
stick  step,  with  the  update  equations 


*!•„«=*?“'  .  and  g+1=g,  (11.3.31) 

for  the  tangential  traction  and  stick  point,  respectively. 

A  frictional  slip  step  is  detected  with  <f>trial  >  0.  In  this  case,  we  must  have  frictional 
slip  Ay  >  0  which  is  found  by  rewriting  (11.3.24)2  as 


=  (IU-32) 

after  a  simple  calculation  involving  the  definition  of  the  trial  traction  (II. 3. 29).  The  equa¬ 
tion  (II. 3. 32)  implies 


pTn+tf  II  =  pTn+tfll  +  0  Ay  , 


(II. 3. 33) 
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and 


4.  trial  4. 

n+ti  _  n-\-‘ d 


PrSSlI  11‘jvwII  ' 

The  imposition  of  the  consistency  condition  (11.3.28)2 

<t>=  II^Tn+tfll  ~MP  =  0 

leads  in  combination  with  (II. 3. 30)  and  (II. 3. 33)  to 


(II. 3. 34) 


(II. 3. 35) 


A7  = 


4>' 


trial 


>  0 


(II. 3. 36) 


in  a  frictional  slip  step.  Furthermore,  (II. 3.32),  (II. 3. 34)  and  (II.3.35)  result  in 


tTn+*  =  W 


j.trial 

lTn+<> 


II  t 


trial 

Tn+4 


(II. 3. 37) 


After  a  frictional  slip  step,  equation  (II.3.24)2  defines  a  new  stick  point  Cn+i-  However,  we 
consider  the  stick  point  defined  by  the  update  £^+1  =  £j{+1  (that  is,  the  exact  limit  solu¬ 
tion)  in  the  step  following  the  frictional  slip,  similar  to  the  original  initialization  (II. 3. 23) 
of  the  stick  point  and  instead  of  the  value  given  by  (11.3.24)2.  This  modification  is  crucial 
for  the  final  dissipativity  of  the  scheme,  as  shown  in  the  following  section.  Furthermore,  it 
avoids  possible  drifts  of  the  stick  point  with  respect  to  the  path  of  the  contact  point  £^+1 
that  may  occur  for  finite  values  of  kt ■  The  predictor /corrector  scheme  is  simply  repeated 
from  the  new  stick  point.  We  view  this  modification  as  paxt  of  the  definition  of  the  penalty 
regularization  proposed  herein  by  (II. 3. 22). 

The  tangential  traction  tx  =  ^Tn+<)  (given  by  (II. 3. 29)  or  (II. 3. 37)  for  a  stick  or 
frictional  step,  respectively)  is  entered  in  the  discrete  weak  form  (II.2.20).  The  above 
developments  are  summarized  in  Table  II.3.1.  The  subindices  n  +  for  the  traction  tx 
and  n  for  the  stick  point  have  been  omitted  for  clarity,  since  they  are  not  required  in  the 
actual  implementation.  According  to  the  developments  in  Section  II.3.1,  the  final  algorithm 
conserves  linear  and  angular  momentum.  We  show  next  that  the  proposed  scheme  leads  to 
a  positive  energy  dissipation,  thus  conforming  with  the  a-priori  stability  estimate  (II.2.54). 


II. 3. 3.1.  The  dissipative  properties  of  the  proposed  scheme 

To  prove  the  dissipativity  of  the  frictional  algorithm  described  in  the  previous  section, 
we  consider  the  general  case  given  by  a  sequence  of  N  >  0  stick  steps  followed  by  either 
release  or  frictional  slip.  Let 


vi  :=  tt  -  ld , 


(II. 3. 38) 
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TABLE  II. 3.1  Summary  of  the  discrete  equations  for  the  frictional 
contributions.  (The  subindices  n  +  #  for  the  traction  and  n  for  the 
stick  point  have  been  omitted,  since  their  consideration  is  not  required 
in  the  actual  numerical  implementation) 


For  a  contact  step  (i.e.,  p  >  0  as  defined  by  (II.3.16)),  and  a  given 
define  £d+1  by  (II.3.21). 

For  a  given  stick  point  define  the  trial  tangential  traction 


ftrial  . _  -h/r  ( cd,/3'\ 

tTa  .—  Kt  Map  \£n+0  ~  £  )  ’ 


for  £d,$  :=  £d+1  +  (1  —  •d)  with  the  metric  Map  evaluated  at 

the  stick  point  £d.  Compute  the  trial  slip  surface 

^trial  ;  =  (jfWoljl  _  ^  . 


IF  (  (j)trial  <  0  )  THEN 


1  _  ftrial 

Z'J'  Zrp  , 


ELSE 


(stick  step) 


(frictional  slip  step) 


and  update  the  stick  point  by  £d  <—  £d+1. 


END  IF 


for  stick  point  :=  £d  during  the  considered  N  +  1  steps,  and 

WvX,  :=  ni°  r&o . 


(11.3.39) 


for  the  constant  metric  Map  at  £d. 

The  discrete  change  of  energy  (II.3.20)  due  to  the  tangential  frictional  contributions 
for  a  stick  step  {tn,tn+ 1}  is  given  by 


A£Ct 


n-f  1 
n 


Jrm  -  ff“)  Mafn  -  ?«)  dr(‘) 

f  KT  ri+V  Mapn  (T/ifj  -  7?^)  dr{1) 

Jrw 
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=  -/ 

Jrw 


ktH+i\\2m  -  -  i)ll^  -  vi+i\\b 


KT  \\nr.d\\2  ,  „  _  /.q  ^Ml„d  ^.d  1 1 2 


2  ir/n+lIlM  ^  iiwniiM  ■  ■'-*  \-  2‘ 

after  using  (II.3.29)  and  the  vector  identity 

'nn+ti  =  Vd M1  +  {ti  -  D  (r)n+ 1  -  Vn)  • 


dr^^I.3.40) 


(II.3.41) 


Note  again  that  during  the  JV  stick  steps.  Therefore,  after  adding  recursively 

(II.3.40)  for  the  assumed  N  stick  steps,  we  have 


N- 1 


AS, 


Ct 


n=0 


"  =  E  ^Jn+1  =  -  [  fhiw 

0  n  JrW  £ 

KTWvi  -  vUiUa  drM 

n=0  Jrw 

<0  for  d  >  1/2,  (II.3.42) 


after  noting  that  ||t7$|| ^  =  0  since  fj*  =  The  estimate  (II.3.42)  shows  that  during  the 
stick  phase  the  total  energy  of  the  system  of  solids  does  not  increase  due  to  the  frictional 
algorithm,  i.e.,  it  exhibits  positive  dissipation.  If  the  next  step  {tjv,  tN+i}  is  a  released  state 
(i.e.,  p  =  0  and  tr  =  0),  the  above  estimate  gives  the  energy  dissipated  during  the  contact 
interval  due  to  the  numerical  regularization  of  the  tangential  traction.  This  dissipation 
vanishes  as  kt  — »  oo,  i.e.,  in  the  limit  enforcing  the  stick  constraint  ||ryd||j^  — >  0. 

Similarly,  we  obtain  for  the  frictional  step  {tx,  t^r+i} 


AS, 


CT 


N+ 1 
N 


=  -/ 

Jrw 


pp 


II  tTl 


N+#  I 


+«t( -p\\ndN  -  vi+A 


dr W  ,  (II. 3. 43) 


after  algebraic  manipulations  as  in  (II. 3. 40),  and  using  (II.3.37).  Adding  the  equations 
(II. 3. 42)  and  (II. 3. 43),  we  conclude  that  for  a  sequence  of  N  stick  time  steps  and  one 
frictional  step  the  total  change  of  energy  due  to  the  frictional  contact  contributions  is 
given  by 


grp 

N+l  K 

„  =£„A£~ 

n+l 

<  - 
n 

/ 

Jrw 

pp  kt 

lltSt'SII  2 

[ 

(,  m 

Jri1) 

\  ll*SS 

<  o 

for  i?  >  1/2.  , 

K.T1 


(II. 3. 44) 
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since  p  >  0  and  the  bracket  in  the  second  integral  is  positive 


pjp  cf)trial 

W+1II  =  l!<X$ll 


(II.3.45) 


by  (II. 3. 30).  The  above  arguments  apply  completely  to  a  new  series  of  time  steps  with  the 
new  stick  point  £d  <(—  Cn+i-  The  dissipativity  of  the  proposed  frictional  algorithm  follows. 

The  derivations  of  (II. 3. 40)  and  (II. 3. 43)  involve  in  a  crucial  manner  the  definition 
(II. 3. 21)  of  the  dynamic  slip  £d.  The  combination  of  the  dissipative  estimate  (II. 3. 44)  with 
the  conservation  property  of  the  normal  contact  component  shows  rigorously  the  uncon¬ 
ditional  (energy)  stability  of  the  proposed  contact  scheme.  The  energy  in  the  numerical 
simulation  will  never  increase  over  its  initial  value. 


Remarks  II. 3.1. 

1.  The  fully  convected  form,  as  discussed  in  Remark  2.2,  satisfies  the  above  estimates 
with  the  norm  in  ||tr||  replaced  by  the  reference  norm  j|tr||re/.  Similarly,  the  fully 
spatial  form  of  friction  leads  to  the  same  estimates  with  spatial  norms  everywhere. 
Details  are  omitted. 

2.  The  proposed  scheme  applies  to  both  quasi-static  and  dynamic  problems.  Note  in 

this  respect  that  the  definitions  (II.3.15)  and  (II.3.21)  of  the  kinematic  quantities  gd 
and  £d,  respectively,  involve  the  deformations  <£>^,  and  not  the  velocities  V^.  The 
energy  conservation/dissipation  properties  of  the  scheme  apply  in  particular  to  this 
case  (set  — >  0  in  the  above  developments),  not  affecting  the  contact  contributions. 

□ 


II. 4.  Representative  Numerical  Simulations. 

We  present  in  this  section  several  numerical  simulations  that  assess  the  performance 
of  the  proposed  time  stepping-algorithms.  The  examples  involve  quasi-static  and  dynamic 
simulations.  Specifically,  we  present  the  results  obtained  for  the  forging  of  an  elastic  block 
against  a  rigid  foundation  in  Section  II.4.1,  the  impact  of  two  elastic  blocks  in  Section  II.4.2, 
the  impact  of  cylinder  against  a  rigid  wall  in  Section  II.4.3  and,  finally,  the  impact  of  two 
elastic  cylinders  in  Section  II.4.4.  We  refer  to  Armero  &  Petocz  [1996]  for  additional 
examples  assessing  the  performance  of  the  conserving  normal  contact  approximation  in 
frictionless  problems. 


II.4.1.  Forging  of  an  elastic  block  against  a  rigid  foundation 
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FIGURE  II. 4.1  Forging  of  an  elastic  block  against  a  rigid  foundation. 
Problem  definition. 


FIGURE  II. 4. 2  Forging  of  an  elastic  block  against  a  rigid  foundation. 
Deformed  mesh. 


We  consider  the  benchmark  problem  presented  in  Oden  &  Pires  [1984]  of  the  forging 
of  an  elastic  block  against  a  rigid  foundation.  The  purpose  of  this  example  is  to  assess  the 
the  accuracy  of  the  new  frictional  integration  scheme  in  a  quasi-static  setting.  As  noted 
in  Remark  II. 3. 1.2,  the  numerical  integration  schemes  in  time  developed  in  this  paper 
have  been  presented  in  terms  of  the  deformations  < of  the  solids  and  not  the  velocities, 
applying  then  to  the  quasi-static  case. 

The  problem  definition  is  depicted  in  Figure  II.4.1.  An  elastic  block  is  pressed  against 
a  rigid  foundation  and  pulled  by  a  tangential  force  uniformly  distributed  along  one  of  the 
sides  of  the  block.  We  have  considered  the  spatial  discretization  shown  in  Figure  II.4.1, 
with  20  x  10  4-node  bilinear  quadrilateral  finite  elements.  The  material  of  the  block  is 
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FIGURE  II. 4. 3  Forging  of  an  elastic  block  against  a  rigid  foundation. 
Nodal  reactions  along  the  base  of  the  block. 


assumed  linear  elastic  in  accordance  to  the  results  reported  in  Oden  &;  PiRES  [1984],  with 
Lame  constants  A  =  576.92  and  G  =  384.62.  The  linear  elastic  continuum  is  recovered 
in  the  considerations  presented  in  the  previous  sections  by  considering  the  infinitesimal 
strain  tensor  e(u)  :=  Grad3 it  in  terms  of  the  displacement  field  u(X)  =  ip(X)  —  X,  and 
the  corresponding  linear  variations,  instead  of  the  Green-Lagrange  tensor  E  in  the  elastic 
term  of  the  governing  equations.  All  the  considerations  with  respect  to  the  evolution  of 
the  energy  (not  the  angular  momentum  due  to  the  lack  of  invariance  of  linear  elasticity) 
apply  to  the  infinitesimal  continuum,  and  the  corresponding;  internal  force  term  in  the  final 
finite  element  equations.  The  finite  kinematics  of  the  contact  contributions  are  retained. 
Plane  strain  conditions  are  assumed. 

The  frictional  scheme  developed  in  Section  II. 3  was  employed  with  penalty  param¬ 
eters  of  kn  =  108,  kt  =  104,  and  the  numerical  parameter  d  =  0.5  for  the  frictional 
contributions.  A  friction  coefficient  of  //  =  0.5  is  considered.  Figure  II. 4. 2  shows  the  de¬ 
formed  configuration  for  this  case.  Figure  II. 4. 3  depicts  the  nodal  reactions  along  the  base 
of  the  block,  for  both  the  proposed  scheme  and  the  results  presented  in  Oden  &  Pires 
[1984].  A  good  agreement  between  the  two  curves  can  be  observed,  showing  an  accurate 
resolution  of  the  frictional  interaction  of  solids  in  this  quasi-static  case  by  the  proposed 
algorithm.  We  note  that,  even  in  this  quasi-static  case,  we  consider  the  mid-point  type 
approximations  as  developed  in  Section  II. 3  for  the  general  dynamic  problem.  Therefore, 
the  solutions  obtained  with  the  proposed  schemes  lead  to  a  positive  energy  dissipation  of 
the  approximation  of  the  frictional  forces. 
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II.4.2.  Oblique  impact  of  two  infinite  blocks 

We  present  in  this  section  the  results  obtained  in  the  modeling  of  the  oblique  impact 
between  two  elastic  blocks  presented  in  Chen  &;  Yeh  [1988].  The  problem  definition 
is  depicted  in  Figure  II.4.4.  A  rectangular  block  is  given  an  uniform  initial  velocity  of 
v0  =  [-10,-10]  (in  a  cartesian  system  as  depicted  in  Figure  II.4.4),  impacting  the  top 
surface  of  a  second  block  whose  bottom  boundary  is  fixed.  The  blocks  are  modeled  with 
the  Saint- Venant  Kirchhoff  continuum  model  (II. 3. 12).  Both  blocks  are  characterized  by 
Lame  constants  A  =  0.0  and  G  =  500,  and  density  p  =  0.1.  Fully  dynamic,  plane  strain 
conditions  are  assumed. 

The  penalty  parameters  employed  in  the  simulations  are  =  kt  =  104,  with  {)  =  0.5. 
Both  frictionless  (p  =  0)  and  frictional  (p  =  0.4)  cases  are  considered.  A  constant  time  step 
of  At  =  0.01  is  employed.  Figure  II. 4. 5  compares  the  displacements  of  point  A  (see  Figure 
II. 4. 4)  obtained  in  this  work  with  the  results  reported  in  Chen  &  Yeh  [1988]  for  both  cases. 
The  horizontal  and  vertical  displacements  are  plotted  versus  time.  Both  displacements  and 
time  are  measured  from  the  instant  of  contact  between  the  two  blocks.  As  expected  the 
horizontal  displacements  are  significantly  reduced  by  the  presence  of  friction,  while  the 
vertical  displacements  on  the  rebound  increase  when  friction  is  present. 

We  can  observe  that  the  results  obtained  with  the  scheme  proposed  herein  compare 
well  with  the  results  presented  in  Chen  &;  Yeh  [1988]  for  this  dynamic  contact/impact 
problem.  We  have  also  included  in  Figure  II.4.6  the  distribution  of  the  stresses  crxx,  ayy 
and  axy  (the  x  direction  being  the  horizontal  direction  in  Figure  II. 4. 4)  for  the  frictional 
case.  All  the  stresses  are  shown  on  top  of  the  deformed  configuration  of  the  solids  at  time 
t  =  0.12. 


II. 4. 3.  Impact  of  a  cylinder  on  a  rigid  wall 

We  present  in  this  section  the  results  obtained  in  the  problem  of  an  elastic  cylinder 
impacting  a  rigid  wall.  Fully  dynamic  simulations  are  performed,  under  plane  strain  con¬ 
ditions.  The  cylinder  of  radius  R  =  1.0  has  an  uniform  initial  velocity  v0  =  [0.4,  —0.4]  (x 
and  y  directions  corresponding  to  the  horizontal  and  vertical  directions,  respectively,  in 
Figures  II.4.7.a  and  II.4.8.a),  impacting  the  rigid  wall  at  45°. 

A  fully  nonlinear  elastic  model  is  considered  for  the  cylinder.  More  specifically,  we 
use  the  Saint- Venant  Kirchhoff  model  in  (II. 3. 12)  with  Lame  constants  A  =  130.0  and 
G  =  43.33,  and  density  p  —  8.93.  Both  frictionless  and  frictional  impacts  are  considered, 
with  a  friction  coefficient  of  p  =  0.2  for  the  frictional  case.  The  penalty  parameters 
kn  =  kt  =  104,  and  numerical  parameter  $  =  0.5  for  the  frictional  contributions  are 
employed. 

The  performance  of  the  time-stepping  algorithms  presented  herein  is  compared  with 
a  traditional  mid-point  approximation  of  the  contact  contributions.  In  both  cases,  the 
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FIGURE  II. 4. 4  Oblique  impact  of  two  elastic  blocks.  Problem  defi¬ 
nition. 


time 


FIGURE  II. 4. 5  Oblique  impact  of  two  elastic  blocks.  Displacement 
of  point  A  (see  Figure  II. 4. 4)  for  the  frictionless  (fx  =  0)  and  frictional 
(fx  =  0.4)  cases. 
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FIGURE  II. 4. 6  Oblique  impact  of  two  elastic  blocks.  Distribution 
of  the  (Cauchy)  stresses  a)  crXx,  b)  crvy,  and  c)  <JXy,  at  time  t  = 
0.12  (after  impact)  on  the  deformed  configurations  for  the  frictional 
case.  (The  a;— direction  is  the  horizontal  direction  to  the  right,  with 
the  y— direction  upwards,  and  origin  at  the  bottom  left  corner  of  the 
block  at  the  bottom) 
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energy-conserving  scheme  (II.3.12)  of  Simo  &  Tarnow  [1992]  is  considered  for  the  con¬ 
tinuum  contributions  in  both  cases.  The  cylinders  are  discretized  with  4-node  bilinear 
finite  elements  leading  to  2-node  linear  segments  to  characterize  the  contact;  see  Figure 
II.4.7.a.  Figures  II.4.7.a  and  II.4.8.a  show  the  configurations  of  the  cylinder  obtained  with 
the  proposed  scheme  before,  dining,  and  after  contact,  for  the  frictionless  and  frictional 
cases,  respectively.  Finite  strains  are  considered.  Notice  the  additional  rotation  of  the 
block  in  the  frictional  case  due  to  the  tangential  frictional  forces  during  contact. 

Figures  II.4.7.b  and  II.4.8.b  show  the  total  energy  evolution  during  the  simulation, 
for  the  frictionless  and  frictional  problem,  respectively.  Observe  that  even  in  the  presence 
of  frictional  dissipation,  there  is  an  initial  increase  of  the  total  energy  after  the  impact 
when  using  the  mid-point  rule  scheme.  This  unphysical  increase  of  energy  should  be  con¬ 
trasted  with  the  dissipation  properties  shown  for  the  proposed  scheme.  As  expected,  the 
increase  of  energy  for  the  traditional  mid-point  scheme  is  more  pronounced  in  the  absence 
of  frictional  phenomena,  leaving  the  cylinder  with  a  higher  energy  content  after  bouncing. 
This  situation  is  to  be  contrasted  with  the  schemes  proposed  herein.  While  in  contact,  the 
energy  of  the  cylinder  is  reduced,  with  the  difference  in  the  energy  going  to  the  penalty 
regularization  potentials  enforcing  the  impenetrability  constraints.  As  shown  in  Section 
II. 3. 2,  the  total  energy  of  the  extended  system  (the  solids  and  the  regularization  potentials) 
is  always  conserved  in  the  frictionless  case,  leading  to  the  (energy)  stability  of  the  scheme. 
This  situation  is  to  be  contrasted  again  with  the  instability  evidenced  by  standard  implicit 
schemes,  like  the  mid-point  rule,  in  the  presence  of  nonlinearities  (unilateral  contact  con¬ 
straints,  in  particular).  In  addition,  we  can  observe  the  full  restoration  of  the  energy  to  its 
initial  value  upon  release  in  the  frictionless  case.  The  lower  value  in  the  frictional  problems 
accounts  for  the  physical  positive  dissipation  present  in  the  problem,  and  modeled  by  the 
numerical  schemes. 


II. 4. 4.  Skew  impact  of  two  elastic  cylinders. 

This  final  example  considers  the  free-body  system  of  two  nonlinear  elastic  cylinders 
impacting  at  each  other.  The  cylinders  have  a  radius  of  1,  and  are  discretized  with  isopara¬ 
metric  4-node  bilinear  finite  elements,  as  shown  in  Figure  II. 4. 9.  The  center  of  the  left 
cylinder  is  located  at  [—1.8, 0.0],  while  the  center  of  the  right  cylinder  is  at  [1.8, 0.0],  in 
a  reference  cartesian  system  (the  ^-direction  is  the  horizontal  direction  to  the  right,  and 
the  y— direction  is  upwards  in  Figure  II. 4. 9).  The  left  cylinder  is  given  an  initial  velocity 
v0  =  [1.0, 0.1],  while  the  right  cylinder  is  at  rest.  We  consider  1  time  step  of  At  =  1, 
and  250  time  steps  of  At  =  0.01,  for  a  final  time  of  T  —  3.5.  The  Saint- Venant  Kirchhoff 
material  model  (II. 3. 12)  is  assumed  for  both  cylinders  with  Lame  constants,  A  =  130, 
p  =  43.33,  and  density  p  =  8.93.  We  assume  Coulomb  friction  with  p  =  0.2  with  the 
numerical  parameter  d  =  0.5.  The  penalty  parameters  for  this  problem  are  kn  =  104  and 
kt  =  103. 
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FRICTIONAL  IMPACT 


FIGURE  II. 4. 8  Impact  of  a  circular  cylinder  on  a  rigid  wall.  Solu¬ 
tions  obtained  with  the  proposed  scheme  for  frictional  contact.  De¬ 
formations  shown  at  t  =  0, 6.3, 12  (before,  during,  and  after  contact, 
respectively) . 
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FIGURE  II. 4. 9  Skew  impact  of  two  elastic  cylinders.  Solutions  ob¬ 
tained  with  the  proposed  scheme  at  different  times  (fi  =  0.2). 
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FIGURE  II. 4. 10  Skew  impact  of  two  elastic  cylinders.  Evolution 
of  the  energy,  and  linear  and  angular  momenta  versus  time.  We  can 
observe  the  unphysical  growth  of  the  energy  for  the  mid-point  rule. 
The  computation  in  this  case  cannot  continued  after  t  =  2.30  for  the 
given  time  step  At  =  0.01  (no  convergence  obtained).  This  situation  is 
to  be  contrasted  with  the  proposed  scheme.  Positive  energy  dissipation 
is  observed  at  all  times.  All  the  momenta,  linear  and  angular,  are 
conserved  for  both  schemes  (until  blow-up  for  the  mid-point  rule).  We 
note  that  the  continuum  contributions  in  both  cases  are  discretized  in 
time  using  the  energy-momentum  conserving  scheme. 
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The  continuum  contributions  to  the  governing  equations  are  si 
conserving  scheme  developed  in  Simo  k  Tarmdw  [1992],  and  desc 
The  contact  contributions  are  approximated  with  the  proposed 
point  rule,  after  noting  the  mid-point  character  of  the  continuum 
II.4.9  show  the  deformed  configurations  at  different  times  for  the 
finite  strains  that  appear  in  the  problem  are  dear.  The  evolutio 
cylinders  (kinetic  plus  strain  energy)  and  tae  different  ccniponen 
plotted  versus  time  in  Figure  II. 4.10. 

The  improved  stability  properties  of  the  r.ewly  proposed  meth 
proposed  scheme  does  not  show  an  increase  of  the  energy  over  the 
final  energy  after  release  being  smaller  than  the  origin  value  due  to  tl 
In  contrast,  the  artificial  and  unphysical  increase  in  energy  tor  a  stoi 
scheme,  like  the  midpoint  rule,  can  be  observed.  In  fact,  the  simu 
point  contact  cannot  be  continued  after  t  —  2.30.  No  converger 
given  time  step.  The  high  value  of  the  energy  at  this  stage  is  to  b 
conserve  the  momenta  (the  mid-point  contact  up  to  the  blow-up  < 
the  underlying  physical  system;  see  Figure  II.4.10. 

The  final  energy  dissipation  for  the  proposed  scheme  is  appf 
We  note  that  the  tangential  frictional  forces  are  always  dissipat 
proved  in  Section  II. 3.3.  Hence,  they  always  mply  an  energy  dec 
in  the  energy  are  due  to  the  normal  contact  component,  lb  enfo:i 
constraint,  energy  is  transfer  back  and  forth  to  the  regularization 
Section  II.3.2.  The  energy  is  not  lost  neither  created  due  to  thi: 
no-increase  over  the  initial  value  and  with  al  the  energy  stored 
potentials  fully  recovered  upon  release.  The  b  stabilities  presented 
in  this  physically  dissipative  setting  are  a  consequence  of  the  lack  i 
in  the  numerical  simulation.  This  situation  is  to  be  contrasted  wi 
schemes. 


II. 5.  Summary  and  Concluding  Remarks 

We  have  developed  in  this  paper  a  new  j  nplicit  timosteppin 
problems  that  inherits  the  a-priori  stability  estimates  of  the  contii 
ticular,  the  newly  proposed  scheme  shows  unc-:  nditional  positive  ei 
frictional  problem.  The  total  energy  in  a  numerical  simulation  is  s 
trol,  and  no  instabilities  due  to  an  unbounded  growth  of  the  enei 
that  the  scheme  exhibits  unconditional  energy  stability  in  time.  F 
conserving  properties  of  the  contact  pressure  appro?  imation,  enei 
in  the  frictionless  range.  Crucial  to  these  res ; Its  is  the  considers 
inition  of  the  gap  and  slip  entering  the  constitutive  laws  cf  conti 
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regularization  of  the  stick/slip  conditions.  Furthermore,  the  approximation  of  the  contact 
forces  does  not  introduce  any  linear  and  angular  momentum  in  the  system,  as  required 
from  physical  considerations. 

We  have  presented  several  representative  numerical  simulations  showing  also  a  good 
numerical  accuracy  of  the  proposed  methods  in  the  solution  of  both  quasi-static  and  dy¬ 
namic  problems.  Our  experience  with  these  methods  has  shown  not  only  improved  stability 
properties  in  time,  as  identified  in  the  previous  analyses,  but  also  a  more  stable  enforcement 
of  the  contact  constraints  when  compared  with  standard  implicit  schemes.  We  believe  that 
the  results  presented  herein  furnish  a  typical  example  where  the  a-priori  knowledge  of  the 
physical  properties  of  the  mechanical  system  leads  to  the  design  of  improved  numerical 
methods. 


Appendix  II.  1.  The  Finite  Element  Implementation. 

We  summarize  in  this  appendix  the  finite  element  implementation  of  the  time-stepping 
algorithms  presented  in  this  paper.  The  discrete  in  time  weak  form  (II. 3.1)  of  the  governing 
equations  in  a  typical  time  step  {tn,£n+i}  leads  after  a  finite  element  discretization  to  the 
following  algebraic  equations  in  terms  of  the  nodal  displacements  dn+ 1  and  nodal  velocities 
vn+\  at  tn+i  (including  all  the  bodies  in  contact) 


R:- 


,  /n+b 

J ext  '  J c 


i 


/int+2)  +  XtM  ^Vn+1~Vn^ 


=  0, 


^  (dn+1  dn)  —  V ^ 


(LI) 


defining  the  (nodal)  finite  element  residual  R.  In  (1.1),  M  denotes  the  finite  element 
mass  matrix,  fext  2  the  contributions  from  external  loading  jc  2  the  contact  force, 

(n_j_  ^ 

and  fint  2  the  contributions  from  internal  stresses.  For  example,  this  internal  force  for  a 
isoparametric  element  in  the  mid-point  discretization  (II. 3.1)  reads 


B{i)\s{i)  df2{v>  , 


where  B ^  ■, 
n+2 


for  each  node  A  =  1  ,nnode  with  the  corresponding  shape  function  NA  (NA  =  k  cartesian 
derivative) ,  in  a  plane  problem  and  expressed  in  the  reference  configuration.  The  stresses 
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(i)T 

£b)  are  given  by  (II. 3. 12)  for  the  energy-conserving  scheme.  The  rows  ipKk  correspond 
to  the  columns  of  the  deformation  gradient 


The  contact  force  in  (1.1)  is  obtained  in  this  work  through  the  widely  used  master/slave 
logic  developed  in  Hallquist  et  al  [1985].  In  this  context,  let  S  denote  a  typical  slave 
node  of  the  discretized  T ^  surface  that  comes  into  contact  with  a  master  segment  of  the 
discretized  boundary  r^>  defined  by  nodes  {Ml,  M2, . . .}.  Double  pass  techniques  avoid 
the  prevalent  role  of  the  surface  of  each  of  the  two  bodies  in  contact;  see  Hallquist  et 
al  [1985])  for  details.  Hence,  each  slave  node  in  contact  is  assigned  two  or  more  master 
nodes  defining  a  contact  pair  (or  element).  The  simulation  in  Section  II. 4  consider  bilinear 
elements  defining  two-node  linear  master  segment.  This  situation  is  illustrated  in  Figure 
II. 2.1.  We  present  below  the  expressions  for  the  contact  forces  and  their  linearization  for 
this  common  case  only.  Plane  problems  are  considered.  The  general  case  can  be  obtained 
accordingly. 


The  contact  force  /i”+  2  ^  is  then  expressed 


as 


1  Tlslave  .  1. 

f!r+'2)  =  A  &  2 

S=1 


with 


/Tc+5,  =  /*.g 


s.n+j 


i  +  !tH 


s.n+j 


(1.3) 


where  A  s‘av'  denotes  the  assembly  over  the  nsiave  slave  node/master  segment  pairs. 
The  values  of  the  normal  forces  /at  and  fa  are  obtained  by  integration  along  the  slave 
surface  As  it  is  customary,  we  consider  nodal  quadrature  rules,  defining  the  slave 

node/master  segments  described  above,  leading  to  the  so-called  node-on-segment  contact. 
In  this  way,  we  have 

In.  =  pws  and  fTs  =  tT  ws  ,  (1.4) 

with  the  nodal  pressure  p  and  tangential  traction  given  by  (II.3.16)  and  Table  II.3.1, 
respectively.  In  (1.4),  we  have  denoted  the  corresponding  weight  of  each  slave  node  S  by 
w3,  including  the  corresponding  jacobian  (reference  length  of  slave  segment).  To  simplify 
the  implementation,  one  can  define  variable  penalty  parameters  for  each  slave  node,  such 
that  kn  :=  kn  ws  and  :=  ws  are  constant  among  all  the  slave  nodes.  All  the 
arguments  presented  in  this  paper  apply  to  this  case. 


In  (1.3),  we  have  used  the  following  notation 


where 


Un+1 


and 


H 


=  —T 


s,n+|  i 


s,n+L 


^s,n+-: 


^s,n+i  I  0-5) 


0 

+ 

<hC 

®s,n+\ 

-A?1  ({>.,»+§ 

,  and  Tsn+i  = 

k„+4. 

(1.6) 
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FIGURE  II. 1.1  Slave-node/master-segment  pair  for  the  case  of  linear 
segments  in  two  dimensions,  depicting  the  closest-point  projection  and 
related  geometric  quantities  at  the  mid-point  configuration. 


We  denote  by  fSjTl+ 1  =  Ts  n+i/la,  the  normalized  tangent  vector,  with  ls  =  \\Tg  n+i  ||,  the 

length  of  the  contact  segment  at  the  mid-point  configuration  in  this  linear  two  dimensional 
setting.  The  one-dimensional  shape  functions  NM1  and  NM2  are  considered  in  the  above 
expressions,  with 

=  and  WM2«,)  =  6,  (1.7) 

and  consequently  Nj?1  =  —N™2  =  —1.  See  Figure  II. 2.1. 

With  this  notation,  we  can  write  the  equation  (II. 3. 15)  defining  the  dynamic  gap  as 


nd  _  nd  ,  s~iT 

9s, n+ 1  9s, n  ' 

and  (II.3.21)  defining  the  dynamic  slip  as 


ds,n]  , 


(1.8) 


C,n+1  =  G,n  +  Kn+h 


ds,n 


(1.9) 


Note  that  Aap 
have  denoted 


ls  in  this  two  dimensional  case  with  linear  master  segments.  Here,  we 


ds,n+\  ~ 


(1. 10) 
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referring  to  the  nodal  displacements  of  a  typical  contact  element  (pair). 

A  Newton-Raphson  scheme  is  implemented  to  solve  the  nonlinear  system  of  equa¬ 
tions  (1.1).  Hence,  given  the  nodal  values  {dn,vn}  at  time  tn,  we  consider  the  consistent 
linearization  of  (1.1),  leading  to  the  algebraic  system  of  equations 


i  (x£>  +  J r<*>)  +  ^jm|  Adf+y  =  rw 


in  the  nodal  displacement  and  velocity  increments,  with  the  update  formulas 

,(fc+i)  _  ,(k)  A  r[(k+1) 

°n  +  l  ~  “n+l  +  ^an+l  > 


(Ill) 


(1.12) 


«(*+!)  -  Jk)  +  Av(k+l) 

un+l  —  Wi+1  +  LXVn+ 1  > 


(1.13) 


for  the  values  of  the  displacements  and  velocities  at  time  tn+ 1  and  iteration  (k  +  1).  In 
(1.11),  we  have  introduced  the  notation 


&d(k+P 


(1.14) 


with  Ad  k  ^  |  A d^k+1  ^  for  the  continuum  contributions  to  the  tangent  stiffness,  with 

n+2 

material  and  geometric  parts,  as  usual.  Details  are  omitted.  We  also  introduced  the 
contact  stiffness  matrix 

A/C(n+^  :=  -K™  Ad{k+i]  ,  (1.15) 


where 


K{k>  =  K,  ,  with  At!"*''1  :=  K,  Ad<M[‘  , 


(1.16) 


(note  the  change  of  sign)  for  the  contribution  of  the  contact  arrays. 
The  linearization  of  the  nodal  contact  forces  (1.3)2  leads  to 


a£"+5) 


s - v - '  ' - V - ' 

material  normal  part  geometric  normal  part 


+  A/TsiT  i  +  fr,AH  i 

SjTi-!-  2  2 

N - V - "  v - V - ' 

material  tangential  part  geometric  tangential  part 


(1.17) 


These  different  contributions  lead  to  the  decomposition 


jv"  _  "j?Vnat  I  ^tpgeo  .  'r?mat  ,  'rsrgeo 

~  s,N  +  Ks,T  +  s,T  ■ 


(1.18) 
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TABLE  II. 1.1  Consistent  contact  stiffness  matrices  for  a  linear  con¬ 
tact  pair  with  slave  node  S. 


i.  Material  normal  stiffness: 


jymat 

KN8 


js  (U-jp-^+A  A  G  i ® [2G  1  -ClD  1  -c2T  1]  , 

V  9s,n+l~9s,n  /  S’n+2  L  S’”+2  s-n+2  s>n+2j 


with  the  difference  quotient  in  the  first  term  replaced  by  U"  (f?fin+i)  if  <7gn+1  =  9s,n- 
ii.  Geometric  tangential  stiffness: 


■■aiuvc  r 

K9Neo=  A  f  \  ®D  1 

"s  n  l  s>n+2  s'n+2 

s=l  s  L  z  z 

9sn+i 

+D  1  0  T  1  H - - — —  D  1  0  D 

s,n+  2  s,n+2  I  s,n+y  s,n-H 


iii.  Material  tangential  stiffness:  For  a  stick  step 


n+1®  H  ,  +  —  K?°  (d„+1-d„)  , 

1  2  1  2  j  Tj 


and  for  a  slip  step, 


KT,asiip3  =  -w*  9-  sign  (trs ) 
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with  the  difference  quotient  in  the  first  term  replaced  by  U"  (g£  ,n+l)  ^ 9s,  n+1  9s,  n' 

iv.  Geometric  tangential  stiffness: 
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The  expressions  for  each  of  these  parts  of  the  contact  stiffness  matrix  are  summarized  in 
Table  II.  1.1,  with  the  following  additional  notation 


S 

s,n+ 


1 

2 


0 


-*r2te>n,+i 


and  the  scalar  factors 
1 


Cl 


_ 'T'J- 

L 


(ds,n+i  -  ds,n)  +  9s^+2  ut^  (^n+1  -  rn)  , 


C2  =  *£+i  (rn+ 1  -  rn)  . 


(1.19) 


(1.20) 
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Deficiencies  of  Existing  “Dissipative” 
Algorithms  in  Nonlinear  Dynamics 


Based  on  the  paper: 
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Dissipative  Time-Stepping  Algorithms  for  Nonlinear  Dynamics.  Part 
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III.l.  Introduction 

Traditional  time-stepping  algorithms  for  the  temporal  integration  of  the  equations  of 
elastodynamics  and  structural  dynamics  were  developed  in  the  context  of  linear  problems 
for  the  most  part.  Hence,  it  is  not  surprising  to  observe  that  algorithms  that  present 
excellent  stability  properties  in  the  linear  range  lead  to  numerical  instabilities  in  the  general 
nonlinear  range.  These  instabilities  are  usually  manifested  by  an  uncontrolled  growth  of  the 
energy  of  the  discrete  system.  This  observation  has  motivated  the  development  of  the  so- 
called  conserving  schemes,  that  is,  time-stepping  algorithms  that  conserve  the  energy  and 
momentum  for  this  general  class  of  Hamiltonian  systems  with  symmetry.  Early  examples 
of  these  methods  can  be  found  in  Labudde  Sz  Greenspan  [1976]  and  Hughes  et  al 
[1978],  consisting  basically  of  projection  strategies  imposing  these  conservation  laws.  We 
can  find  in  the  more  recent  literature  a  strong  interest  in  the  development  of  time-stepping 
algorithms  with  these  conservation  laws  built  in.  Representative  examples  in  the  context 
of  nonlinear  elastodynamics  are  the  works  of  SlMO  Sz  Tarnow  [1992],  Crisfield  Sz  Shi 
[1994]  and  Gonzalez  Sz  SlMO  [1995],  among  others.  We  also  refer  to  Kuhl  &  Ramm 
[1996]  for  a  recent  consideration  of  projection  strategies.  Applications  to  multi-body  elastic 
systems,  that  is,  with  a  focus  on  the  conservative  approximation  of  the  contact  interactions, 
have  been  developed  in  Armero  &  Petocz  [1998,99],  and  references  therein. 

Although  the  conservation  of  the  physical  energy  is  an  interesting  property  for  the 
numerical  scheme  to  possess,  the  need  for  the  introduction  of  numerical  dissipation  in  the 
resolution  of  the  high-frequency  range  is  commonly  recognized.  This  need  arises,  on  one 
hand,  as  a  direct  consequence  of  the  error  accumulated  in  this  range  of  frequencies,  be¬ 
cause  of  the  spatial  discretization  in  infinite- dimensional  continuum  systems  or  even  by 
the  physical  model  itself  (e.g.,  constrained  systems  modeled  through  a  penalty  formula¬ 
tion).  Furthermore,  the  appearance  of  repeated  unit  roots  in  the  amplification  factors 
of  typical  conserving-type  schemes  at  infinite  sampling  frequency  leads  to  algebraic  in¬ 
stabilities,  resulting  in  a  highly  oscillatory  response  near  it  (that  is,  for  numerically  stiff 
problems),  and  thus  adding  to  the  aforementioned  error  in  this  range  of  frequencies.  In 
this  way,  the  formulation  of  numerical  algorithms  that  exhibit  numerical  dissipation  in 
the  high-frequency  range  has  received  a  tremendous  amount  of  attention  for  linear  prob¬ 
lems.  Characteristic  examples  of  these  methods  are  the  so-called  HHT  a-method  or  the 
0- Wilson  method,  among  other  methods  widely  used  in  the  engineering  literature;  we  refer 
to  Hughes  [1987]  for  a  complete  account  of  these  ideas  in  the  context  of  linear  elasto¬ 
dynamics.  A  complete  account  for  more  general  problems  can  be  found  in  Hairer  Sz 
Wanner  [1991],  including  a  discussion  of  the  related  notion  of  L-stability.  L-stable  meth¬ 
ods  are  characterized  roughly  by  the  total  numerical  dissipation  of  the  infinite  frequency, 
being  particularly  well-suited  for  the  solution  of  numerically  stiff  problems  in  which  this 
component  of  the  solution  is  not  of  interest,  given  especially  the  aforementioned  accumula¬ 
tion  of  numerical  error.  In  the  context  of  Runge-Kutta  methods,  these  ideas  lead  directly 
to  the  notion  of  “stiffly  accurate”  methods  (Prothero  Sz  Robinson  [1974]). 
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The  lack  of  the  dissipative  character  of  classical  “dissipative”  schemes  in  nonlinear 
problems  can  be  found  documented  in  the  literature;  see  e.g.  Armero  &  Petocz 
[1998]  and  Kuhl  &  CRISFIELD  [1997],  among  others.  The  need  for  new  time-stepping 
algorithms  that  exhibit  these  dissipative  properties  in  the  fully  nonlinear  range  is  therefore 
clear.  Recent  examples  of  algorithms  developed  to  this  purpose  can  be  found  in  Bauchau 
&  Theron  [1996]  and  Botasso  Sz  Borri  [1998],  where  methods  based  on  discontinuous 
Galerkin  and  Runge-Kutta  approaches  can  be  found  applied  to  the  integration  of  beam 
models.  Even  though  high-order  schemes  have  been  proposed  in  these  references,  these  ap¬ 
proaches  seem  to  apply  to  particular  cases  only,  usually  involving  quadratic  potentials  and 
quadratic  strain  measures.  Furthermore,  schemes  proposed  in  this  framework  do  not  allow 
a  direct  control  of  the  amount  of  the  numerical  dissipation  introduced  in  the  simulations. 

Motivated  by  the  need  of  this  fully  controllable  character  of  the  numerical  dissipation, 
we  presented  in  Armero  &  Petocz  [1998]  a  simple  modification  of  conserving  schemes 
for  contact  problems  that  leads  to  the  introduction  of  numerical  dissipation  in  the  sim¬ 
ulation  of  dynamic  contact/impact  of  solids.  These  and  additional  ideas  have  been  later 
explored  in  Kuhl  Sz  Crisfield  [1997]  and  CRISFIELD  et  al  [1997]  for  general  nonlinear 
elastodynamics  and  nonlinear  beams.  These  schemes,  however,  do  not  show  the  added 
numerical  dissipation  in  the  high-frequency  range  when  applied  to  the  linearized  problem. 
We  present  in  this  paper  the  formulation  of  time-stepping  schemes  that  introduce  rigor¬ 
ously  the  numerical  dissipation  in  the  high-frequency  range  for  general  nonlinear  problems, 
while  preserving  the  conservation  of  momentum  and  relative  equilibria  associated  to  the 
symmetries  of  the  dynamical  system. 

A  symmetry  of  a  Hamiltonian  system,  defined  by  the  action  of  a  group  that  leaves 
invariant  the  Hamiltonian,  is  known  to  result  in  a  conservation  law  (Noether’s  theorem)  and 
the  so-called  "dative  equilibria.  These  equilibria  consist  of  trajectories  of  the  dynamical 
system  generated  by  a  fixed  infinitesimal  element  of  the  group’s  algebra  (its  linearization). 
The  resulting  solutions  of  the  system  of  equations  are  referred  to  as  group  motions.  In 
this  context,  a  general  solution  can  then  be  roughly  thought  as  possessing  a  component 
in  a  group  motion  and  a  component  in  the  so-called  reduced  space  of  internal  modes  (the 
phase  space  modulo  the  momentum  preserving  group  motions).  Loosely  speaking,  for 
the  problems  of  interest  in  this  work  where  the  main  group  of  symmetries  corresponds  to 
rotations,  the  group  motions  are  rigid  rotations  “locked”  at  an  equilibrium  deformation 
of  the  elastic  solid,  with  the  internal  motions  corresponding  to  internal  variations  of  these 
equilibrium  configurations.  We  refer  to  Abraham  Sz  Marsden  [1978]  and  Marsden 
[1992],  among  others,  for  complete  details  of  these  ideas.  The  need  to  conserve  these 
relative  equilibria  and,  in  particular,  the  need  for  not  introducing  any  numerical  dissipation 
in  the  group  motions  is  apparent.  In  fact,  with  the  simple  model  problem  of  a  rigid  bar 
modeled  with  a  stiff  spring  in  a  finite  rotation  around  one  of  its  ends,  it  can  be  clearly 
observed  that  the  internal  motions  may  even  be  an  artifact  of  the  modelization. 

The  analysis  presented  in  this  paper  shows  that  traditional  “dissipative”  schemes 
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loose  these  conservation  properties.  The  analysis  considers  the  simple  model  problem  of  a 
point  mass  connected  to  a  central  point  with  a  nonlinear  elastic  spring  and  in  free  motion 
around  it.  This  simple  example  has  been  also  considered  in  numerous  occasions  in  the 
past;  see  Bathe  [1986],  Crisfield  &;  Shi  [1994],  Gonzalez  &  Simo  [1996]  and  Kuhl 
Sz  Crisfield  [1997],  among  others.  Our  goal  in  the  present  work  is  to  consider  the  axial 
response  of  the  spring  as  the  “high  frequency”  component  of  the  solution  introduced  in 
modeling  the  limit  case  of  a  rigid  bar  (note  that  the  axial  vibration  is  the  only  natural 
frequency  introduced  in  the  physical  system).  In  this  context,  we  analyze  completely  the 
properties  of  the  traditional  “dissipative”  schemes  (HHT,  Newmark  and  particular  cases 
of  them).  A  characterization  of  the  relative  equilibria  obtained  with  the  midpoint  rule 
and  energy-momentum  conserving  schemes  (two  momentum  conserving  schemes)  for  this 
model  problem  has  been  presented  in  Gonzalez  &;  SlMO  [1996]  through  a  complete 
parametrization  of  the  reduced  space.  Extensions  to  more  general  Hamiltonian  systems 
integrated  with  energy- momentum  conserving  schemes  can  be  found  in  Gonzalez  [1996]. 
In  contrast,  the  approach  taken  here  explores  the  properties  of  the  numerical  approximation 
of  the  relative  equilibria  through  the  global  characterization  of  these  solutions  as  group 
motions  (rigid  rotations).  This  alternative  approach  does  not  need  the  conservation  of 
the  angular  momentum  by  the  numerical  scheme,  nor  a  complex  parametrization  of  the 
reduced  space.  In  addition,  this  approach  allows  also  to  characterize  completely  the  relative 
equilibria,  including  the  numerical  approximation  of  the  associated  group  motion,  in  the 
general  context  of  nonlinear  continuum  elastodynamics  as  it  is  pursued  herein. 

The  lack  of  a  dissipative  scheme  in  the  high-frequency  range  that  conserves  at  the 
same  time  the  momentum  and  the  relative  equilibria  of  the  exact  dynamical  system  is  con¬ 
cluded  after  these  analyses.  We  then  propose  a  simple  modification  of  conserving  schemes 
that  accomplishes  these  properties  in  a  fully  controllable  manner.  This  control  is  illus¬ 
trated  with  a  closed-form  relation  Detween  the  dissipation  numerical  parameters  and  the 
spectral  radius  at  infinite  frequ°^cy  for  an  one-dimensional  linear  oscillator.  We  refer  to 
the  new  method  as  the  EDMC-1  scheme,  which  stands  for  “energy  dissipative,  momentum 
conserving”  first  order  scheme.  The  proposed  time-stepping  algorithm  is  shown  to  intro¬ 
duce  the  numerical  dissipation  only  in  the  internal  motions,  leading  to  the  exact  relative 
equilibria  in  the  long-term.  We  focus  in  this  first  part  of  the  series  on  the  development 
and  complete  illustration  of  these  ideas  in  several  characteristic  problems  of  nonlinear  dy¬ 
namics,  including  their  treatment  by  traditional  numerical  schemes  as  indicated  above.  In 
this  way,  the  methods  considered  herein  are  only  first  order  accurate  in  time,  degenerating 
to  second  order  accurate  conserving  schemes  along  the  trajectories  of  relative  equilibria. 
First  order  methods  are  of  practical  interest,  especially  in  problems  where  one  is  interested 
in  the  simulation  of  the  relative  equilibria.  The  forthcoming  second  part  of  this  series 
addresses  the  extension  of  these  ideas  to  the  development  of  high-order  methods  exhibit¬ 
ing  the  same  conservation/dissipation  properties.  The  added  complexity  of  the  resulting 
schemes,  as  well  as  the  need  for  complete  analyses  of  their  accuracy  properties  (including 
spectral  analyses  in  the  linear  range),  deserves  this  separate  treatment. 
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The  new  dissipative  schemes  consist  of  a  modified  stress  formula  together  with  a  mod¬ 
ified  dynamic  equation  relating  displacements  and  velocities.  To  illustrate  the  flexibility 
of  these  ideas,  and  before  considering  the  general  system  of  continuum  nonlinear  elastody- 
namics,  we  develop  dissipative  schemes  for  a  simplified  model  of  thin  beams,  the  second 
model  problem.  For  the  sake  of  simplicity,  we  consider  a  system  of  masses  subjected 
to  a  system  of  internal  forces  arising  from  axial  and  bending  contributions  of  nonlinear 
hyperelastic  springs  connecting  them.  In  this  very  simple  setting,  we  can  illustrate  the 
introduction  of  the  numerical  dissipation  through  the  axial  part  of  the  problem,  while 
maintaining  conservative  the  approximation  of  the  bending  contributions.  This  strategy  is 
shown  to  be  very  effective  in  arriving  to  robust  numerical  schemes,  avoiding  the  high  fre¬ 
quency  response  associated  to  the  sudden  changes  of  the  axial  response  in  typical  systems 
of  nonlinear  structural  dynamics,  as  it  has  been  observed  to  lead  to  difficulties  for  non- 
dissipative  schemes  (see,  e.g.,  Cardona  Sz  Gerardin  [1988]).  These  ideas  extrapolate 
to  the  more  general  case  of  geometrically  exact  theories  of  rods  and  shells  with  the  added 
rotational  updates.  We  plan  to  address  these  cases  in  forthcoming  publications. 

An  outline  of  the  rest  of  the  paper  is  as  follows.  Section  III. 2  describes  in  detail  the 
first  model  problem  considered  in  this  work,  consisting  of  the  aforementioned  nonlinear 
elastic  spring/mass  system.  In  particular,  we  include  details  of  the  variational  character¬ 
ization  of  the  relative  equilibria  in  this  simple  mechanical  Hamiltonian  system,  as  it  is 
of  the  interest  in  the  following  numerical  analysis.  Section  III. 2. 2  considers  some  exist¬ 
ing  time-stepping  algorithms  commonly  used  in  elastodynamic  applications,  and  studies 
their  conservation/dissipation  properties  in  the  general  setting  presented  in  Section  III.2. 
Details  of  these  analyses  can  be  found  in  Appendix  III. 2.  The  formulation  and  analysis 
of  the  new  dissipative  EDMC-1  scheme  is  presented  in  Section  III. 2. 3.  Representative 
numerical  simulations  illustrating  these  different  results  are  presented  in  Section  III. 2.4  for 
this  first  model  problem.  Next,  Section  III. 3  develops  ■Lhese  ideas  for  the  aforementioned 
simplified  model  of  thin  beams,  including  complete  de+ahs  of  the  formulation  of  the  newly 
proposed  schemes  and  representative  numerical  simulations  in  Section  III. 3. 3.  Finally,  Sec¬ 
tion  III. 4  illustrates  the  formulation  and  analyses  of  these  methods  in  the  general  setting 
of  nonlinear  continuum  elastodynamics.  Concluding  remarks  can  be  found  in  Section  III.5. 


III. 2.  Model  Problem  I:  a  Nonlinear  Elastic  Spring/Mass  System 

We  consider  in  this  section  the  model  problem  of  a  nonlinear  elastic  spring  fixed  at 
one  end  with  a  mass  at  the  opposite  end  in  a  force  free  motion.  The  case  of  a  rigid  bar  is 
recovered  in  the  limit  of  infinitely  stiff  spring.  This  simple  setting  allows  to  characterize 
many  of  the  numerical  properties  of  time-stepping  algorithms  for  the  system  of  nonlinear 
continuum  and  structural  elastodynamics,  the  main  goal  in  this  work.  We  are  interested, 
in  particular,  in  high-frequency  “dissipative”  schemes,  designed  to  handle  the  highly  os¬ 
cillatory  response  of  these  frequencies  in  the  numerically  stiff  problems  of  interest.  In  the 
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FIGURE  III. 2.1  Model  problem:  nonlinear  elastic  spring/mass  sys¬ 
tem.  Planar  definition  of  the  problem  under  investigation.  The  case  of 
a  rigid  bar  ||g(f)||  =  la  Vf  is  recovered  for  the  limit  value  of  n  =  oo. 


simple  setting  of  the  problem  considered  in  this  section,  several  alternative  approaches  can 
be  found  in  the  literature  to  accomplish  a  similar  purpose,  usually  involving  a  modification 
of  the  original  problem  (see  e.g.  Reich  [1995,98])  or  special  regularizations  of  the  limit 
rigid  problem  (see  e.g.  Ascher  k.  LlN  [1997]),  but  with  no  direct  extensions  to  the  infinite 
dimensional  system  of  continuum  elastodynamics  of  interest  herein.  In  contrast,  the  goal 
in  this  work  can  be  stated  again  as  the  formulation  of  “stiffly  accurate”  algorithms  for  the 
stiff  nonlinear  problems  of  interest,  as  discussed  in  detail  in  the  previous  section. 

To  this  purpose,  and  after  describing  the  problem  under  consideration  in  Section 
III. 2.1,  we  present  in  Section  III. 2. 2  the  analysis  of  some  classical  schemes  fo^  problems  in 
elastodynamics.  The  poor  performance  observed  by  these  standard  schemes  hi  the  simple 
nonlinear  problem  under  consideration  motivates  the  development  the  newly  proposed 
dissipative  methods  presented  in  Section  III. 2. 3. 


III. 2.1.  Problem  definition 

Figure  III.2.1  depicts  the  problem  defined  by  a  nonlinear  spring  fixed  at  the  end  O 
with  a  mass  m  >  0  concentrated  at  the  opposite  end.  For  the  force-free  motion  considered 
herein,  the  nonlinear  oscillation  and  finite  rotation  (around  O)  of  the  mass  takes  place 
in  a  plane  77~R2.  The  state  of  the  system  can  then  be  defined  by  the  phase  space  P  = 
R2/0  x  R2,  consisting  of  the  pairs  ( q,p )  G  P  with  the  position  vector  q  G  Q  :=  R2/0  of 
the  mass  m  with  respect  to  O  and  its  linear  momentum  p  G  TqQ  =  R2. 

With  this  notation  at  hand,  the  motion  of  the  mass  m  (that  is,  the  functions  (q(t),p(t))  G 
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P  of  the  time  t  6  R+)  is  defined  by  the  simple  mechanical  Hamiltonian  system 


.  dH 

q  =  -z-  =  m  p , 
op 


P  = 


bh_ 

dq 


(III. 2.1) 


with  the  time  derivatives  (•)  and  the  length  of  the  spring  l  :=  \\q\\  =  sjq  ■  q  for  the  standard 
Euclidean  inner  product  and  corresponding  norm  in  1R2.  Equation  (III. 2.1)  considers  the 
Hamiltonian 

H(q,p)  =  K( 7r)  +  V(l)  ,  for  the  kinetic  energy  K( 7r)  =  \m~l  7r2  ,  (III. 2. 2) 

depending  on  ^ r  :=  ||p||,  and  the  potential  V(l)  (with  derivative  denoted  by  V')  modeling 
the  hyperelastic  response  of  the  spring  (resulting  in  the  internal  force  fK  :=  V'(l)  g/||g||  in 
the  spring,  as  it  appears  in  (III.2.1)2).  The  physically  motivated  case  of  a  convex  potential 
V(-)  is  considered  in  the  developments  that  follow,  that  is,  we  have  the  relation 

V(h)  +  (1  -  0)  V(l2)  -  V(0  h  +  (1  -  0)  h)  >0  for  0  e  [0, 1]  ,  (III. 2. 3) 


or,  equivalently  V"  >  0  for  the  case  of  a  smooth  function  V(-),  as  considered  herein.  The 
numerical  simulations  presented  in  Section  III. 2. 4  consider  the  particular  case  given  by 

V{1)  =  \  K  (l  -  la)2  ,  (III.2.4) 


for  a  spring  stiffness  parameter  k.  Note  that  l  does  not  define  a  quadratic  function  of  the 
unknown  vector  q.  No  additional  external  forces  are  assumed  in  (III. 2.1).  The  nonlinear 
first  order  system  of  ordinary  differential  equations  (III. 2.1)  is  supplemented  by  the  initial 
conditions  (g(0),p(0))  =  ( q0,Po )  at  t  =  0.  The  velocity  v  of  the  mass  m  is  recovered  as 
v  =  m~lp. 


This  model  problem  exhibits  the  basic  nonlinearities  characteristic  of  the  problem  of 
nonlinear  elastodynamics  of  interest  in  this  work  and  considered  in  Section  III. 4,  namely, 
the  geometric  nonlinearity  consequence  of  the  finite  rotation  of  the  mass  around  the  center 
and  the  material  nonlinearity  for  a  general  potential  of  the  spring.  In  fact,  the  characteristic 
error  introduced  in  the  high-frequency  range  by  typical  spatial  discretizations  of  this  infinite 
dimensional  system  can  be  modeled  by  considering  the  simple  model  problem  (III. 2.1)  as 
an  approximation  of  the  DAE  system  of  a  rigid  bar.  This  limit  problem  and  its  exact 
closed-form  solution  are  given  by 


•  —l 

q  =  m 
P  =  ~fba 


%  1 

r  ii_ii  ’  / 


g(q)  ■  =  M\-io  =  o ,  J 


f  q(t)  =  exp(f  Q0  J)  qa  , 

p(t)  =  exp (t  no  J)  p0  =  m  Q0  Jf  q{t)  ,  (in_2.5) 


fbar  —  TTl  lQ 


m  P0 


X  l 

-L’O  L0 
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for  the  length  of  the  bar  l0  :=  ||g0||,  the  internal  force  magnitude  fbar  in  the  bar,  the 
constant  angular  velocity  f20  =  T~l  fi0,  the  inertia  X0  :=  m  1%  >  0  and  the  constant 
angular  momentum  p0  :=  p0  ■  J  q0,  in  terms  of  the  structure  matrix  J  in  R2  given  by 


(III. 2. 6) 


in  a  Cartesian  basis  {ei,e2}  of  77~R2.  We  note  the  skew-symmetry  of  $  for  later  use. 
The  system  of  equations  (III.2.1)  with  a  finite  stiffness  parameter  k  can  be  understood  as 
a  penalty  regularization  of  the  constrained  system  in  (III. 2. 5)  (see  e.g.  Rubin  &:  Urgan 
[1957]  and  Arnold  et  al  [1988],  among  others).  The  solution  of  the  penalized  system 
(III. 2.1)  involves  the  rigid  rotation  similar  to  (III. 2. 5)  together  with  the  “high-frequency” 
oscillation  of  the  spring,  the  group  and  internal  motions,  respectively;  see  Figure  III. 2.1  for 
an  illustration. 


III. 2. 1.1.  Symmetries:  energy  and  momentum  conservation,  relative  equilibria 


The  system  of  equations  (III. 2.1)  is  a  characteristic  example  of  a  Hamiltonian  system 
with  symmetry,  leading  to  several  conservation  laws.  We  refer  to  Abraham  &:  Marsden 
[1978],  Marsden  [1992]  and  Marsden  &  Ratiu  [1994]  for  complete  details  and  further 
developments.  In  particular,  and  motivated  by  the  numerical  analysis  presented  in  the 
forthcoming  sections,  we  have  the  following  properties: 


i.  Conservation  of  energy.  Given  the  autonomous  character  of  the  Hamiltonian 
(III. 2. 2),  we  have  the  classical  law  of  conservation  of  energy,  namely, 


dH  dH  .  dH  . 

=  .q+  .p 

dt  dq  op 

OH  dH  dH  dH_ 
dq  dp  dp  dq 

along  the  solutions  (q(t),p(t))  e  P  of  (III.2.1). 


H(q,p)  =  constant 


(III. 2. 7) 


ii.  Rotational  symmetry  and  conservation  of  angular  momentum.  The  action  of  the 
group  of  rotations  G  :=  SO( 2)  on  Q  =  R2/0  (with  the  the  corresponding  cotangent  lifted 
action  on  the  phase  space  P)  determines  the  invariance  of  the  Hamiltonian  (III. 2.2) 

H(Aq,  Ap)  =  H(q,  p)  VA  6  50(2)  ,  (III. 2. 8) 


a  direct  consequence  of  the  invariance  of  the  Euclidean  norm  under  the  action  of  the  group 
of  rotations.  The  corresponding  momentum  map  J  :  P  — »  Q*  =  so(2)~R  reads  in  this  case 


(q,p)  e  p 


J(q,p )  =  p- Jg  e  R  , 


(III. 2. 9) 
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being  conserved  along  the  solutions  of  (III. 2.1)  since 

_  ~  V' 

J(q,p)  =  p  ■  Sq  +  p  ■  Iq  =  m  p  ■  Jp  -  q  ■  Jqr  =  0  =» 

(III. 2. 10) 

given  the  skew-symmetry  of  Jf.  Equation  (III.2.10)  corresponds  to  the  conservation  of  the 
angular  momentum  for  the  mechanical  system  under  consideration. 


J(q,p)  =  constant  , 


iii.  Relative  equilibria.  Trajectories  of  the  dynamical  system  (III. 2.1)  consisting  of 
group  motions  correspond  to  the  so-called  relative  equilibria,  that  is,  solutions  of  the  form 

q(t)  =  exp(t/2eJ)  qe  ,  p(t)  =  exp(tl2eJ)  pe  (III.2.11) 

for  fixed  ze  :=  (qe,pe)  €  P  and  a  fixed  Qe  6  £~R  (the  Lie  algebra  of  G)  generating  the 
group  motion.  The  introduction  of  the  expressions  (III. 2. 11)  in  the  governing  equations 
(III. 2.1)  leads  to  the  relations 

-  a2 

pe=Xe  Ge  ,  pe  =  m  qe  ,  and  V'  (le)  :=  V'[le) - ^  =  0  ,  (III.2.12) 

where  we  have  introduced  the  notation  le  :=  ||qe||,  the  locked  inertia  Xe  :=  m  l2  >  0  at 
the  equilibrium,  and  the  so-called  Smale’s  amended  potential  V^.  Condition  (111.2.12)3 
corresponds  to  the  equilibrium  of  the  internal  force  in  the  spring  and  the  centrifugal  force 
(nl/mll).  The  analogy  of  the  relations  (III. 2. 12)  with  the  limit  rigid  solution  (III. 2. 5)  is 
to  be  noted:  the  dynamical  system  is  said  to  be  “locked”  at  the  relative  equilibrium,  since 
it  corresponds  to  a  rigid  rotation  at  the  fixed  stretching  le  given  by  the  roots  of  (III.2.12). 

We  introduce  the  notation 

Gfj,  =  {A  G  G  |  J(Aq,  Ap)  =  J(q,p)  for  (q,p)  €  ,  (III.2.13) 

that  is,  the  subgroup  of  rotations  preserving  the  angular  momentum  p.  For  the  mechani¬ 
cal  system  under  study  in  this  section,  we  trivially  have  G ^  =  G  due  to  the  commutative 
character  of  G;  this  situation  does  not  hold  in  the  more  general  setting  of  nonlinear  elas- 
todynamics  considered  in  Section  III. 4.  The  identification  of  two  elements  of  the  manifold 
J~1(pe)  C  P  of  constant  angular  momentum  if  they  differ  by  a  momentum  preserving  rota¬ 
tion  leads  to  the  so-called  reduced  space,  denoted  formally  by  p„.  ■■=  With 

this  notation  at  hand,  relative  equilibria  (III.2.11)  for  a  given  angular  momentum  pe  are 
characterized  by  the  angular  velocity  l?e  6  R  and  a  single  point  ze  6  .  Furthermore, 

the  equations  (III. 2. 12)  can  be  obtained  as  the  stationary  conditions  of  the  augmented 
Hamiltonian 

Hne(q,p,tt)  =  H(q,p)  +  n(p-lq-  /ze)  . 


(III. 2. 14) 
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The  second  term  in  this  expression  identifies  the  angular  velocity  17  as  the  Lagrange  mul¬ 
tiplier  imposing  the  constraint  of  constant  angular  momentum.  In  fact,  relative  equilibria 
can  be  characterized  as  stationary  points  of  the  so-called  reduced  Hamiltonian 

h„,=H(q,p)  in  P„,.  (III.2.15) 

•F/*e 

that  is,  the  original  Hamiltonian  H(-)  particularized  to  the  reduced  space  P»'- 

These  ideas  are  illustrated  in  Figure  III. 2. 2  in  conjunction  with  the  numerical  approx¬ 
imations  considered  below.  The  dynamics  in  the  phase  space  P  reduces  to  the  dynamics  in 
PAle ,  which  can  be  shown  to  be  canonically  Hamiltonian  by  the  classical  reduction  theorem 
(see  Abraham  Sz  Marsden  [1978]  or  Marsden  [1992]).  The  conservation  of  the  Hamil¬ 
tonian  in  the  reduced  dynamics  (that  is,  following  the  level  sets  of  H  depicted  in  Figure 
III. 2. 2)  can  be  shown  to  lead  to  the  formal  stability  of  the  relative  equilibria  ze  (in  the 
Liapunov  sense)  if  the  Hamiltonian  has  a  definite  second  variation  at  ze.  For  the  simple 
mechanical  Hamiltonian  system  of  interest,  the  minima  of  h Ale  correspond  to  stable  rela¬ 
tive  equilibria.  We  note,  for  completeness,  that  this  condition  translates  into  the  convexity 
of  the  amended  potential  at  the  equilibrium  (i.e.  V^'e(Ze)  >  0)  in  the  simple  mechanical 
system  considered  herein.  However,  the  numerical  analyses  considered  in  this  work  make 
use  only  of  the  aforementioned  character  of  the  Hamiltonian  of  as  Liapunov  function  of  the 
dynamics.  We  refer  to  Marsden  [1992]  (page  (106))  and  Simo  et  al  [1991]  for  complete 
details  of  these  considerations,  where  the  so-called  reduced  energy-momentum  method  is  de¬ 
veloped  for  the  characterization  of  the  stability  of  simple  Hamiltonian  systems  of  the  form 
(III.2.1).  We  also  refer  to  Arnold  et  al  [1988]  (page  102)  for  an  alternative  derivation. 

III. 2. 2.  Some  existing  time-stepping  integration  schemes  in  elastodynamics 

Consider  a  partition  U„:T01[tn,£n+i]  of  a  time  interval  to  =  0  and  tpf  ~T,  with  a  typical 
time  increment  At  =  tn+ 1  —  tn  (not  necessarily  constant).  We  denote  by  qn  ~  q(tn)  and 
Pn  ~  p(tn)  the  discrete  approximations  of  its  continuum  counterparts  at  tn.  With  this 
notation  at  hand,  we  consider  the  following  time-stepping  algorithms. 

i.  The  generalized  a-method.  This  three-parameter  family  of  methods  generalizes  the 
HHT  a— method  of  Hilber  et  al  [1977]  in  a  way  that  includes  the  general  Newmark’s 
methods  as  particular  cases.  For  the  evolution  equations  (III. 2.1)  under  investigation,  we 
write 


(III. 2. 16) 
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where  an  ~  q(tn )  is  the  algorithmic  approximation  to  the  acceleration  of  the  mass  m  at 
time  tn,  and 

qn+a  =  (1  -  a)qn  +  aqn+i  .  (III.2.17) 

The  following  methods  are  recovered  as  particular  cases: 

Algo.l.  The  a-method.  The  widely  used  HHT  a-methods  of  Hilber  et  al  [1977]  are 
obtained  from  (III.2.17)  with  the  parameters 

2  9 

(a,  /?,  7)  =  (a’  (1  _  f )  ’  (2  “  a))  ’  °-7  ^  a  ^  1  (III. 2. 18) 

The  resulting  schemes  define  a  second  order  accurate  approximation  exhibiting 
high-frequency  dissipation  proven  rigorously  for  the  case  linear  elastodynamics 
only. 

Algo. 2.  A  “ dissipative ’’  Newmark  scheme.  Newmark’s  method  is  recovered  by  setting 
a  =  1  for  0  <  (3, 7  <  1.  The  particular  one-paxameter  family  of  methods  given 
by 

§<7<1,  /J=(7+|)2/4  (III.2.19) 

defines  first  order  accurate  methods,  exhibiting  optimal  unconditionally  stability 
and  numerical  dissipation  in  the  high  frequencies;  see  Hughes  [1987], 

Algo. 3.  The  trapezoidal  rule.  The  member  of  Newmark’s  methods  defined  by  (a,  /3, 7)  = 
(1,|,|)  corresponds  to  the  so-called  trapezoidal  rule,  defining  a  second  order 
method  that  conserves  energy  in  the  context  of  linear  elastodynamics. 

Algo.4.  The  midpoint  rule.  The  combination  (a,/3, 7)  =  (|,  |,1)  defines  a  second  order 
method  that  conserves  angular  momentum  in  the  general  nonlinear  problem,  and 
energy  for  the  case  of  linear  elastodynamics. 


ii.  A  discrete  energy-momentum  scheme  (Algo. 5.)  A  conserving  approximation  of 
the  internal  force  term  can  be  accomplished  with  the  scheme 


(III. 2. 20) 


where  /n+i  :=  ||qn+i!|  and  In  '■=  ||<Zn||-  The  scheme  (III.2.20)  goes  back  to  Labudde  h 
Greenspan  [1976]  for  the  canonical  Hamiltonian  system  of  interest  herein.  The  limit  case 
of  ln+ 1  -A  ln  in  equation  (III.2.20)  is  well-defined,  and  leads  to  the  relation 


V(ln+ 1)  ~  V(ln) 
ln+ 1  —  In 


y/^n  +  1  +  In  ^ 


(III. 2. 21) 
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The  resulting  method  defines  a  second  order  approximation  of  the  dynamics  inheriting  the 
laws  of  conservation  of  energy  (III. 2. 7)  and  angular  momentum  (III.2.10). 


III. 2. 2.1.  Numerical  analysis:  summary  of  the  results 

Complete  analyses  of  the  discrete  energy-momentum  scheme  (Algo. 5.)  and  the  mid¬ 
point  rule  (Algo. 4.)  can  be  found  in  Gonzalez  k  Simo  [1996].  These  authors  con¬ 
structed  explicitly  the  (highly  complex)  discrete  dynamical  equations  in  the  reduced  space 
PMe,  through  the  definition  of  an  appropriate  coordinate  system  in  this  manifold.  They 
showed  in  this  way  that  Algo. 5.  inherits  the  same  relative  equilibria  of  the  continuum 
problem  (defined  by  equations  (III. 2. 12)),  whereas  Algo. 4.  was  shown  to  possess  A t- 
dependent  relative  equilibria  and,  thus,  different  from  its  continuum  counterpart.  We  note 
that  both  schemes  conserve  the  angular  momentum  (III. 2. 10).  The  unconditional  spectral 
stability  of  the  relative  equilibria  for  the  discrete  energy-momentum  scheme  Algo. 5.  was 
also  concluded  in  this  reference,  upon  linearization  of  the  discrete  reduced  equations. 

Extending  these  results,  we  have  included  in  Appendix  III. 2  the  analyses  of  all  the 
numerical  schemes  (Algo. 1.-5.)  without  the  need  of  the  construction  of  the  reduced  dy¬ 
namics  nor  the  conservation  of  the  angular  momentum  by  the  algorithm.  The  conclusions 
of  this  analyses  can  be  summarized  as  follows: 

1.  The  only  relative  equilibria  that  the  a-method  Algo.l.  exhibits  is  given  by  the 
trivial  static  equilibrium  pe  =  0.  For  sufficiently  small  time  steps  At,  the  discrete 
solution  dissipates  totally  to  the  static  equilibrium:  the  mass  stops  asymptotically. 
The  numerical  simulations  presented  in  Section  III. 2. 4  show  that  the  unconditional 
dissipative  character  of  the  method  is  lost,  and  energy  growth  may  appear  for  large 
time  steps  At  in  the  general  nonlinear  range. 

2.  The  Newmark  schemes  Algo. 2.  show  the  same  numerical  properties  as  discussed  in 
the  previous  item  for  the  o-method.  The  lost  of  the  unconditional  dissipative  character 
in  linear  problems  and  the  absence  of  non-static  trivial  relative  equilibria  is,  therefore, 
concluded 

3.  The  trapezoidal  rule  Algo. 3.  does  possess  the  same  relative  equilibria  as  the  con¬ 
tinuum  problem.  Along  these  relative  equilibria  (that  is,  when  the  initial  conditions 
correspond  to  a  relative  equilibria),  the  scheme  does  conserve  energy  and  angular 
momentum.  These  conservation  properties  do  not  hold,  however,  when  starting  in 
a  general  state  of  the  system.  In  this  case,  uncontrollable  growth  of  energy  may  be 
observed  for  large  time-steps  At. 

4.  The  midpoint  rule  Algo. 4.  exhibits  relative  equilibria  different  that  their  continuum 
counterparts  (that  is,  At-dependent),  thus  confirming  the  analysis  of  Gonzalez  k 
SlMO  [1996]  discussed  above.  Angular  momentum  is  conserved  but  not  the  energy  in 
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the  general  nonlinear  setting,  which  may  lead  to  uncontrollable  growth  of  energy  for 
large  time-steps  At. 

5.  The  discrete  energy-momentum  Algo. 5.  conserves  energy  and  angular  momentum 
for  the  general  nonlinear  dynamic  system,  preserving  the  relative  equilibria  of  the 
continuum  problem. 


III. 2. 3.  A  nonlinear  energy  decaying  scheme 

The  results  summarized  in  the  previous  section  identified  the  absence  of  a  scheme 
exhibiting  energy  dissipation  in  the  fully  nonlinear  range  for  a  general  potential  and,  more 
specifically,  showing  the  dissipation  in  the  high  frequency  range.  To  this  purpose,  we 
develop  a  modification  of  the  discrete  energy-conserving  scheme  Algo. 5.  exhibiting  this 
high-frequency  energy  dissipation  by  construction.  We  emphasize  again  that  the  current 
problem  is  to  be  motivated  only  by  analog  situations  in  the  more  interesting  infinite  di¬ 
mensional  case  of  nonlinear  elastodynamics  studied  in  Section  III.4  below. 


III. 2. 3.1.  Formulation  of  the  method 

A  class  of  time-stepping  algorithms  that  show  rigorously  energy  decay  in  the  full 
nonlinear  range  can  be  obtained  by  the  following  modification  of  the  original  conservative 
scheme  (III.2.20).  First,  we  consider  the  generalized  approximation  of  the  derivative  of  the 
potential 


V'd) 


(1  +  2  X, )V(i„+1)  -  (1  -  2  x,)V(l„)  - 4  x,  V(!=±£!=.) 


ln+1 


V(ln+1)-V(ln)  +  Vv 


(III. 2. 22) 


l 


n+ 1 


L 


for  a  scalar  parameter  Xi  ,  while  maintaining  the  direction  of  the  force  to  (qn+i+Qn)  / (/n-t- 1+ 
/„)  as  in  (III. 2. 20).  The  scaling  factors  in  front  of  the  algorithmic  paramter  Xi  have  been 
introduced  for  convenience  in  writing  future  expressions  (e.g.,  equation  (III. 2. 48)  below). 
The  last  equality  in  (III. 2. 22)  follows  from  straightforward  algebraic  manipulations  for 


Vv 


n+l)  +  ^(^n) 


-V 


(III.2.23) 


leading  to  a  dissipative  approximation  for  Vy  >  0;  see  Section  III. 2.3. 2  below.  This 
property  applies  to  the  case  of  interest  for  Xj  >  0  given  the  assumed  convexity  (III. 2. 3)  of 
V(-);  see  Remark  III. 2. 1.2  otherwise.  The  residual  character  of  the  expression  (III.2.23)  is 
to  be  noted. 
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For  the  particular  potential  (III.2.4),  expression  (III. 2. 22)  reduces  to 


V'{1) 


K, 


$  ln+ 1  +  (1  ~  $)  In  ~  lo 


for  :=  \  (1  +  xJ  , 


(III. 2. 24) 


reminiscent  of  the  so-called  ^-method  for  linear  problems;  see  e.g.  Wood  [1990].  Ex¬ 
pression  (III. 2. 24)  can  be  found  proposed  originally  in  Armero  &  Petocz  [1998]  in  the 
context  of  frictionless  dynamic  contact  problems,  with  the  quadratic  potential  V(-)  cor¬ 
responding  to  a  penalty  regularization  of  the  contact  constraint  in  terms  of  the  normal 
gap.  This  expression  was  then  employed  by  Kuhl  k  Crisfield  [1997]  and  CRISFIELD 
et  al  [1997]  in  general  continuum  and  beam  problems.  As  shown  in  the  next  section,  the 
expression  proposed  in  (III.2.28)  preserves  the  dissipative  properties  of  the  scheme  when 
applied  to  general  potentials. 


A  spectral  analysis  of  the  resulting  time-stepping  scheme  applied  to  a  ID  linear  os¬ 
cillator  (i.e.,  the  linearized  counterpart  of  (III. 2.1)  at  q  =  0  and  p  =  0)  shows  that  the 
above  dissipative  approximation  is  not  enough  to  introduce  energy  dissipation  in  the  high- 
frequency  range;  see  Remark  III.2.2  below.  To  accomplish  this  goal  (and  guided  by  the 
aforementioned  spectral  analysis)  we  consider  the  similar  modification  of  the  dynamical 
update  equation  (III.2.20)i 


(1  +  2  x, )*-(»■„+ 1)  ~  (1  ~  2  X,)K{*„)  -  4  Xl  K(^rt^) 

7rn+ 1 

K( 7Tn+1)  -  K( 7Tn)  +  VK 


(III. 2. 25) 


for  a  scalar  parameter  x2.  Equation  (III.2.25)  makes  use  of  the  notation  7rn+i  :=  ||pn+i||, 
7Tn  ;=  llPnll,  and 


VK  =  4  (i[if>.l+1)  +*(*„)]  - 


(III. 2. 26) 


which  is  non-negative  (i.e.  T>k  >  0)  for  x2  >  0  and  convex  kinetic  energy  K(-).  For  the 
typical  quadratic  kinetic  energy  (III. 2. 2),  the  dynamic  equation  resulting  of  the  dissipative 
approximation  (III.2.25)  reads 

?"+1  -  9"  =  m-'  (l  +  x,  )  p  1  ,  (III.2.27) 

V  7IV>4-1  +  TCn  '  9 


At 


as  a  straightforward  algebraic  calculation  shows. 

The  final  time-stepping  scheme  can  then  be  written  in  general  form  as 

Qn+l  ~  Qn  _ _1  „  ,  'Dk  Pn+ 1  +  Pn 

- - -  =  TTl  p  l  H - -  , 

At  2  TTn-f-l  "^n+1  T  7I"n 

Pn+1  —  Pn  V (^n+l)  —  V {In)  T  T^V  Qn+l  T  Qn 

At  ln+1  In  ln+1  T 


(III. 2. 28) 
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for  two  dissipation  functions  T>k  =  i>K(^m'^n+ 1)  and  Vy  =  Vy{ln)ln+ 1),  satisfying  the 
relations 


and 


'DjK i^ni  ^ri-t-l) 
^n+ 1  — 


as  7rn-t-i 


7T. 


'Dyjlmln+l) 
ln+ 1  In 


0 


as  l 


n+l 


(III.2.29) 


(III.2.30) 


to  assure  the  numerical  consistency  of  the  approximation  (III.2.28).  We  show  in  Section 
III. 2. 3. 2  below  that  the  general  relation  (III. 2. 28)  exhibits  energy  dissipation  and  con¬ 
servation  of  momentum,  under  certain  conditions  of  the  different  parameters.  For  this 
reason,  we  refer  to  this  algorithm  as  the  first  order  energy  dissipative-momentum  conserv¬ 
ing  scheme  or  EDMC-1  for  short.  The  energy-momentum  conserving  scheme  (III. 2. 20)  is 
recovered  by  simply  setting  x2  =  Xi  —  0- 


Remarks  III. 2.1. 

1.  We  note  that  alternative  expressions  for  the  dissipation  functions  T>k  and  Vy  can  be 
used.  For  example,  an  alternative  definition  of  Vy  in  (III. 2. 23)  for  a  smooth  potential 
V(-)  is  given  by 


Vv  =  ix,  (V’lL+0  -  v'(l„))  (/„+,  -  !„)  >  0  ,  (III.2.31) 

or  by 

Vy  =  ix1  V"(lt)  (Zn4  i  -  lnf  >  0  ,  (III. 2. 32) 

for  the  stretch  lt  at  some  time  t.  Both  expressions  (III.2.31)  and  (III. 2. 32)  are  non¬ 
negative  for  Xi  >  0  and  a  convex  potential  V(-)  (i.e.,  satisfying  (III. 2. 3)).  The  factors 
used  in  (III.2.31)  and  (III. 2. 32)  are  such  that  for  a  quadratic  potential  these  ex¬ 
pressions  coincide  with  (III. 2. 23).  The  consistency  condition  (III. 2. 29)  can  be  easily 
verified  for  (III. 2. 31)  and  (III. 2. 32). 

2.  As  a  matter  of  fact,  the  dissipation  functions  Vy  and  T>k  may  not  be  necessarily 
based  on  the  real  energy  functions  K{- )  and  V(-),  respectively;  see,  in  this  respect, 
the  discussion  in  Section  III. 3  for  the  model  problem  of  thin  beams  incorporating  the 
numerical  dissipation  only  through  a  part  of  the  potential  contributions  to  the  final 
response  of  the  dynamical  system.  In  particular  for  the  case  of  a  non-convex  potential 
V(-)  on  the  strain  measure  l ,  the  use  of  the  (lower)  convex  envelope  of  V(-)  (see  e.g. 
Dacorogna  [1989],  page  35)  defined  by 


CV  =  sup  {  g  <  V  |  g  convex}  , 


(III. 2. 33) 
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in  the  expression  of  the  dissipation  (III.2.23)  assures  the  dissipative  property  (III.4.27). 

3.  For  x2  and  Xi  constant,  the  above  approximation  is  only  first  order  accurate  in  time. 
Second  order  approximations  (in  the  sense  that  the  truncation  error  is  quadratic  in  At 
as  At  — >•  0)  can  be  easily  obtained  by  considering  x2  =  Xi  =  O(uAt)  for  u  =  yjnfm. 
In  this  case,  however,  the  numerical  properties  of  the  scheme  for  a  fixed  and  finite 
At  are  the  same  of  the  first  order  method  with  corresponding  parameters  x,  and 
X1  •  More  complex  alternative  definitions  of  these  numerical  parameters  are  therefore 
required.  This  issue  is  the  focus  of  the  second  part  of  this  series  of  papers.  □ 


III. 2. 3. 2.  Discrete  conservation/dissipation  properties 

The  numerical  properties  of  the  time-stepping  algorithm  (III. 2. 28)  are  summarized  in 
the  following  Proposition. 


Proposition  III. 2.1  The  numerical  scheme  (III. 2. 28)  possesses  the  following  conserva¬ 
tion/  dissipation  properties: 

1.  The  angular  momentum  is  conserved,  that  is, 

Jn+l  =  Jn  ■  (III.  2. 34) 

2.  The  total  energy  H  satisfies  the  relation 

Hn+i  -Hn  =  -[DK  +  Vv]  ,  (III.2.35) 

for  any  At.  Hence  the  scheme  is  unconditionally  dissipative  (i.e.,  thr  energy  decays 
or  is  conserved  for  any  time  step  At)  ifT>K  +  Uy  >  0.  In  particular,  this  condition 
is  satisfied  by  the  definitions  (III. 2. 26)  and  (III. 2. 23)  for  convex  functions  K(-)  and 
V(-),  and  x2  >  0  and  xx  >  0. 

3.  The  discrete  dynamical  exhibits  the  solutions 


Qen  —  A-nQe  j  Pen  —  AnPe  ? 


(III.  2. 3  6) 


for  {qe,pe}  satisfying  the  exact  equilibrium  relations  (III. 2. 12)  and 


•^n+l  — 


At 

At  „  -1 

1  -j - —He  J 

1  -  —I2e  1 

2 

2 

-1 


€  50(2)  , 


(III. 2.3  7) 


cay  ^Atf2e 


for  the  arbitrary  initial  rotation  A0. 
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Proof:  The  proof  of  these  discrete  properties  follows  closely  the  counterpart  proofs  of  the 
continuum  system.  Briefly: 


i.  Conservation  of  angular  momentum.  Multiplying  equation  (III.2.28)  i  by  Jp  1, 


n+; 


we  obtain 


(Qn+i  ~  Qn)  •  JPn+i  =  0  , 


(III.2.38) 


after  noting  that  the  right-hand-side  vanishes  due  to  skew-symmetry  property  p  1 

n+  2 

J p  i=0.  Similarly,  multiplying  (111.2.28)2  by  Jq  i ,  we  have 
n+2  n+ 2 


(Pn+1  -Pn)  '  =  0  - 


(III. 2. 39) 


Finally,  combining  (III. 2. 38)  and  (III.2.39),  we  obtain 


Jn+1  Jn  —  Pn+1  '  $Qn+ 1  Pn  '  $Qn 

=  (pn+ !  -  pn)  •  Sq  i  +  P  I  •  J  (qn+ 1  -  9n)  =  0  ,  (III. 2.40) 

n-+- 2  n+2 

after  some  straightforward  algebraic  manipulations  and  the  use  once  more  of  the  skew- 
symmetry  of  J.  The  conservation  of  the  angular  momentum  (III. 2. 34)  follows. 

ii.  Energy  dissipation.  Multiplying  equation  (III.2.28)i  by  (pn+i  —  pn)>  (III.2.28)2 
by  (qVi+i  —  Qn)  and  subtracting  the  resulting  expressions,  we  obtain  after  some  simple 
algebraic  manipulations  the  relation 

Kn+i  +  Vn+1  -Kn  +  Vn  =  -[VK  +  Vv)  (III.2.41) 

" - V - '  V - - - " 

Hn+ i  Hn 


The  decay  of  the  energy 

Hn+ 1  <  Hn  ,  (III. 2. 42) 

follows,  in  particular,  for  Vk  >  0  and  Vy  >  0.  As  noted  in  the  previous  section,  these 
last  two  relations  follow  from  the  convexity  of  the  (quadratic)  kinetic  energy  and  from  the 
assumption  of  a  convex  potential  function  V(-),  respectively,  with  x2  ^  0  and  Xj  >  0. 
The  case  of  a  non-convex  potential  is  discussed  in  Remark  III. 2. 1.2.  The  unconditional 
dissipative  character  of  the  proposed  scheme  follows. 

iii.  Conservation  of  the  relative  equilibria.  We  first  note  that  T>k  =  T>y  =  0  for 
an  incremental  rotation  between  {qn+i,pn+1}  and  {qn,Pn}  bke  (III. 2. 36).  Note  that 
TTn  =  t+i+i  =  7re  and  ln  =  ln+ 1  =  le,  with  the  limit  expression  (III. 2. 21)  applying  in  this 
case.  A  direct  calculation  shows  that  the  sequence  (III. 2. 2)  satisfies  the  discrete  governing 
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equations  (III. 2. 28),  after  noting  the  algebraic  relation  for  the  Cayley  transform  (III. 2. 37) 


with  j?e  G  R 

,  ,  f2eAt  r  .  ,  ^ 

^n+l  An=  2  [-^n+l  +  -An]  J  > 

(III. 2.43) 

if  the  conditions 

Pe  —  > 

ll2 

and  V'(le)  =  — for  /re  =  ml2  fie  , 

m  ll 

I* 

(III. 2. 44) 

are  satisfied.  We  conclude  again  that  le  =  |jge||  and  Qe  satisfying  exactly  the  relations 
(III.2.12)  as  in  the  continuum  problem.  The  only  approximation  involved  in  the  numerical 
solution  reduces  then  to  the  consideration  of  the  Cayley  transform  (III. 2. 37)  instead  of 
the  exponential  mapping  (IIL2.il)  in  the  symmetry  group  G  —  SO( 2).  As  noted  in 
Remark  III. 2. 2  of  Appendix  III. 2,  the  resulting  equations  in  this  case  coincide  with  the 
corresponding  equations  of  the  trapezoidal  rule  and  energy-momentum  conserving  scheme. 
The  relative  equilibria  characterized  by  (III. 2. 36),  (III.2.37)  and  (III. 2. 44)  correspond  also 
then  to  these  cases.  □ 

Proposition  III. 2.1  identifies  the  unconditional  stability  (in  the  sense  described  below) 
of  the  proposed  scheme  under  the  assumptions  stated  in  it.  Namely,  consider  the  discrete 
dynamical  system  defined  by  the  algorithm 


(Qo,Po)  ' — *  ( qn,Pn )  n  =  0,l,2,...,  (III.2.45) 

assumed  to  exist  (maybe  imposing  a  restriction  on  At  for  the  equations  (III. 2. 28)  to  define 
(<Zn+i)P?  +i)  continuously  in  terms  of  ( qn,Pn ))•  Since  by  Proposition  III. 2.1  the  algorithm 
also  preserves  the  angular  momentum  J(q,  p)  =  the  discrete  dynamical  system  (III.2.45) 
does  take  place  in  J-1(/ie),  that  is, 

(<7n,Pn)  €  J-1(/ie)  71  =  0,1,2,...  (III.2.46) 

with  simply  /re  =  J(q0,Po )  for  the  initial  conditions.  Therefore,  the  discrete  system 
can  also  be  reduced  from  J_1(/xe)  to  the  reduced  space  PMc  :=  J~1(pe)/G^le,  following 
the  same  arguments  as  for  the  continuum  problem.  In  particular,  the  relative  equilibria 
of  discrete  dynamical  system  (III. 2. 45)  correspond  to  the  exact  relative  equilibria  ze  = 
(qe,Pe)  G  PMe  of  the  exact  system,  as  shown  in  Proposition  III. 2.1.  Furthermore,  this 
proposition  shows  that  the  Hamiltonian  H{- )  of  the  exact  problem  defines  a  Liapunov 
function  of  the  discrete  dynamical  system,  that  is,  the  exact  Hamiltonian  H(-)  defines 
a  decreasing  function  along  the  discrete  flow  (III. 2. 45).  The  formal  stability  of  these 
relative  equilibria  for  the  resulting  discrete  dynamical  system  in  the  reduced  space  PMf 
follows  then  by  Liapunov  theorem  (see  e.g.  Hirsch  &  Smale  [1974],  page  193)  when 
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/"’(He)  CP 


FIGURE  III. 2. 2  Sketch  of  the  discrete  dynamics  induced  by  the  nu¬ 
merical  scheme.  High-frequency  energy  dissipation  is  introduced  in  the 
internal  motions,  while  maintaining  a  second  order  approximation  of 
the  group  motions  of  the  relative  equilibria. 


the  reduced  Hamiltonian  (ITL^.15)  (for  the  exact  system,  independently  of  the  actual 
algorithm  considered)  exhibits  a  minimum  at  ze.  This  is  the  same  condition  as  for  the 
exact  continuum  system,  as  discussed  in  Section  III.2.1.1. 

We  note  that  for  the  particular  case  (III.2.4),  we  have 

Vv  =  /»+ 1)  <  0  for  Ur  ^  *»  ,  (III.2.47) 

and  similarly  for  Vk  in  terms  of  the  quadratic  kinetic  energy.  We  also  note  that  if  ||qn||  = 
||gn+i||,  then  qn  and  qn+i  define  the  same  element  of  P ^  =  «7~1(/re)/G!/ie  (that  is,  there 
is  a  rotation  relating  both).  Therefore,  the  qualitative  picture  in  Pfle  with  a  stable  relative 
equilibria  ze  attracting  asymptotically  the  trajectories  of  the  discrete  dynamical  system 
(III.2.45)  becomes  clear;  see  Figure  III. 2. 2  for  an  illustration.  Following  a  similar  argument, 
we  also  observe  that  for  the  case  that  the  exact  continuum  system  exhibits  an  unstable 
relative  equilibria  at  ze,  with  H\ptie  not  exhibiting  a  minimum  at  ze,  the  discrete  dynamical 
system  will  exhibit  the  same  properties  for  the  relative  equilibria. 
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Midpoint  rule 

Mass  trajectory 


Spring  length 


FIGURE  III. 2. 3  Nonlinear  mass-spring  system.  Solution  obtained 
with  the  midpoint  rule. 


Proposition  III. 2.1  characterizes  completely  tne  stability  properties  of  the  resulting 
discrete  dynamical  system  in  the  fully  nonlinear  range.  In  fact,  the  final  response  is  fully 
depicted  in  Figure  III. 2. 2,  where  the  dissipation  of  the  internal  modes  in  the  reduced  space 
P *ne  is  shown.  The  group  motions  are  not  dissipated  and  only  approximated  by  the  Cay¬ 
ley  transform  (III. 2. 37)  instead  of  the  exact  exponential  map  of  (III.2.11).  The  long-term 
solution  of  the  discrete  dynamical  system  corresponds  then  to  a  second  order  approxi¬ 
mation,  energy  and  momentum  conserving  approximation  of  the  relative  equilibria  of  the 
exact  problem.  This  situation  is  to  be  contrasted  with  the  existing  “dissipative”  schemes 
considered  in  Section  III.2.2,  leading  only  at  best  to  the  static  equilibrium  position  asymp¬ 
totically  in  the  long-term.  As  noted  in  the  introductory  Section  III.l,  the  introduction 
of  numerical  dissipation  only  in  the  internal  motions  of  the  problem  is  fundamental  for  a 
good  integrator  in  the  fully  nonlinear  range. 


Remark  III. 2. 2  As  also  noted  in  the  introduction,  it  is  crucial  to  assure  the  presence 
of  the  energy  dissipation  in  the  high-frequency  range.  We  evaluate  this  (linear)  property 
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Energy-momentum  conserving 


Spring  length 


FIGURE  III. 2. 4  Nonlinear  mass-spring  system.  Solution  obtained 
with  the  energy-momentum  conserving  scheme. 


by  performing  a  spectral  analysis  of  the  discrete  equations  for  a  ID  linear  oscillator  with 
a  natural  frequency  We  refer  to  Part  II  of  this  series  for  additional  details  in 

conjunction  with  high  order  methods.  These  calculations  reveal  that  the  spectral  radius 
at  infinity  p ^  is  given  for  the  new  scheme  proposed  in  this  section  by  the  expression 


(III.2.48) 


showing  a  full  symmetry  in  the  algorithmic  parameters  Xi  and  x2  >and  making  optimal  the 
consideration  of  equal  parameters  Xi  —  X2-  particular,  the  consideration  of  Xi  =0  or 
X2  =  0  leads  to  p^  =  1,  thus  precluding  the  presence  in  the  high-frequency  range.  The 
need  of  introducing  the  dissipative  terms  in  the  velocity  and  force  equations  as  in  (III. 2. 28) 
is  then  concluded.  □ 


Poo  =  max 


1-Xil  |i-x2 


1  +  Xi  ’  1  +  X2 


III. 2. 4.  Representative  numerical  simulations 
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FIGURE  III. 2. 5  Nonlinear  mass-spring  system.  Solution  obtained 
with  the  “dissipative”  Newmark  scheme. 


To  illustrate  the  analytical  results  presented  in  the  previous  sections  we  present  next 
the  numerical  results  obtained  with  the  different  time-stepping  under  investigation  for  a 
particular  case.  We  consider  a  spring  characterized  by  the  potential  (III.2.4)  with  param¬ 
eters  l0  =  10  and  k  =  15.  The  value  of  the  mass  mass  is  m  =  2.  The  assumed  initial 
conditions  are 

qa  =  [0  10 ]r  and  po  =  [-20  0]T  ,  (III.2.49) 

leading  to  an  initial  angular  momentum  of  p,0  =  Po  •  $q0  =  200  and  initial  energy  of 
H0  =  100.  The  relative  equilibrium  length  corresponding  to  the  angular  momentum  /i0, 
given  by  (III.2.12),  is  le  =  11.001377. 

We  run  the  simulations  using  the  previously  considered  time-stepping  algorithms  with 
a  constant  time  step  of  At  =  1  for  2, 000  time  steps  total.  Figures  III.2.3  to  III. 2. 7  show 
the  results  for  the  midpoint  rule,  energy-momentum  conserving  scheme,  “dissipative”  New¬ 
mark  (7  =  0.611),  HHT  (a  =  0.889)  and  dissipative  EDMC-1  =  x2  =  0.11)  schemes. 
The  spectral  radius  at  infinity  of  =  0.8  has  been  set  for  the  last  three  schemes.  In  all 
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Mass  trajectory 


Spring  length 


FIGURE  III. 2. 6  Nonlinear  mass-spring  system.  Solution  obtained 
with  the  HHT  scheme. 


cases,  we  plot  the  trajectory  of  the  mass,  the  length  of  the  spring,  the  angular  momentum 
and  the  total  energy. 

Figure  III.2.3  shows  the  results  for  the  midpoint  rule.  We  observe  the  well-known  non¬ 
conservation  of  energy  and  conservation  of  angular  momentum  in  this  nonlinear  range.  The 
oscillation  of  the  spring’s  length  is  also  apparent.  An  increase  of  the  time  step  leads  even¬ 
tually  to  an  unstable  response  characterized  by  an  uncontrollable  growth  in  the  energy 
(see  Gonzalez  &  Simo  [1996]).  The  results  obtained  with  the  energy-momentum  con¬ 
serving  scheme  are  shown  in  Figure  III.2.4.  We  observe  the  improved  energy  response 
given  by  the  conservation  of  the  total  energy.  However,  we  can  still  observe  the  presence 
of  “high-frequency”  response  in  the  solution  as  illustrated  by  the  oscillation  of  the  length 
of  spring. 

We  consider  two  standard  “dissipative”  schemes  to  eliminate  this  oscillation  in  the 
spring.  Figures  III. 2. 5  and  III.2.6  show  the  results  for  the  “dissipative”  Newmark  and 
HHT  schemes,  respectively,  both  with  p ^  =  0.8.  In  both  cases,  we  observe  the  elimination 
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Energy-dissipative  momentum-conserving  (EDMC-1) 


Mass  trajectory 


Angular  momentum 
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FIGURE  III.2.7  Nonlinear  mass-spring  system.  Solution  obtained 
with  the  (energy-dissipative,  momentum-conserving)  scheme. 


of  the  oscillation  in  the  spring’s  length  after  an  initial  period.  As  shown  in  the  analyses 
presented  in  Section  III. 2. 2.1,  this  dissipation  comes  also  with  a  complete  dissipation  of 
both  the  angular  and  total  energy  in  the  system.  The  system  tends  asymptotically  to  the 
static  relative  equilibrium  of  a  mass  at  rest.  We  observe  a  much  more  rapid  dissipation  in 
the  Newmark  scheme,  a  feature  that  can  be  traced  back  to  the  first  order  accuracy  of  this 
scheme  in  contrast  of  the  second  order  HHT  scheme.  In  any  case,  the  long-term  solutions 
are  unacceptable. 

Figure  III.2.7  shows  the  results  obtained  with  the  new  energy-dissipating,  momentum- 
conserving  (EDMC-1)  scheme.  The  conservation  of  the  angular  momentum  p  =  p0  at  all 
times  is  verified.  We  can  also  observe  the  elimination  of  the  high-frequency  dissipation  in 
the  spring’s  length  after  an  initial  period  of  time,  maintaining  the  spring  at  an  essentially 
constant  length.  The  long-term  solution  corresponds  to  the  relative  equilibrium  for  the 
assumed  angular  momentum,  confirming  the  analyses  presented  in  Section  III. 2. 3. 2.  A 
monotonic  dissipation  of  the  total  energy  to  the  equilibrium  value  is  also  observed.  The 
spring  continues  in  the  equilibrium  rigid  rotation  for  ever,  approximating  closely  the  exact 
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FIGURE  III.2.8  Nonlinear  mass-spring  system.  Solution  obtained 
with  the  HHT  scheme  with  a  larger  time  step  (At  =  1.6775). 


rigid  limit  solution  (III. 2. 5).  In  fact,  the  approximation  of  this  limit  solution  is  second 
order  in  time,  as  discussed  in  Section  III.2.3.2.  The  improved  long-term  response  of  the 
newly  proposed  scheme  in  front  of  existing  schemes  is  concluded. 

To  illustrate  the  lack  of  unconditional  dissipativity  in  traditional  “dissipative”  time¬ 
stepping  schemes,  we  include  in  Figure  III.2.8  the  results  obtained  with  the  same  HHT 
scheme  considered  before  (i.e.  with  plDO  =  0.8),  but  with  a  larger  time  step  of  At  =  1.6775. 
We  observe  that,  after  an  initial  period  of  energy  decay,  the  total  energy  starts  increasing 
eventually,  leading  to  non  convergence  of  the  numerical  simulation  at  a  time  of  t  «  58. 
The  lack  of  dissipativity  for  this  scheme  and  time  step  becomes  evident. 


III. 3.  Model  Problem  II:  a  Simplified  Model  of  Thin  Beams 

We  consider  in  this  section  a  simple  model  of  the  bending  of  thin  beams  to  illustrate 
an  additional  property  of  the  previous  ideas  in  the  development  of  dissipative  numerical 


F.  Armero 


128 


2-node  axial  element 
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1  r 


^*2 


3-node  bending  element 


FIGURE  III. 3.1  Model  problem  II:  thin  beams.  Geometric  definition 
of  a  simple  model  for  the  simulation  of  the  axial  and  bending  contri¬ 
butions  of  a  thin  beam. 


scheme:  namely,  the  flexibility  of  introducing  a  priori  the  numerical  dissipation  in  the 
desired  components  of  the  problem.  The  numerical  model  of  beam  bending  developed  in 
this  section  considers  the  axial  and  bending  contributions  of  the  beam  deformation  through 
the  simple  consideration  of  axial  and  bending  springs.  We  plan  to  present  the  formulation 
of  similar  schemes  in  the  context  of  general  geometrically  exact  theories  of  Cosserat  rods 
in  a  forthcoming  publication. 


III. 3.1.  A  simple  model  of  beam  bending 

Consider  a  system  of  npoint  point  masses  connected  by  axial  and  bending  springs, 
modeling  the  corresponding  components  of  the  deformation  of  a  thin  beam.  The  usual 
assumption  of  neglecting  the  sheax  deformation  is  implied  in  the  word  “thin”  (that  is,  of 
the  Euler-BernouUi  type).  We  consider,  for  simplicity,  the  plane  case,  although  the  devel¬ 
opments  presented  herein  apply  to  general  three-dimensional  problems  with  the  addition, 
if  desired,  of  similar  contributions  modeling  the  torsion  component  of  the  beam  or  rod. 


Figure  III. 3.1  illustrates  a  typical  configuration  of  the  system  of  point  masses  m*  with 
corresponding  position  vector  denoted  by  (ft.  Denoting  the  linear  momentum  of  each  mass 
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by  Pi ,  the  governing  equations  read 

(III.3.1) 


(no  sum  in  i  implied)  with  q  :=  {<ji,  q2,  ■  ■ . ,  qnpoint },  for  a  set  of  external  forces  ffxt  and 
a  system  of  internal  forces  acting  on  mass  rrij  ( i  =  l,rip0tnt)>  the  latter  composed 
by  the  assembly  of  different  neiem  “elements”  as  described  below.  In  particular,  we  con¬ 
sider  the  contribution  of  2-node  axial  elements  modeling  the  stiffness  of  the  system  to 
stretch  axially,  and  of  3-node  bending  elements  modeling  the  stiffness  of  the  system  to 
bend.  To  this  purpose  we  present  next  the  axial  and  bending  elements  depicted  in  Figure 
III. 3.1  separately. 

i.  A  2-node  axial  element.  Every  two  consecutive  masses  mi  are  assumed  connected 
by  a  nonlinear  spring  characterized  by  a  potential 

Vax  =  Vax(l)  for  /  :=  (III.3.2) 


for  the  vector  r  =  qe2  —  qei  connecting  nodes  1  and  2  of  the  axial  element;  see  Figure 
III.3.1.  With  this  notation,  the  axial  forces  acting  on  each  node  are  obtained  through  the 
corresponding  derivative  of  the  potential  V(l),  thus  leading  to 


(III.3.3) 


as  a  simple  calculation  shows.  The  analogy  with  the  developments  of  Section  III. 2.1  is 
apparent. 


ii.  A  3-node  bending  element.  In  the  spirit  of  the  simplicity  of  the  current  model  prob¬ 
lem,  we  introduce  torsional  springs  between  any  three  consecutive  masses  {qei ,  qe2,  qe3} 
to  model  the  bending  stiffness.  Denoting  by  d  the  angle  between  the  relative  vectors  in 
such  an  element,  we  can  write 

cosi9  =  — —  for  \  =  n-r2  and  u  :=  I1I2  ,  (III. 3. 4) 

v 


(111. 3. 5) 

(111. 3. 6) 
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is  introduced.  The  simulations  presented  in  Section  III. 3. 3  consider  the  particular  potential 

(III. 3. 7) 


Vbend  —  2  ^  2  —  2  ^  p  ^  ’ 


for  a  material  constant  <7b.  The  potential  (III.3.7)  penalizes  the  full  overlapping  of  the 
element  for  i9  -»  ±7 r.  The  associated  nodal  forces  are  then  obtained  as 
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(III. 3. 8) 


as  a  simple  calculation  shows. 


Remark  III. 3.1 

1.  Equation  (III.3.1) i  assumes  no  additional  contributions  to  the  kinetic  energy  of  the 
system  but  of  the  linear  momenta  Pi ;  that  is,  the  kinetic  energy  is  given  by 

Tlpoint 

K(p)=  £  imr’IMI2.  (III3.9) 

i=l 

This  assumption  accounts  for  neglecting  any  contribution  arising  from  a  rotatory 
inertia.  It  is  well-known  that  this  lack  of  rotatory  inertia  introduces  infinite  phase 
velocities  in  the  high-frequency  range  of  the  bending  modes  of  an  Euler-Bernoulli 
beom  (see  e.g.  Graff  [1975],  page  181).  For  the  problems  considered  in  Section 
III. 3. 3,  typical  in  structural  dynamics  applications,  this  high-frequency  content  of  the 
beam’s  response  in  bending  is  not  manifested,  allowing  to  simplify  the  forthcoming 
developments. 

2.  The  system  of  equations  (III.3.1)  defines  a  Hamiltonian  system  with  the  conservation 
property 

H{q,p )  =  K(p)  +  [v$(q)  +  V^ndte)]  =  constant  ,  (III.3.10) 

e 

for  the  case  with  no  external  loading  ffxt  =  0  (i  =  1  ,%oint),  as  a  simple  calculation 
shows.  Similarly,  for  the  case  of  no  external  loading  and  no  imposed  displacements 
(i.e.,  no  imposed  q)  straightforward  manipulations  show  the  conservation  laws 

Tlpoint  Tlpoint 

l  :=  ^  Pi  =  constant  and  p  :=  ^  Pi'Jqi=  constant  ,  (III. 3. 11) 
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for  the  linear  and  angular  momentum,  respectively. 


□ 


III.3.2.  An  unconditionally  dissipative  time-stepping  scheme 

Conservative  and  dissipative  approximations  of  the  axial  contributions  (III.3.3)  are 
obtained  exactly  in  the  same  way  as  in  (III.2.28)  for  the  spring  model  problem  considered 
in  Section  III. 2. 3.  In  this  way,  the  velocity  equation  is  approximated  in  time  by 


Qin  +  l  Qin  

At 


m-1 2  (l  + 


^in  +  l 


Kin+1  + 


Kin'  ’n+i 


for  i  —  1 ,  Tlp0int  , 


(III. 3. 12) 


with  7Tjn  :=  ||pin||  and  7Tjn+1  :=  ||pin+1 1|.  The  discrete  counterpart  of  the  axial  nodal  forces 
contributions  are  obtained  through  the  expression 


*  («)  = 
J  ax 


Ae) 
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Ae) 

J  ax  f>  2 


haa:(^n+l)  Tax(^n)  +  c 


^n+1  +  In 


ln+1  In 


(III.3.13) 


for  a  dissipation  function  T>Vax  defined  as  in  (III.2.23).  The  conservation/dissipation 
relation 

npoint 

£  /S  ■  («.♦,  -  <K.)  =  v«((„+1)  -  r«(i»)  +  vVax  ,  (in.3.14) 

i=l 


follows  easily,  as  it  is  for  the  relations 

npoint 

£  /W=  0  and 
1=1 


npoint 


(III.3.15) 


showing  the  momentum  conservation  properties  of  the  scheme  for  the  Neumann  problem, 
after  following  arguments  similar  to  the  ones  presented  in  Proposition  III. 2.1;  additional 
details  are  omitted. 


The  bending  counterpart  is  constructed  in  terms  of  the  two  variables  A  and  v  intro¬ 
duced  in  (III. 3. 4)  as 
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where  Tj  =  (kn+1  -Min)/2,  and,  for  example, 

jj  —  A  v  \  ( T/'(1>1)  i  y(1.0)  .  y(0,l)  ,  y(0,0)\  _ 

\  4  XX  ^  ^  'bend.  ‘  'bend,  * bend  '  * bend  J 


2  ybend  4-  Terld  j 


(III. 3. 17) 


for  a  parameter  xx  >  0  and  similarly  for  Vyv  for  a  parameter  x»  >  0.  The  convexification 
presented  in  Remark  III. 2. 1.2  is  used,  if  required.  We  have  made  use  of  the  notation 


V£$  ~  W-Wl,>Vn)  ,  V«'°J  :=  Vw(Vn,  v.)  •  • 

•=  WA"+12+A",^+i)  .... 

in  these  last  expressions.  A  simple  calculation  leads  to  the  relation 


(III.3.18) 


E  •  (*.♦.  -  «. )  =  »££  -  vffl’ + ©va + xv. . 


(III. 3. 19) 


showing  the  conservative/dissipative  character  of  the  proposed  scheme.  Similarly,  the 
momentum  conserving  relations 

Ttpoint  Ttpoint 

fbeldt  =  0  and  S  fbeU  =  0  >  (III. 3. 20) 

i=l  i=l  2 

follows,  as  it  is  the  conservation  of  the  corresponding  relative  equilibria  for  the  Neumann 
problem.  The  proof  follows  the  arguments  of  Proposition  III. 2.1;  details  axe  omitted. 

The  purpose  for  the  consideration  of  this  simple  model  problem  is  to  illustrate  the 
flexibility  in  the  introduction  of  the  numerical  dissipation  in  the  proposed  time-stepping 
algorithms.  As  illustrated  by  the  numerical  examples  presented  in  Section  III. 3. 3,  the  axial 
part  of  the  deformation  leads  to  a  high-frequency  response  when  compared  to  the  bending 
contributions.  Therefore,  the  introduction  of  the  dissipation  in  the  axial  contributions 
(that  is,  T>v\  =  T>vv  =  0)  leads  to  an  efficient  way  to  eliminate  the  problems  associated 
to  the  high-frequency  range,  as  illustrated  next. 


III. 3. 3.  Representative  numerical  simulations 

We  present  in  this  section  a  numerical  example  to  illustrate  the  performance  of  the 
different  time-stepping  algorithms  considered  in  this  work  when  applied  to  the  simple 
model  problem  of  thin  beams  developed  in  the  previous  section.  The  problem  is  depicted 
in  Figure  III. 3.2.  It  consists  of  two  rigid  links  connected  to  a  thin  beam  modeled  by  three 
internal  equal  masses  mj,  with  two  additional  masses  ma  =  10  •  mj  located  at  the  ends 
of  the  rigid  links.  The  potential  (III.2.4)  is  considered  for  the  axial  contributions  whereas 
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FIGURE  III. 3. 2  Thin  beams:  problem  definition.  A  thin  beam  is 
attached  to  two  rigid  links  in  the  configuration  shown  in  the  top  posi¬ 
tion.  A  point  force  is  applied  downwards  to  the  right  end  of  the  beam 
for  an  initial  interval  of  t  =  0.50.  Different  positions  of  the  deformed 
configurations  afterwards  are  shown  in  the  figure  as  obtained  by  the 
EDMC-1  scheme. 

the  bending  potential  (III. 3. 7)  is  considered  for  the  bending  contributions;  the  assumed 
stiffness  parameters  k  and  C&  are  included  in  Figure  III. 3. 2.  The  two  connections  between 
the  beam  and  the  two  rigid  links  are  pinned  (i.e.  no  bending  stiffness).  .An  initial  triangular 
force  pulse 

{100  t  ,  0  <t<  0.25  , 

50  -  100  t  ,  0.25  <  t  <  0.50  ,  (III.3.21) 

0  ,  t  >  0.50  , 

is  applied  as  shown  in  this  figure.  The  rigid  character  of  the  two  links  is  imposed  by  a 
standard  augmented  Lagrangian  scheme  based  again  on  the  penalty  potential  (III.2.4). 

After  the  application  of  the  load  (III. 3. 21)  the  system  evolves  such  that,  as  shown  in 
the  numerical  simulations  presented  below,  the  beam  oscillates  in  the  low  bending  modes 
with  high  axial  forces  appearing  due  to  the  sudden  change  of  axial  stiffness  when  the 
beam  elements  become  aligned.  Note  also  the  large  masses  at  the  ends  of  the  beam.  The 
high-frequency  content  of  this  sudden  forces  introduces  significant  difficulties  for  the  time¬ 
stepping  algorithms  not  exhibiting  a  high-frequency  energy  dissipation,  an  observation 
that  can  be  traced  back  to  Cardona  k  Gerardin  [1988].  We  also  refer  to  Bauchau  k 
Theron  [1996]  for  a  similar  problem.  The  example  presented  herein  has  the  advantage  of 
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Midpoint  rule 


FIGURE  III. 3. 3  Thin  beams.  Solution  obtained  with  the  midpoint 

rule.  Left  column:  Total  energy  ( - )  =  kinetic  ( - )  +  potential  ( - ) 

energies.  Right  column:  axial  ( - )  +  bending  ( - )  energies  =  poten¬ 

tial  energy. 


exhibiting  repeated  aligned  states  thus  building  the  high-frequency  content  in  the  solution. 

Figures  III.3.3  and  III.3.4  depict  the  results  for  different  time-stepping  algorithms. 
Specifically,  the  energy  evolution  obtained  by  the  midpoint  rule,  energy  conserving  and 
HHT  schemes  are  presented.  The  left  column  in  these  figures  shows  the  evolution  of  the 
kinetic  and  potential  energies,  and  their  sum,  the  total  energy.  The  right  column  shows 
the  evolution  of  the  axial  and  bending  potential  energies,  which  add  to  the  total  potential 
energy  shown  in  the  left  column.  All  the  simulations  axe  run  with  a  constant  time  step 
At  =  0.05. 

Figure  III. 3. 3  includes  the  solution  obtained  with  the  midpoint  rule.  As  depicted  in 
this  figure,  the  numerical  simulation  explodes  after  a  relative  short  time  interval.  It  is 
clear  from  this  figure  that  the  failure  in  this  case  is  associated  to  an  unbounded  growth  of 
the  energy,  and  more  specifically  due  to  an  unbounded  growth  of  the  axial  energy.  Figure 
III. 3. 5  shows  the  evolution  of  the  norm  of  the  acceleration  of  the  middle  node  of  the  beam. 
The  uncontrolled  growth  of  this  quantity  is  evident. 

The  results  for  the  energy-momentum  conserving  scheme  are  presented  in  Figure 
III. 3. 4.  The  conservation  of  the  total  energy  after  the  initial  interval  of  application  of 
the  load  is  apparent  in  this  case.  The  plot  of  the  axial  and  bending  energies  illustrates 
clearly  the  oscillation  of  the  beam  between  states  of  high  energy  content  in  its  axial  com¬ 
ponent.  The  simulation,  however,  stops  for  the  given  time  step  at  one  of  these  spikes 
in  the  axial  at  ( t  ~  4.2).  The  Newton-Raphson  scheme  used  to  solve  the  incremental 
problem  ceases  to  converge.  Even  though  a  reduction  of  the  time  step  may  possibly  lead 
to  converge,  this  response  illustrates  the  difficulty  in  handling  the  incremental  process  by 
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FIGURE  III.". 5  Thin  beams.  Evolution  of  the  norm  of  the  accel¬ 
eration  in  the  middle  node  of  the  beam  obtained  with  different  time¬ 
stepping  schemes. 


time-stepping  algorithms  not  exhibiting  high  frequency  dissipation  (in  the  current  case, 
exhibiting  a  double  unit  root  at  infinite  frequency),  besides  the  possible  consequences  in 
the  dynamic  response  of  the  algorithm  in  time.  The  solution  obtained  in  the  time  step 
previous  to  this  lack  of  convergence  is  shown  in  Figure  III. 3. 6. a.  It  shows  clearly  the 
aligned  configuration  of  the  beam,  leading  to  the  sudden  increase  in  the  axial  stiffness  as 
described  above.  Further  proof  of  the  dynamic  character  of  the  observed  instability  is  given 
by  the  uncontrolled  growth  of  the  acceleration  in  the  later  stages  of  the  simulation  shown 
in  Figure  III.3.5.  The  norm  of  the  acceleration  of  the  middle  node  in  the  beam  is  depicted 
versus  time.  This  lack  of  control  of  the  acceleration  is  characteristic  in  the  performance  of 
time-stepping  algorithms  not  exhibiting  dissipative  properties  in  the  high-frequency;  see 
e.g.  SiMO  et  al  [1995]. 
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Energy  conserving  HHT 

(t  =  4.2)  (t  =  9.7) 


FIGURE  III. 3. 6  Thin  beams.  Last  converged  solutions  obtained  with 
the  HHT  and  energy-momentum  conserving  schemes. 


Figure  III. 3. 4  also  shows  the  results  for  the  HHT  scheme.  A  large  value  of  = 
0.9  for  the  spectral  radius  at  infinity  is  considered.  The  resulting  evolution  of  the  total 
energy  depicts  clearly  an  overall  energy  decay  (not  monotonic)  in  the  early  stages  of  the 
simulation.  However,  this  situation  changes  at  a  certain  instant  during  the  computation 
with  an  increase  of  the  energy  (even  over  the  initial  energy  level),  leading  eventually  to 
the  stopping  of  the  simulation  for  the  considered  time  step.  The  lack  of  the  unconditional 
dissipative  properties  of  the  scheme  in  the  nonlinear  range  are  evident,  in  contrast  with 
its  well-known  stability  in  the  linear  range.  The  growth  in  the  acceleration  can  also  be 
observed  in  Figure  III. 3. 5,  starting  during  the  stages  where  an  increas-  of  the  energy 
is  observed.  Figure  III.3.6.b  shows  the  final  converged  solution  before  the  stop  of  the 
calculation.  The  large  content  of  axial  energy  is  evident. 

Figure  III. 3. 4  depicts  also  the  solution  obtained  with  the  dissipative  EDMC-1  scheme. 
A  value  of  Xi  =  X2  =  2.5  ■  10~3  is  assumed  for  the  axial  terms,  leading  to  the  same  spectral 
radius  at  infinity  of  =  0.9  for  these  contributions  as  assumed  previously  for  the  HHT 
scheme.  The  monotonic  decay  of  the  total  energy  can  be  observed  in  this  figure,  passing  the 
time  steps  where  both  the  energy-momentum  conserving  and  HHT  schemes  led  to  a  lack  of 
convergence.  We  have  not  observe  any  problem  with  the  convergence  in  this  simulation.  We 
can  also  observe  in  Figure  III. 3. 4  the  elimination  of  high-frequency  in  the  evolution  of  the 
axial  energy  for  this  case  when  compared  with  the  original  energy-momentum  conserving 
scheme  at  the  stages  right  before  the  latter  scheme  failed  to  converge.  The  control  of 
the  evolution  of  the  acceleration  during  these  stages  is  also  apparent  in  Figure  III.3.5. 
We  conclude  that  the  numerical  scheme  is  able  to  handle  better  the  sudden  changes  of 
axial  stiffness,  and  its  associated  high-frequency  content,  thanks  to  this  added  numerical 
high-frequency  dissipation. 


i 
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III.4.  Extensions  to  Nonlinear  Elastodynamics 

We  present  in  this  section  the  extension  of  the  previous  developments  to  the  general 
case  of  nonlinear  elastodynamics.  To  this  purpose,  we  present  in  Section  III.4.1  a  brief 
description  of  the  governing  equations  and  the  dynamical  properties  of  interest.  After 
describing  in  Section  III.4.2  the  ideas  and  analyses  presented  in  the  previous  sections  for 
the  two  considered  model  problems  to  the  problem  of  interest  in  this  section,  we  describe 
in  Section  III. 4. 3  two  representative  numerical  simulations  illustrating  the  properties  of 
the  newly  developed  time-stepping  schemes. 


III.4.1.  The  governing  equations 

We  denote  by  =  p(X,t)  the  deformation  of  a  solid  body  B  C  Endim  (n^ im  = 
1,2  or  3)  with  material  particles  X  G  B,  and  by  p  =  p(X,t)  the  corresponding  linear 
momentum  density.  The  material  velocity  is  denoted  by  v.  The  infinite-dimensional 
system  of  nonlinear  elastodynamics  can  then  be  written  as 


/  N  .  _i  \ 

( V  ■■=)  <P  =  Po  Pi 

f  p  ■  Sp  dB  +  f  S  :  FTGrad(Sp )  dB  —  f  paB  •  Sip  dB  +  f  T  ■  Sp  dr  , 

JB  Jb  JB  JB 


(III. 4.1) 


for  all  admissible  variations  Sp  G  V,  that  is,  the  space  of  variations  satisfying  homogeneous 
essential  boundary  conditions  Sp  =  0  on  duB  (the  part  of  the  boundary  with  imposed 
deformations),  as  usual.  The  standard  notation  for  the  reference  density  of  the  solid 
p0  >  0,  the  deformation  gradient  F  :=  Grad^?,  the  second  Piola-Kirchhoff  stress  tensor 
S,  the  external  body  force  B,  and  imposed  tractions  T  on  dxB  has  been  employed  in 
(III. 4. lb  The  case  of  interest  corresponds  to  an  hyperelastic  solid  characterized  by  a 
stored  energy  function  W  =  W(C),  with  C  :=  FTF  (by  frame  indifference),  and  the 
stress-strain  relation 

dW 

S  =  2—.  (UIA.2) 

Equation  (111.4.1)2  has  been  written  in  weak  form  given  our  interest  to  develop  a  finite 
element  implementation  of  the  resulting  methods. 

The  equations  (III.4.1)  define  an  infinite  dimensional  Hamiltonian  system,  exhibiting 
in  particular  the  classical  law  of  conservation  of  energy 

H{p,p)=  [  b  Po 1  Hp||2  dB+  [  W(C(p))dB=  constant ,  (III.4.3) 

Jb  v - v - '  Jb 

Po  Hull2 


in  the  special  case  of  a  Neumann  problem  (that  is,  B  =  T  =  0  and  duB  =  0).  Similarly  in 
this  case,  the  symmetry  of  the  Hamiltonian  (III. 4. 3)  under  rigid  body  motions,  consisting 
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of  rigid  translations  and  rigid  rotations  (G  =  Rndim  x  SO{nd im)  in  the  notation  of  Section 
III. 2. 1.1  above),  leads  to  the  conservation  laws  of  the  linear  and  angular  momenta 

l  :=  p0v  dB  =  constant  and  J:—  p0  <p  x  v  dB  —  constant  ,  (III. 4. 4) 

Jb  Jb 

for  the  cross  product  x  of  two  vectors  in  R3  (or  its  corresponding  embedding  in  lower 
dimensions). 

The  presence  of  these  symmetries  lead  to  the  existence  of  the  associated  relative 
equilibria  characterized  by  the  equilibrium  deformation  (pe  (up  to  a  rigid  body  motion), 
for  the  equilibrium  angular  velocity  fie  and  translational  velocity  ve.  The  equilibrium 
trajectories  ipet(X,t )  are  generated  by  the  infinitesimal  rigid  motion  corresponding  to  Qe 
and  ve,  that  is,  they  are  the  solutions  of  the  first  order  ordinary  differential  equation 

Pet  ~  ^ e  X  Pet  4"  ^  ^  Pet  =  Po  [^e  Pet  T  ^e]  ^  i  (III. 4. 5) 


with,  say,  pet(X,0)  =  pe{X)  VX  £  B.  The  integration  of  (III.4.5)  leads  to  the  solutions 


<Pet{X,t )  =  exp 


<pe(X)  +  u(t) 


for 


exp 


r]fie  dp  )  v 


e  5 


(III. 4. 6) 


consisting  of  a  rigid  translation  and  a  rigid  rotation  with  constant  axial  vector  fie  (with 
f2e  denoting  the  corresponding  skew  tensor).  Carrying  on  the  time  integration  in  (III.4.6) 
leads  to  the  alternative  closed-form  expression 


“(()  =  urp  (x  -  exP  M )  x  +  lOTlp  - 


with  the  well-defined  limit  ue(t )  =  vet  for  ||f?e||  — »  0.  Again,  the  above  solutions  fix 
the  arbitrary  superposed  rigid  body  motion  by  assuming,  without  loss  of  generality,  that 
<Pet(X,  0)  =  ^e(X). 

Inserting  the  expression  (III. 4. 6)  in  (III.4.1),  we  obtain  the  weak  equation 


[  S(tpe )  :  jFeTGrad(5v?)  dB  -  [  p0fle  x  [f2e  x  ipe  +  ve)  ■ 

JB  JB 


dB 


/'TTT  A  7\ 


characterizing  the  relative  equilibria.  The  weak  equation  (111.4.7)2  is  to  be  understood 
for  all  variations  Sip  £  V/GieiMe,  that  is,  and  following  the  notation  introduced  in  Section 
III. 2. 1.1,  up  to  rigid  body  motions  preserving  the  linear  and  angular  momenta,  le  and  fxe 
respectively.  Using  the  relations  (III. 4. 4)  with  (III. 4. 5),  we  obtain  the  following  equilibrium 
relations  for  these  momenta 


M 


ve  +  nex  <p 


(c) 


and  pe  =  J(c)  i?e  +  x  le 


(III. 4. 8) 
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with  Oe  x  le  =  0  and  fie  xl^f2e  =  0  (i.e.  Qe  is  an  eigenvector  of  the  locked  inertia  2^), 
for  the  total  mass  M  —  fBpa  dB ,  the  position  of  the  center  of  mass  :=  (fB  p0ipedB)/M , 
and  the  locked  inertia  tensor  at  equilibrium 


lic)  [  po  [Ike||2l  -  Ve  0  <Pe]  dB  -  M 
Jb 


<P(eC) 


<8 )  <p 


(c) 

e 


(III. 4. 9) 


We  refer  to  SiMO  et  al  [1991]  for  complete  details.  In  particular,  all  the  arguments  char¬ 
acterizing  these  solutions  as  the  stationary  points  of  the  corresponding  augmented  Hamil¬ 
tonian,  exactly  as  for  the  simple  model  considered  in  Section  III. 2,  can  be  found  in  this 
reference.  From  a  physical  point  of  view,  we  observe  that  (111.4.7)2  can  be  understood  as 
the  equilibrium  of  the  solid  under  the  action  of  the  centrifugal  force  associated  to  the  rigid 
motion. 


III.4.2.  An  energy  decaying  scheme 

The  developments  presented  for  the  two  model  problems  considered  in  the  previous 
sections  translate  directly  to  the  system  (III.4.1)  of  nonlinear  elastodynamics.  In  the 
context  of  the  finite  element  method,  the  resulting  scheme  reads 


xn+\  Xn  A  t  ll^n+lll  ll^n  II  \  A 

A*  V  *MI<ill  +  MI7  "+* 

Mh  +  J*  bt +is  iB  _  f(ext)  =  o  _ 


(A  =  1  ,...,nnode)  ,(111.4.10) 
(III. 4. 11) 


for  a  typical  spatial  finite  element  discretization  involving  the  nodal  positions  (and  corre¬ 
sponding  nodal  displacements)  xA  =  ip(XA,Ln)  =  XA  +  dA  (A  —  1  ,n„0(je),  and  nodal 
velocities  v  :=  {u1, . . . , 'unnod=}.  The  linearized  strain  operator  Bn+i  is  defined  by  the 
relation 

Bn+iSd  :=  Fj+iGrad(<^)  ,  (III.4.12) 

for  an  admissible  variation  6(p  and  its  corresponding  nodal  values  5d.  The  stress  S  in 
(III. 4. 11)  is  given  by  the  relation 


S  =  Sr 


+  2 


T>w 


'n+l 


lio+i-oil  \\cn+1-cn 


:=  N 


(III.4.13) 


for  the  Euclidean  norm  of  a  rank- two  tensor  ||C|j2  :=  CijCij  and  for  a  conserving  approx¬ 
imation  Scons  of  the  stress,  that  is,  satisfying  the  relation 

Scons  :  I  (0+1  -  O)  =  W(Cn+1)  -  W(Cn)  .  (III. 4. 14) 
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The  simulations  presented  in  Section  III. 4. 3  consider  the  particular  expression 


=  2 


W(Cn+1)  -  W(Cn) 


' n+1 


cn 


N  +  2 


I  —  N  <S>  N 


}dCW(- 


'n+l 


+  Cn 


)  ,  (III. 4. 15) 


with  the  well-defined  limit 

SCTn,  =  2acW(C"+12+C")  for  C„  =  C„+1,  (III.4.16) 


first  proposed  in  Simo  &  Gonzalez  [1996],  where  N  has  been  defined  in  (III.4.13).  The 
dissipation  function  Vw  =  T>w(Cn,Cn+ 1)  is  constructed  using  the  ideas  presented  in 
Section  III. 2  for  model  problem  I.  In  particular,  the  consistency  condition 


'DwjCn,  Cn+ 1) 
ll<?„+i-Cn|| 


as 


'n- f  1 


-c„ 


(III. 4. 17) 


is  imposed.  The  simulations  presented  in  Section  III. 4. 3  are  based  on  the  residual  expres¬ 
sion 


Vw:=iXl  /w(Cn+1)  +  W(Cn))-W( 


C'n+l  +  C'n 


(III. 4. 18) 


for  a  scalar  parameter  x15  as  in  model  problem  I.  Alternative  expressions  following  the 
arguments  in  Remark  III. 2. 1.1  can  also  be  considered.  Finally,  equation  (III. 4. 11)  makes 
use  of  a  lumped  mass  matrix  Ml  (obtained,  for  example,  by  the  traditional  row  sum). 
This  consideration  allows  to  arrive  to  a  nodal  form  of  the  update  equation  (III.4.11)i,  thus 
simplifying  considerably  the  final  numerical  implementation. 


The  proposed  numerical  scheme  exhibits  the  same  properties  as  presented  in  Section 
III. 2. 2  for  the  simple  model  problem  of  the  nonlinear  spring-mass  system.  We  summarize 
these  properties  in  the  following  proposition. 


Proposition  III. 4.1  The  numerical  scheme  (III. 4-10)-(III. 4-11)  possesses  the  following 
conservation/ dissipation  properties  for  the  Neumann  problem  of  nonlinear  elastodynamics 
(i.e.  f(ext )  =  0  and  duB  —  0): 

1.  The  discrete  linear  and  angular  momenta  are  conserved.  That  is,  given  Ml  =  diag(mA) 
(A  =  1  ,nnode,  with  rriA  >  Oj  with 

^nodc  Tlnode 

lh  :=  Mlv  -  -  ^2  mAVA  and  Jh  :=  ^  tua  xA  x  vA  ,  ( III. 4-19 ) 

A=l  A= 1 

for  the  spatial  nodal  coordinates  xA  :=  tp(XA),  we  have 

i‘+1  =  lh„  and 


(. III.4.20 ) 
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unconditionally  in  the  time  step  At. 

2.  The  total  energy 

H  =  \v  ■  Mlv  +  [  W(C )  dB  , 

JB 

satisfies  the  relation 

Hn+ 1  -  Hn  =  -  [Dk  +  T>v ]  for  Vy  ■=  [  T>w  dB  , 

Jb 


withVw  given  by  (III. 4-18)  and 

Tlpoint 

VK  =  X  mA  (H^+lll  “  HVn  II)2  ^  0  » 

A= 1 


(. III.4.2I ) 


{III. 4. 22) 


(. III.4.23 ) 


for  X2  —  0-  Honce  the  scheme  is  unconditionally  dissipative  (i.e.,  the  energy  decays 
or  is  conserved  for  any  time  step  At)  iff  Vy  >  0.  This  last  inequality  follows  from 
the  convexity  ofW{C),  or  its  convexification  otherwise  ( see  Remark  III. 2. 1.2). 

3.  The  discrete  dynamical  system  preserves  the  relative  equilibria  of  the  continuum  sys¬ 
tem.  That  is,  the  discrete  relative  equilibria  ipe  satisfy  the  finite  element  equation 

nnodc 

mA  I2e  x  ( I2e  x  ipA  +  ve )  + 

A= 1 


L 


BE  S(ipE)  dB  =  0, 


(IU.i.U) 


the  counterpart  of  (III. 4-7),  with  the  corresponding  group  motions  (III. 4-6)  approxi¬ 
mated  by  the  discrete  relations 


X n  =  +  Un  , 

=  An  [Qe  xipA  +  ve] 


{. III.4.25 ) 


where  <p£  =  (pe{XA)  and  the  sequences  {-/4n}£iL0  and  {un}^L0  are  defined  for  some 
initial  value  A0  and  uQ  (an  arbitrary  rigid  body  motion)  by  the  relations 

An+ 1  =  Ancay(Atf2e)  and  un+ 1  =  un  +  At  A*n  ve  ,  {III. 4-26) 


for  A*n  :=  (An  +  An+ij/2  and 


cay 


e  SO{ 3) , 


{III.  4. 27) 


in  the  general  three-dimensional  case. 
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Proof:  The  proof  follows  arguments  similar  to  the  ones  presented  in  Section  III.2.3.2  for 
the  proof  of  Proposition  III. 2.1.  Briefly,  we  have: 

i.  Conservation  of  linear  momentum.  The  evolution  of  the  linear  momentum  for  the 
Neumann  problem  of  interest  is  given  by 


™node 


flnode 


K+l  -  In)  •  a  =  Y  mA  M+ 1  -  Vn  )  ■  a  =  Y  f$nt)  *  ° 


A— 1 


A= 1 


=  f  S  :  F^+LGrad(a)  dB  =  0  Va  € 


n+ 


(III.4.28) 


after  noting  that  <5i£>  =  a  is  an  admissible  variation  ( duB  =  0).  The  relation  (III. 4. 20)  i 
follows. 

ii.  Conservation  of  angular  momentum.  The  evolution  of  the  angular  momentum  for 
the  Neumann  problem  of  interest  is  given  by 


=  £  f(U  ■  (»*•■£*)  =  Je  S  :  F^xGrad 


L 


=  /  F„^kSF 

'Bv. 


W  dB  =  0 


Vw  G 


(III. 4. 29) 


symmetric  skew 


for  the  skew-symmetric  tensor  VP  with  axial  vector  in.  Note  that  dtp  —  WxA,  :  is  an 

Tl-f-  2 

admissible  variation  for  the  Neumann  problem  ( duB  —  0).  The  relation  (111.4.20)2  follows. 


iii.  Energy  evolution.  The  evolution  of  the  kinetic  energy  is  given  by 


Unode 


Tlnode 


Kn+1  ~Kn=  mA  W+l  “  Vn)  ’  =  Y  mA  W+l  ~  ^n)  '  ~  *£) 


A=1 


A=1 
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TL-nodc 

-Ex 

A=  1 


V. 


n+1 1 


V' 


’  mA  IW+ill  +  IIK 


W+l  -  vn  )  ■  V*+l 


~d7 


Tlnode 


=  S  ft™t)  ■  (Xn+1  -  Xn)  -  VK 


(III.4.30) 


j4=1 


after  using  once  again  (III.4.10)  and  (IIL4.il).  The  energy  evolution  equation  (III.4.22) 
follows  after  noting  the  relation 

Tlnode  p 

E  /(*.*)  ■  (atf+i  -  *i)  =  /  (K+i  -Wn-  Vw)  dB  (III.4.31) 

A= 1  JB 


after  using  (III. 4. 15). 

iv.  Relative  equilibria.  We  first  observe  that  the  velocities  (111.4.25)2  are  such  that 
Ikn+ill  =  \\vn  II  (A  =  Mnode),  so  VK  =  0  Similarly,  we  have  Cn+X  =  Cn  =  Ce  for  the 
deformations  defined  by  the  nodal  displacements  (III.4.24),  thus  leading  to  T>y  =  0  and  the 
limit  formula  (III.4.16).  The  existence  of  the  solutions  (III.4.25)  and  (III.4.26)  satisfying 
(III. 4. 24)  can  be  verified  by  direct  calculation  after  noting  the  relation 

An+1  -An  =  ~(An+  An+1)  4  ,  (IIL4.32) 

for  the  rotations  (III.4.26)!.  □ 


Remarks  III. 4.1. 

1.  Formulations  involving  a  consistent  mass  approximation  in  (III.4.11)  are  constructed 
as  follows.  Denote  by  Afy  the  finite  element  shape  function  of  node  A  =  1, . . . ,  nnode, 
so  the  consistent  mass  block  corresponding  to  two  typical  nodes  is  given  by 

Mab  =  f  PoNa  Nb  dB  1  G  Rndi*"xndi”  (A,  B  =  l,...,nnode)  .  (III.4.33) 

Jb 


Equation  (III.4. 1 1) i  is  then  replaced  by  the  relation 


x 


n+l 


X 


At 


~  ^n+i  Qdiss  (A  ~  !>•••»  nnode)  i 


(III. 4. 34) 


where  the  nodal  vectors  gdl3S  €  Rndim  are  the  solution  of  the  system  of  equations 

liss  X2  I 

Jb 


MAB9diss 


_  IK+ill  -  IkiL 

PoNa  11  ,  11..  nUn+i  dB  . 


Ify„+i||  +  II  vn 


(III. 4. 35) 
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Calculations  similar  to  the  ones  presented  in  Proposition  III.4.1  show  the  very  same 
conservation/dissipation  properties  for  this  consistent  mass  formulation,  with  T>k 
given  in  this  case  by 

Vk=\x,  [  MK+ill  -  KID’  dB  >  0  ,  (III. 4.36) 

*  JB 


and  the  linear  and  angular  momenta  given  by  the  continuum  relations  (III.4.4).  The 
resulting  global  character  of  the  nodal  displacement  updates  (III. 4. 34)  by  (III.4.35) 
leads  to  a  much  more  involved  implementation.  Efficient  iterative  schemes  can  be 
devised;  details  are  omitted.  Nevertheless,  the  original  lumped  formulation  (III. 4. 11) 
is  preferred  due  to  this  added  computational  cost. 

2.  The  expression  resulting  of  (III.4.13)  and  (III.4.34)  for  the  stress  tensor  S  can  be 
written  as 


S  =  S  + 


\W(Cn+1)-W(Cn)+Vw  *  ' 

\\cn+1-cn\\  •  J 


N, 


(III. 4. 37) 


for  S  2d(jW ((CTl+i  +  Cn)/ 2).  We  note,  however,  that  any  other  expression  of 
S  consistent  with  the  continuum  stress  formula  (III. 4. 2)  can  be  used.  The  numeri¬ 
cal  properties  described  in  Proposition  III. 4.1  still  hold  for  the  resulting  first  order 
formula.  □ 


III. 4. 3.  Representative  numerical  simulations 

We  illustrate  in  this  section  the  previous  theoretical  developments  with  two  repre¬ 
sentative  examples,  in  plane  strain  and  three-dimensional  settings,  respectively.  Figure 
III. 4.1  depicts  the  geometric  definition  of  the  problems  under  consideration,  consisting  of 
a  circular  cylinder  and  two  panel  arms,  a  configuration  in  satellite  type  structures.  In  both 
cases,  we  consider  a  Neo-Hookean  stored  energy  function 

W(C)  =  ^  log2  J  +  \p{h  -  3)  -  /x  log  J  (III. 4. 38) 

for  J  =  Vd etC  and  I\  =  tr C.  The  parameters  A  =  3, 000,  p  =  750  and  density  p0  —  8.93 
are  assumed  for  the  cy finder,  and  A  =  100,  /z  =  25  and  pQ  =  0.5  for  the  arms. 

In  both  the  plane  and  three-dimensional  cases,  the  solids  have  free  boundaries  and  no 
external  body  or  surface  loads  are  applied.  The  motion  is  started  by  imposing  an  initial 
velocity  at  each  node  corresponding  to  a  rotation  around  an  axis  passing  through  the 
center  of  symmetry.  That  is,  the  initial  nodal  velocities  are  perpendicular  to  the  vector 
joining  the  nodal  point  to  the  center,  with  a  magnitude  proportional  to  the  radius  and  the 
initial  angular  velocity  Qa.  For  the  plane  strain  case,  this  rotation  is  plane.  The  initial 
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Three-dimensional  problem 

FIGURE  III. 4.1  Nonlinear  elastodynamics.  Geometric  definition  of 
the  solids  considered  in  the  plane  strain  and  three-dimensional  prob¬ 
lems,  respectively. 


Plane  strain  problem 


nodal  displacements  vanish.  These  initial  conditions  lead  to  a  deformation  and  rotation 
(tumbling  in  the  general  three-dimensional  case),  with  the  center  of  the  solid  being  at  rest 
at  all  instances  by  symmetry. 

Figures  III. 4. 2  and  III. 4. 3  depict  the  solution  obtained  by  the  new  EDMC-1  scheme  for 
the  plane  strain  case  with  =  0.28112.  The  dissipation  parameters  of  Xi  =  X2  —  0.025 
have  been  chosen,  wit  a  constant  time  step  of  At  =  0.3.  The  initial  stages  of  the  simulation 
are  shown  in  Figure  III.4.2,  where  we  can  observe  clearly  the  bending  and  axial  modes  of 
the  more  flexible  arms  in  the  initial  motion.  Figure  III. 4. 3  shows  later  stages  of  the  same 
simulation.  We  can  observe  the  effective  elimination  of  these  high-frequency  modes,  with 
the  solution  consisting  essentially  of  a  rigid  rotation  locked  at  an  equilibrium  position.  This 
response  confirms  fully  the  analyses  presented  in  the  previous  sections  for  the  proposed 
algorithms.  Indeed,  Figure  III. 4. 4  includes  the  evolution  of  the  angular  momentum  (one 
component  in  this  plane  problem)  and  the  total  energy.  The  conservation  of  the  former 
at  the  initial  value  of  /z  =  1.2974  ■  105  is  verified,  with  the  total  energy  depicting  also  a 
monotonic  dissipation  to  the  asymptotic  value  of  H0 0  =  1.5272  •  104. 

For  comparison,  we  also  run  this  same  plane  strain  problem  with  the  HHT  scheme 
(o;  =  0.9),  with  the  same  constant  time  step  of  At  =  0.3.  Figure  III. 4. 5  shows  the 
evolution  of  the  angular  momentum  and  total  energy  for  this  case.  We  observe  that  the 
energy  dissipation  is  not  monotonic,  and  that  the  angular  momentum  is  not  conserved. 
In  fact,  the  angular  momentum  decreases  (observe  the  decreasing  trend  in  the  end  of  the 
assumed  simulation  time,  as  well),  leading  to  a  slow  down  of  the  overall  rotation  of  the 
solid  corresponding  to  the  group  motions  of  these  problems.  The  deficient  dissipative 
properties  of  the  HHT  scheme  obtained  in  the  analyses  and  numerical  simulation  of  the 
model  problems  considered  previously  are  then  also  observed  in  this  more  general  setting 
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FIGURE  III.4.3  Plane  strain  simulation.  Long-term  solution 
obtained  with  the  new  energy-dissipative,  momentum-conserving 
(EDMC-1)  time-stepping  scheme. 


of  nonlinear  elastodynamics. 

t0  illustrate  more  clearly  the  conservation  of  the  relative  equilibria  by  the  new  EDMC- 
1  scheme,  we  obtain  the  deformation  ipe  corresponding  to  the  relative  equilibrium  by  solv¬ 
ing  the  weak  equation  (III. 4. 7)  with  a  prescribed  angular  velocity  fie  at  equilibrium  (and 
ve  =  0).  The  corresponding  angular  momentum  fie  at  equilibrium  is  given  by  (III. 4. 4)  and 
has  the  value  /j,e  =  1.2974- 105  for  the  previous  simulations  starting  away  from  equilibrium. 
Due  to  the  symmetry  in  this  problem,  the  imposed  essential  boundary  conditions  when 
solving  (III. 4. 7)  consist  of  fixing  the  central  node  of  the  cylinder,  and  constraining  the 
rotation  around  it.  Figure  III. 4. 6  shows  the  resulting  deformed  configuration  of  the  solid. 

Once  the  exact  solution  ipe  at  equilibrium  is  obtained,  we  repeat  the  dynamic  simula¬ 
tions  with  the  initial  nodal  displacements  corresponding  to  ip0  =  tpe  and  the  initial  nodal 
velocities  corresponding  to  va  =  f2eez  x  <pe,  with  e3  being  the  unit  vector  perpendicular 
to  the  plane  of  the  problem  ( <pe  is  measured  from  the  center  of  the  solid).  As  before,  no 
degrees  of  freedom  are  restrained  in  the  dynamic  simulations.  Therefore,  the  exact  solution 
for  these  initial  conditions  should  be  a  uniform  rotation  about  the  center  of  symmetry  of 
the  solid. 
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FIGURE  III. 4. 4  Plane  strain  simulation.  Evolution  of  the  angular 
momentum  and  total  energy  in  time  along  the  numerical  solution  pre¬ 
sented  in  Figures  III. 4. 2  and  III. 4. 3  obtained  with  the  EDMC-1  scheme 
(Xi  =  X2  =  0.025).  Constant  time  step  of  At  =  0.3. 
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FIGURE  III. 4. 5  Plane  strain  simulation.  Evolution  of  the  angular 
momentum  and  total  energy  in  time  for  the  HHT  method  (a  =  0.9). 
Constant  time  step  of  At  =  0.3. 
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FIGURE  III. 4. 6  Deformed  configuration  corresponding  to  the  rel¬ 
ative  equilibrium.  Points  A,  B,  and  C  are  marked  on  the  horizontal 
symmetry  axis.  These  are  the  points  whose  trajectories  are  depicted  in 
the  following  plots. 


Figures  III. 4. 7  and  III. 4. 8  depict  the  evolution  of  the  angular  momentum  and  total 
energy  obtained  with  the  the  EDMC-1  (x1  =  X2  =  0.025)  and  HHT  (a  =  0.9)  schemes. 
Figure  III. 4. 9  depicts  the  relative  errors  of  the  radial  distance  to  the  center,  that  is, 


I  _  rJ(t)  -rJ(0) 
r'(0) 


(III. 4. 39) 


for  the  nodes  A,  B ,  and  C  (see  Figure  III.4.6).  The  conservation  of  the  energy  and  the 
angular  momentum,  and  the  error  measures  e1  give  a  complete  idea  of  how  close  a  motion 
is  to  a  relative  equilibrium. 

From  the  plots  in  Figures  III. 4. 7  and  Ill. 4. 9,  we  can  clearly  observe  that  the  motion 
obtained  with  the  EDMC-1  scheme  is  a  rigid  rotation  about  the  center  of  symmetry 
of  the  solid,  with  constant  energy  and  angular  momentum.  Notice  also  that  the  values 
of  the  angular  momentum  and  the  energy  during  the  motion  are  fie  =  1.2974  •  105  and 
He  =  1.5272  -104  respectively.  These  values  correspond  to  the  constant  angular  momentum 
fi  and  the  asymptotic  value  of  the  total  energy  in  the  original  numerical  simulations 
starting  from  general  initial  conditions.  The  deformed  configurations  at  the  later  stages 
of  the  simulation  depicted  in  Figure  III. 4. 3  are  also  to  be  compared  with  the  equilibrium 
configuration  of  Figure  III.4.6.  These  results  confirm  the  conservation  by  the  EDMC- 
1  scheme  of  the  relative  equilibria,  and  the  dissipation  to  these  (non-static)  equilibria  in 
the  general  case,  shown  in  the  analyses  and  numerical  simulations  for  the  model  problems 
considered  previously. 

This  situation  is  to  be  contrasted  with  the  solutions  obtained  with  the  HHT  scheme. 
As  shown  in  Figure  III. 4. 8  the  angular  momentum  and  total  energy  of  the  solid  are  both 
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FIGURE  III. 4. 7  Plane  strain  problem.  Energy  and  angular  momen¬ 
tum  with  initial  conditions  corresponding  to  a  relative  equilibrium. 
EDMC-1  method  with  Xi  —  X-^  =  0.025.  300  time  steps  of  size 

At  =  0.3 


Xlt>‘ 
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time 


FIGURE  III. 4. 8  Plane  strain  problem.  Energy  and  angular  momen¬ 
tum  with  initial  conditions  corresponding  to  a  relative  equilibrium. 
HHT  method,  a  =  0.9.  Time  steps  of  size  At  =  0.3,  final  time 
Tf  =  500.  Both  the  energy  and  the  angular  momentum  decrease  in 
the  simulation,  so  the  relative  equilibrium  can  not  be  conserved. 
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FIGURE  III. 4. 9  Relative  error  in  distance  to  center  of  the  solid  of 
nodes  A,  B  and  C.  Left:  EDMC-1  scheme  (xq  =  X2  —  0.025).  Right: 
HHT  scheme  (a  =  0.9).  Constant  time  step  At  =  0.3. 


dissipated  even  though  the  initial  conditions  correspond  to  the  exact  relative  equilibrium. 
The  appearance  of  internal  modes  of  vibration  for  this  case  is  clear  in  the  evolution  of  the 
radial  relative  errors  presented  in  Figure  III. 4. 9. 

To  conclude  we  present  in  Figures  III.4.10  and  III. 4. 11  the  results  obtained  with 
the  EDMC-1  scheme  for  a  similar  problem  but  in  general  three  dimensions.  As  in  the 
previous  plane  case,  the  initial  conditions  are  given  by  zero  nodal  displacements  and  the 
nodal  velocities  of  a  rigid  rotation.  The  initial  axis  of  rotation  is  (1,1,1)  in  a  Cartesian 
coordinate  system  with  origin  at  the  center  of  cylinder,  and  two  orthogonal  directions 
along  the  axis  of  the  cylinder  and  the  middle  line  of  one  of  the  panels,  respectively.  The 
initial  angular  velocity  is  Qa  —  0.2.  These  initial  conditions  do  not  correspond  to  a 
relative  equilibrium  and  lead  to  a  general  motion  consisting  of  a  tumbling  rotation  and 
internal  vibration  modes  of  the  solid.  In  particular,  the  deformed  configurations  of  Figure 

111. 4. 10  clearly  show  the  bending,  torsional  and  axial  oscillations  of  the  solid  arms.  Figure 

111. 4. 11  shows  the  solution  at  a  much  later  time  for  the  same  numerical  simulation.  The 
progressive  elimination  of  these  modes  can  be  observed,  without  requiring  the  elimination 
of  the  overall  rotation  of  the  solid.  Figure  III. 4. 12  depicts  the  evolution  of  the  three 
Cartesian  components  of  the  angular  momentum  and  the  total  energy  of  the  solid  in  time. 
The  conservation  of  the  angular  momentum  and  the  monotonic  decay  of  the  energy  to 
the  relative  equilibria  is  verified.  The  additional  fact  that  these  dissipative  properties 
are  totally  controllable,  as  shown  by  the  analyses  presented  above,  make  the  proposed 
time-stepping  schemes  very  interesting  for  problems  involving  this  type  of  free  motions. 
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FIGURE  III. 4. 10  Three-dimensional  problem.  Solution  obtained 
with  the  new  energy-dissipative,  momentum-conserving  (EDMC-1) 
time-stepping  scheme. 
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FIGURE  IIL4.il  Three-dimensional  problem.  Long-term  solu¬ 
tion  obtained  with  the  new  energy-dissipative,  momentum-conserving 
(EDMC-1)  time-stepping  scheme. 


FIGURE  III. 4. 12  Three-dimensional  problem.  Evolution  of  the  total 
energy  and  the  three  Cartesian  components  of  the  angular  momentum 
obtained  with  the  EDMC-1  scheme. 
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III. 5.  Concluding  Remarks 

We  have  presented  in  this  paper  the  formulation  of  time-stepping  algorithms  that  ex¬ 
hibit  numerical  dissipation  in  the  high-frequency  range  in  the  general  context  of  nonlinear 
dynamics.  In  particular,  we  have  presented  analyses  of  existing  and  new  methods  for  two 
simple  model  problems  and  the  fully  nonlinear  problem  of  nonlinear  elastodynamics.  Sev¬ 
eral  representative  numerical  simulations  have  been  presented  illustrating  the  performance 
of  the  new  schemes  as  related  to  the  analyses  presented. 

As  a  final  conclusion,  we  emphasize  once  more  the  importance  not  only  of  having 
proven  rigorously  the  dissipative  properties  in  the  high-frequency  range  for  general  non¬ 
linear  problems,  but  also  the  need  for  the  numerical  schemes  to  preserve  the  conservation 
laws  of  the  linear  and  angular  momenta.  The  need  for  the  conservation  of  the  relative 
equilibria  of  the  underlying  physical  system  has  also  been  illustrated.  The  lack  of  numer¬ 
ical  dissipation  in  the  group  motions  of  systems  with  symmetry  is  of  the  key  importance 
for  the  simulation  of  elastic  systems  in  free  motions.  The  results  presented  in  this  first 
part  of  this  work  show  a  simple  way  of  introducing  this  dissipation,  in  a  fully  controlled 
manner.  Even  though,  the  resulting  algorithms  are  only  first  order  accurate  in  time  (but 
leading  to  a  second  order  approximation  of  the  group  motions),  we  believe  that  obtaining 
a  correct  qualitative  picture  of  the  exact  dynamics  for  a  fixed  time  step,  as  obtained  with 
the  proposed  schemes,  is  even  a  more  important  property.  This  is  especially  the  case  after 
noting  the  qualitatively  distorted  picture  of  the  phase  space  obtained  with  more  tradi¬ 
tional  “dissipative”  numerical  schemes,  including  high  order  schemes.  Extensions  leading 
to  higher  order  methods  that  exhibit  the  aforementioned  conservation  properties  for  gen¬ 
eral  problems  of  nonlinear  elastodynamics  (general  potentials)  together  with  a  controllable 
numerical  dissipation  can  be  obtained  by  preserving  the  structure  of  the  numerical  algo¬ 
rithms  presented  herein,  but  with  high-order  expressions  of  the  dissipative  contributions. 
These  ideas  are  the  focus  of  the  forthcoming  second  part  of  this  work. 


Appendix  III.l.  The  Characterization  of  Discrete  Relative  Equi¬ 
libria 

Relative  equilibria  of  Hamiltonian  systems  with  symmetries  correspond  to  the  trajec¬ 
tories  generated  by  the  action  of  an  one-parameter  subgroup  of  the  symmetry  group,  the 
so-called  group  motions.  For  the  spring-mass  model  problem  of  interest  herein,  these  equi¬ 
libria  have  been  characterized  in  Section  III. 2. 1.1  as  the  rigid  rotation  of  the  spring,  with 
a  constant  angular  velocity  !?e  and  constant  stretch  of  the  spring  le  related  by  equation 
(III. 2. 12).  The  goal  of  this  appendix  is  to  characterize  the  corresponding  solutions  of  the 
discrete  dynamical  systems  generated  by  typical  time-stepping  algorithms.  We  summarize 
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only  the  main  ideas  involved  in  the  analysis  and  refer  to  Romero  &  Armero  [1999]  for 
complete  details  of  the  derivations  involved. 

More  specifically,  we  investigate  the  existence  of  discrete  solutions  of  the  form 

9en+1  =  Aqen  and  pBn+1  =  ApBn  ,  (III.l.l) 


for  a  rotation  A  €  G  =  SO( 2),  constant  for  all  time  increments  [tn,  fn+i]  n  =  0, 1, 2, . . ..  A 
constant  time  step  At  =  £n+i  —  tn  for  all  n  is  assumed.  Denoting  qe  =  qeo  and  pe  =  peo 
(note  that  relative  equihbria  are  defined  up  to  a  rotation) ,  we  conciude  that  for  the  assumed 
solution 


Qen  =  Anqe  and  pBn  =  Anpe 


IkeJI  =  Ikell  =:  le  , 
\\PeJ  =  ||Pe||  > 


(III. 1.2) 


for  all  n  =  0, 1, ...  If  i?  denotes  the  angle  between  the  qn  and  qn+i  vectors,  we  can  write 


—  sin  \ 
cosi?  J  ’ 


(III. 1.3) 


in  a  Cartesian  basis  {ei,e2}.  Without  loss  of  generality,  we  consider 

Qe  —  le  • 


(III. 1.4) 


The  solution  (III.l.l)  defines  the  relative  equilibria  of  the  discrete  dynamical  system  defined 
by  numerical  scheme,  generated  by  the  constant  rotation  A  E  SO (2)  (or  alternatively  by 
6  R  as  defined  in  (III.  1.3)). 


III.l.l.  The  generalized  a-method 

We  consider  first  the  generalized  a-method  defined  by  equations  (III. 2. 17).  In  this 
case,  the  generalized  midpoint  vector  qn+a  =  (1  —  ct)qn  +  aqn+i  can  be  written  as 

qn+a  =  Gqn+ 1  =  GAqn  with  G  :=  (1  -  ct)AT  +  al  ,  (III.1.5) 


and  similarly  for  the  generalized  midpoint  momenta  pn+a-  We  note  that  the  matrix  G  is 
not  a  rotation,  except  for  a  =  0  or  1,  and  that  it  commutes  with  A  that  is,  GA  =  AG,  as 
it  can  be  easily  verified  from  the  definition  (111.1.5)2  Introducing  the  definition 


At2  V'(\\Qen+J)  =  At2  fr'(||Gge|)) 
m  lken+J  rn  ||Gqe|| 


(III. 1.6) 
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the  evaluation  of  equations  (III.2.17)  leads,  titer  some  algebraic  a  li  pul  at  ions,  to  the 
relation  r_ _ _ _ 

(III. 1.7) 


pe  =  m/A L  \A  —  1  +  1/(5  —  0)G  +  udAG  qe 


for  the  linear  momenta  pe  at  equilibrium  and,  after  using  (III.  1.4),  i<  equation 


[k2/12  +  k-.A  4-  ktA  !  +  ten  i]  ei  ==  0  , 


(III. 1.8) 


where  we  have  introduced  the  notation 

«o  =  1  +  —  2/3  +  3  //3  +  7  -  207)  , 

ki  =  -2  +  u{-Anf. 3  -  ^  <*7)  , 

k.2  =  1  4-  aftv  , 

=  v  [{0  -  i)(l  -  o)  +  (1  -  7)(1  “  a)]  - 


(III.1.9) 


Relative  equilibria  will  then  exist  if  equation  :  III.  1.8)  has  el  soluti  ■  defining  and  lc  = 

Htfell  through  (III.  1.6). 


Remarks  III.l.l. 

1.  The  combination  A  —  1,  v  =  0  is  a  solution  fer  every  comb  aiion  (q,  /3, 7).  This 
situation  corresponds  to  the  trivial  solutim  with  the  mass  at  is;  )  =  0  and  le  =  l0 
(the  stress-free  length  of  the  spring).  Any  <  onsistf  nt  tiine-stepp  1  g  algorithm  possesses 
this  solution  trivially. 

2.  Equation  (III.  1.8)  can  be  interpreted  as  the  sum  of  fc-ur  vecto  <7.  Aei,A2ei,  ATei 

each  one  scaled  by  a  factor  «i,  tc?.  aspect  vely.  Q 


We  analyze  next  the  solutions  of  equati  ;n  (III  1.8)  for  the  T  rent  time-stepping 
algorithms  identified  in  Section  III. 2.2. 


Algo.l.  The  HHT-a  method.  The  Hi  b<  r-Hughes- Taylor  u-i 
al  [1977]]  corresponds  to  equations  (III. 2. 17)  v.  ith  pa/amerers 


(a,A7)=(a.er.2>2,(3  -22“>;  ,  0.7  <  a 


The  values  of  the  parameters  k,  are  given  in  this  case 

K0  =  1-1-  ^q(3c2  -  6a  +  4)  , 

Ki  =  -2  +  ~(~3u3  -h  9az  -  8a  +  4)  , 
«2  =  1  +  ^a(2  -  a)2  , 

V  0, 

Kt  =  -aJ(L  -  :i)  . 


tlicd  (see  IilLBER  el 


L  .  (1II.1.10) 


(III.  1.11) 
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FIGURE  III.l.l  HHT  method,  mux,,  |  cos  d|  for  0.2  <  a 
|  cosd|  <  1,  we  must  restrict  a  to  0.3f  <  a  <  . 


The  introduction  of  these  parameters  in  (III.  .8)  wilh  A  given  b' 
system  of  equations 

{Ko  cos  (2d)  +  (/tj  -I-  nj)  cosd  +  ko  ,  =  0 

«2  sin(2d)  +  (k\  —  kt)  sin  d  =0  ==>  cos  d  =  — 

Figure-  III.l.l  depicts  this  last  relation,  showing  the  maximum  co 
For  a  given  a  this  maximum  is  attained  as  u  — ►  oo.  Furthermore 
for  any  value  of  i/,  we  must  restrict  a  >  0.35.  Tote  that  the  HHT  < 
Introducing  (III. 1.11)  in  (III.1.12)i  we  obtain 

1 

kt(kt  -  «i)  +  «2(«o  —  «2)  =  C  «=:■  -(a  —  l)a'r  =  0 

This  equation  is  satisfied  in  three  cases:  v  —  C  (the  t  rivial  static  e< 
a  =  0.  The  case  a  =  1  corresponds  to  the  tnpezoical  rule  and  i; 
case  a  =  0  is  beyond  the  restriction  (III.  1.10;  We  conclude  that 
HHT  scheme  possessing  a  discrete  relative  equilibrium. 

Algo.2.  A  “dissipative”  Ncwmark  schcmt .  Ncwmark:s  metho- 
general  expression  (III.2.17)  with  a  =  1  and  0  <  /3. 7  <  1.  The  par 

5  <  7  <  1  ,  0==  (7+  ^)2/4  , 
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1 

.  if 


1 1 1. 1.3)  leads  to  the  . 


-  -  (for  d  ^  0)  , 

2  (III. 1.12) 

1  its  a  function  of  a. 
;c  have  *5=^  <  1 

2 

ily  considers  a  >  0.7. 

(III. 1.13) 

:ilibrium),  a  =  1  and 
.nalyzed  below.  The 
'  ere  is  no  dissipative 

s  recovered  from  the 
u  ar  combination 

(III.  1.14) 
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defines  a  one-parameter  family  of  first-order  i.Igorithms  that  are 
and  exhibit  numerical  dissipation  in  the  high  frequencies,  for  line i 
consideration  of  a  —  1  in  (III. 1.9),  equation  (111,1.8)  leducss  to 

[7?2A2  +  ifrA  l]  ei  ==  0  , 


with 


-2  +  f(|  +  7  -  20) 
1  +  v(P  -  7  +  5 ) 


and 


+  isifi  -  7  4- 


We  note  that  1  -I-  v(fi  —  7  +  ^)  is  always  positive  if  /?  =  (7  +  5) 
close  examination  of  the  vector  relation  (III.  1.15)  re  zeals  that  a  1 
this  equation  to  have  solution  is  that  772  —  1  liefining  e  =  7  —  |  > 


V2 


1  +  /?y 

1  +  fiv  VC 


>  1, 


so  r)2  >  1  strictly  for  every  v  >  0.  This  implies  thai.  (III.  1.15)  dc 
and  hence,  this  dissipative  family  of  Newmark's  method  do  not  ex 
m  the  problem  under  consideration. 


Algo. 3.  The  trapezoidal  rule.  The  consideration  of  the  parar 
(L  1. 1)  reduces  equation  (III. 1.15)  to  the  system  of  equations 


J  cos  2i?  +  r.  ci  s  i5  —  —  1  , 

(  sin  20  -I-  tisiai?  =  (1 , 

in  terms  of  the  incremental  angle  i9  and  rj  =  (v  1 2  —  2)  ''(l  4-  v/4).  Et 
the  nontrivial  solution  rj  —  —2  cost?.  This  in  pi,  es  tha1.  the  trapezoid 
relative  equilibria  in  the  problem  under  consideration.  The  corresj 
from  (III. 1.7)  by  the  relation 

m  ~ 

Pf  -  v  ?'  J  qe  , 

where  3  has  been  defined  in  (III. 2. 9). 

It  is  interesting  to  observe  that  the  tracer,  tidal  exhibits  the  sa? 
the  exact  continuum  problem,.  This  statement  is  shown  by  observii 
is  conserved  along  the  solution  (III.  1.1)  by  i  ll  .1.2).  Similarly,  the 
the  relative  equilibrium  is  given  by 

Me  —  pe  ■  J q„  —■  ~jrrv  J  le  < 
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1  conditionally  stable 
p-xblems.  With  the 

(III. 1.15) 


•-  (III. 1.16) 

•4.  i  <  7  <  1.  The 
:er.sary  condition  for 
,w:  have 

(III. 1.17) 

net  have  a  solution 
xt  relative  equilibria 

values  (a,/?, 7)  = 


(III. 1.18) 

1  a  t  ions  (III.  1.18)  have 
1  rule  admits  discrete 
icing  pe  is  recovered 

(III.  1. 19) 


•|  erntive  equilibria  as 
first  that  the  energy 
i/ular  momentum  at 

(III.  1.20) 
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after  using  (III.  1.7),  and  is  conserved.  Noting  that  G  =  1  in  this  case,  the  definition 
(III. 1.6)  leads  to 


At2  V'(le) 
v  - - - - 

trap  Tfl  le 

so  (III.1.20)  leads  to  the  equation  in  le 


(III. 1.21) 


v;,(le)  :=  V'(le)  - 


(III.1.22) 


that  is,  exactly  the  same  equation  (111.2.12)3  as  for  the  continuum  system.  We  conclude 
that  the  discrete  relative  equilibria  of  the  trapezoidal  rule  axe  the  exact  ones,  with  the 
energy  and  angular  momentum  conserved  along  then.  It  is  important  to  point  out  that 
this  scheme  does  not  conserve  energy  nor  the  momentum  from  general  initial  conditions. 
Interesting  enough  the  algorithm  still  inherits  the  exact  relative  equilibria. 

Algo. 4.  The  midpoint  rule.  A  similar  calculation  for  the  midpoint  rule  parame¬ 
ters  7)  =  (i,  |,1)  shows  that  exactly  the  same  system  of  equation  (III. 1.18)  as  in 
the  trapezoidal  rule  is  obtained.  We  conclude  then  that  the  midpoint  rule  also  exhibits 
discrete  relative  equilibria,  characterized  also  by  the  expressions  (III. 1.19)  and  (III. 1.20). 
The  nature  of  these  relative  equilibria  is  completely  different  when  compared  with  their 
counterpart  of  the  trapezoidal  rule  (that  is,  the  exact  ones).  The  difference  stems  from  the 
expression 


v 


midp 


Ai2  C^jjGgJ) 
m  ||G9e|| 


V'(||  Gqc\\) 


(III.1.23) 


characterizing  the  relative  equilibria  of  the  midpoint  rule.  The  relations  (III.  1.23)  are  co 
be  contrasted  with  (III. 1.21)  and  the  exact  equation  (III. 1.22).  Noting  that 


II  Gqe 


L 


=  -A  %/l  +  cos  d  , 
v  2 


(III.  1.24) 


and  that  d  depends  of  the  time  step  At,  we  conclude  that  the  relative  equilibria  of  the  mid¬ 
point  rule  depend  on  the  time  step.  The  same  conclusion,  together  with  relation  (III.1.23), 
was  obtained  for  this  case  in  Gonzalez  &  Simo  [1996]  after  a  complex  reduction  of  the 
discrete  dynamical  system  defined  by  the  numerical  algorithm  to  the  reduced  space  of  axial 
oscillations  of  the  spring/mass  system. 


Remark  III. 1.2  For  the  newly  proposed  EDMC-1  scheme  (III. 2. 28),  we  note  that  for  the 
solution  (III. 1.1)  under  investigation  Vy  =  'Dk  =  0,  given  (III. 1.2).  The  scheme  reduces 
then  to  the  energy-momentum  scheme  (III. 2. 20)  along  this  solution,  leading  to  a  second 
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order,  energy-momentum  conserving  approximation.  In  addition, 
same  equations  (III.  1 .18)- (III.  1 .21)  of  the  trapezoidal  rule,  as  a  strai 
shows  following  the  same  arguments  of  the  p  evious  section.  Noi 
(III.2.21)  applies  in  this  case,  given  (III.1.2).  We  conclude  that 
1  scheme  inherits  the  same  relative  equilibria  of  the  continuum 
Proposition  III. 2.1,  the  corresponding  group  motions  are  given  by 
(III. 2. 37)  approximating  the  exponential  map  i III  FI  L). 
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APPENDIX  IV 


A  New  Second-Order  High-Frequency 
Dissipative  Time-Stepping  Algorithm  for 
Nonlinear  Elastodynamics 


Based  on  the  paper: 

Armero,  F.  &  Romero,  I.  [1999]  “On  the  Formulation  of  High-Frequency 
Dissipative  Time-Stepping  Algorithms  for  Nonlinear  Dynamics.  Part 
II:  Second  Order  Methods,”  submitted  to  Computer  Methods  in  Ap¬ 
plied  Mechanics  and  Engineering. 
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IV.  1.  Introduction 

Typical  problems  in  continuum  and  structural  elastodynamics  are  characterized  by  a 
strong  numerical  stiffness,  which  motivates  the  use  of  implicit  integrators  for  their  temporal 
discretization.  Many  such  time-stepping  algorithms  can  be  found  in  the  literature;  we  refer 
to  Hughes  [1987],  among  others,  for  a  comprehensive  account  of  many  classical  works  in 
the  linear  range  up  to  the  mid  1980’s.  When  developing  these  temporal  schemes,  the 
need  of  numerical  dissipation  in  the  high-frequency  range,  even  though  the  underlying 
physical  system  may  show  full  energy  conservation,  was  soon  realized  if  one  is  to  arrive 
to  robust  implicit  integrators.  This  feature  is  motivated,  on  one  hand,  by  the  need  to 
eliminate  the  large  modeling  error  accumulated  in  this  range  of  frequencies,  namely,  the 
error  introduced  by  spatial  discretization  of  the  infinite  dimensional  systems  of  interest. 
This  situation  has  a  direct  relation  to  the  need  to  handle  the  aforementioned  high  numerical 
stiffness.  This  stiffness  refers  to  the  wide  spread  of  the  characteristic  frequencies  of  the 
linear  system,  leading  to  a  highly  oscillatory  response  due  to  the  poor  approximation  of  the 
high-frequency  range.  The  numerical  instabilities  associated  with  the  existence  of  a  double 
unit  root  at  infinite  frequency  in  the  amplification  matrices  of  common  conserving,  mid¬ 
point  type  temporal  approximations,  can  be  quoted  also  as  one  of  the  driving  motivations 
in  this  area.  In  this  way,  the  formulation  of  second-order  schemes  that  exhibit  these 
stability  and  dissipativity  properties  was  an  area  of  intensive  research  in  the  1960’s  to  the 
late  1970’s.  Time-stepping  algorithms  like  the  9— Wilson  method  of  Wilson  [1968]  or 
the  HHT  a— method  of  Hilber  et  al  [1977]  have  become  standard  in  everyday  practice. 
More  recent  proposals  include  the  works  of  Hughes  &  Hulbert  [1988]  and  Chung  & 
Hulbert  [1993],  among  others.  We  also  note  that  this  situation  applies  to  general  stiff 
problems,  not  necessarily  elastodynamics;  we  refer  to  Hairer  &  Wanner  [1991]  for  a 
general  account.  In  the  general  of  Runge-Kutta  methods,  we  can  quote  the  related  notion 
of  “stiffly  accurate”  methods  of  Prothero  &  Robinson  [1974]. 

Despite  the  large  amount  of  literature  in  the  linear  range,  the  development  of  similar 
schemes  for  the  nonlinear  finite  deformation  range  is  relatively  recent.  The  need  for  ad¬ 
ditional  developments  along  these  lines  is  motivated  by  the  fact  that  the  aforementioned 
schemes,  standard  for  applications  involving  linear  elastodynamics,  do  lose  their  conserva¬ 
tion/dissipation  properties  when  applied  to  the  nonlinear  range,  as  illustrated  in  Armero 
&  Petocz  [1996],  Kuhl  &  Crisfield  [1997]  and  Armero  &  Romero  [1999]  among 
others.  The  presence  of  numerical  instabilities  in  nonlinear  problems  when  employing 
schemes  that  are  unconditionally  stable  in  the  linear  range,  including  the  aforementioned 
linearly  dissipative  schemes,  has  motivated  the  search  for  improved  algorithms.  Motivated 
by  these  remarks,  the  formulation  of  energy-momentum  conserving  schemes  for  nonlinear 
problems  in  continuum  and  structural  elastodynamics  has  received  a  significant  amount  of 
attention  recently.  Representative  references  are  Simo  &  Tarnow  [1992],  Crisfield  & 
Shi  [1994]  and  Gonzalez  &  Simo  [1995],  among  others.  The  proposed  schemes  consist 
basically  of  the  mid-point  rule  algorithm,  with  a  modified  stress  formula  to  assure  energy 
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conservation. 

After  these  early  experiences  with  energy  conserving  algorithms,  the  need  of  a  con¬ 
trolled  numerical  dissipation  in  the  high-frequency  range  to  gain  the  robustness  needed 
to  solve  the  stiff  problems  of  interest,  as  indicated  above  for  the  linear  range,  was  also 
realized.  Along  these  lines,  we  presented  in  Armero  k  Petocz  [1996]  some  initial  ideas 
on  how  to  extend  conserving  schemes  to  incorporate  energy  dissipation  in  the  context  of 
dynamic  contact  problems.  The  proper  modification  of  the  stress  formula  (contact  forces 
in  contact  problems)  does  lead  to  the  incorporation  of  this  numerical  energy  dissipation. 
This  and  other  approaches  have  been  investigated  further  in  Kuhl  k  CRISFIELD  [1997], 
Crisfield  et  al  [1997]  and  Kuhl  k  Ramm  [1996,99]  for  nonlinear  elastodynamics. 

In  Armero  k  Romero  [1999],  which  we  refer  simply  as  Part  I  of  this  work  hereafter, 
we  have  explored  further  the  development  of  dissipative  schemes  in  nonlinear  dynamics.  We 
formulated  in  this  work  a  new  time-stepping  algorithm  that  is  shown  rigorously  to  exhibit 
unconditional  energy  dissipation  while  preserving  the  conservation  laws  of  the  linear  and 
angular  momentum  in  the  mechanical  problems  of  interest,  the  so-called  energy-dissipative, 
momentum-conserving  scheme  (EDMC-1).  Furthermore,  it  was  shown  in  detail  that  the 
new  algorithm  does  also  preserve  the  relative  equilibria  of  the  underlying  mechanical  sys¬ 
tem,  along  the  lines  of  the  analysis  presented  in  Gonzalez  k  SiMO  [1996]  for  the  model 
problem  of  a  nonlinear  spring/mass  system.  More  specifically,  it  was  shown  in  Part  I  of 
this  work  that  the  newly  proposed  EDMC-1  dissipative  scheme  no  only  preserves  these 
relative  equilibria,  characterized  in  the  elastic  systems  under  investigation  by  rigid  mo¬ 
tions  superposed  to  a  fixed  deformation,  but  also  lead  to  the  introduction  of  the  numerical 
dissipation  in  the  high  frequency  range  of  the  internal  modes  of  the  motion,  with  the  so¬ 
lution  tending  asymptotically  to  the  exact  relative  equilibria.  This  result  was  shown  for 
two  model  problems  (a  simple  nonlinear  spring/mass  system  and  a  simplified  model  of 
thin  beams),  as  well  as  for  the  general  problem  of  nonlinear  elastodynamics.  In  addition,  a 
complete  analysis  was  presented  of  the  Newmark  method  (Newmark  [1959])  and  the  HHT 
a-method  (Hilber  et  al  [1977]),  as  representative  examples  of  the  aforementioned  linearly 
dissipative  schemes,  showing  that  these  schemes  not  only  lose  their  dissipative  character, 
leading  eventually  to  numerical  instabilities,  but  also  to  the  complete  elimination  of  these 
relative  equilibria  of  the  system.  The  failure  to  preserve  the  conservation  of  angular  mo¬ 
mentum  was  shown  to  be  the  main  drawback  of  these  standard  methods,  in  this  respect. 
As  a  consequence,  for  the  simple  problem  of  a  point  mass  rotating  around  a  fixed  point 
through  a  nonlinear  elastic  spring,  the  computed  solution  with  these  standard  schemes 
either  exploded  for  large  time  steps,  or  tended  asymptotically  to  the  static  solution. 

Despite  the  good  stability  and  dissipation/conservation  properties  of  the  EDMC-1, 
this  scheme  is  only  first-order  accurate  in  time.  We  present  in  this  paper  the  formulation 
of  a  new  time-stepping  algorithm  for  nonlinear  elastodynamics  that  exhibits  the  desired 
second-order  accuracy  in  time  while  showing  the  same  dissipation/conservation  properties. 
The  analysis  of  the  energy  evolution  in  the  discrete  dynamics  defined  by  the  numerical 
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scheme  identifies  clearly  the  structure  of  the  algorithmic  approximation  so  an  unconditional 
non-negative  numerical  dissipation  appears.  Remarkably  then,  the  new  scheme  is  based 
on  the  same  structure  as  the  EDMC-1  scheme,  but  with  a  more  involved  definition  of  the 
dissipation  functions.  For  this  reason,  we  simply  refer  to  this  new  second-order  scheme  as 
the  EDMC-2  scheme  (energy-dissipative,  momentum-conserving  second-order  scheme). 

The  development  of  high  order  dissipative  schemes  exhibiting  numerical  dissipation 
in  the  high-frequency  range  has  been  considered  by  several  authors  recently.  For  exam¬ 
ple,  the  formulation  of  such  schemes  for  a  model  of  elastic  beams  has  been  presented  in' 
Bauchau  et  al  [1995],  Bauchau  &:  Theron  [1996]  and  Botasso  &  Borri  [1998]  and, 
more  recently,  in  Bauchau  &  Joo  [1999]  for  the  continuum  system  of  nonlinear  elasto- 
dynamics.  However,  these  schemes  do  not  show  any  control  over  the  introduced  numerical 
dissipation,  in  the  form  of  an  algorithmic  parameter.  In  fact,  these  formulations  are  based 
on  existing  fixed  multi-stage  formulas,  some  of  them  arising  from  the  application  of  the 
so-called  discontinuous  Galerkin  in  time  (see  e.g.  Johnson  et  al  [1984]  and  Hughes  & 
Hulbert  [1988]  for  some  of  the  original  references),  thus  leading  to  a  considerable  added 
computational  cost  due  to  the  doubling  (extra  displacement  and  velocity  fields)  for  each 
additional  stage  considered  in  the  numerical  scheme.  In  some  cases,  the  decay  properties  of 
the  physical  energy  only  applies  to  quadratic  elastic  potentials,  especially  if  a  second-order 
scheme  is  desired.  In  other  cases,  like  in  Bauchau  &;  Joo  [1999],  no  attention  is  given  to 
the  preservation  of  the  conservation  law  of  angular  momentum  which,  as  noted  above,  is  a 
crucial  property  of  the  numerical  scheme  to  capture  fundamental  qualitative  properties  of 
the  underlying  phase  dynamics,  even  if  numerical  dissipation  is  introduced  in  the  system. 

In  contrast,  the  EDMC  schemes  proposed  in  this  work  do  show  the  numerical  dissi¬ 
pation,  as  well  as  momenta  conservation,  with  these  properties  holding  independently  of 
the  elastic  potential  as  well  as  the  time  step.  In  both  the  first  and  second  order  schemes 
an  algorithmic  parameter  is  introduced  to  control  the  numerical  dissipation,  recovering 
as  a  particular  case  a  fully  energy-conserving  algorithm,  if  desired.  Special  care  has  been 
taken  in  the  development  of  the  second-order  EDMC-2  presented  in  this  work  for  nonlinear 
elastodynamics  to  avoid  the  cost  associated  to  extra  stages.  Furthermore,  the  numerical 
dissipation  is  shown  to  be  in  the  high-frequency  range  (an  intrinsically  linear  concept)  by 
deriving  similar  algorithms  for  linear  elastodynamics  following  the  same  arguments,  but 
without  the  constraint  given  by  the  conservation  of  the  angular  momentum  (an  intrinsically 
nonlinear  concept). 

In  this  context,  before  considering  the  problem  of  nonlinear  elastodynamics  in  the  sec¬ 
ond  part  of  this  paper,  we  consider  first  the  development  of  time-stepping  algorithms  for 
linear  elastodynamics  that  exhibit  rigorously  a  decay  of  the  physical  energy  of  the  system. 
We  note  that  usually  it  is  not  the  physical  energy  that  decays  along  the  solutions  computed 
with  classical  dissipative  schemes,  but  only  a  numerical  norm  of  the  discrete  solution.  Even 
though  this  is  enough  for  the  scheme  to  show  numerical  stability  in  the  linear  range,  the 
dissipation  of  the  actual  energy  of  the  physical  system  allows  the  extension  of  the  linear 
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scheme  to  the  general  nonlinear  range,  as  the  results  in  this  work  illustrate.  In  this  way, 
we  present  first  two  new  families  of  time-stepping  algorithms  for  linear  elasto dynamics 
that  show  energy  dissipation  in  the  high-frequency  range.  We  call  the  new  schemes  the 
energy-dissipative  ED-1  and  ED-2,  for  the  first  and  second-order  methods,  respectively.  A 
complete  spectral  analysis  of  these  methods  characterize  their  stability,  dissipation  and  ac¬ 
curacy  properties.  In  particular,  the  ED-2  scheme  is  shown  to  be  L-stable  (see  e.g.  Hairer 
h  Wanner  [1991]),  being  formulated  as  a  two-stage  algorithm  to  maintain  the  linearity 
of  the  final  formulas.  Nonetheless,  the  freedom  gained  when  extending  the  scheme  to  the 
nonlinear  range  (to  the  EDMC-2  scheme)  allows  to  formulate  the  scheme  with  dissipation 
functions  defined  locally,  without  the  need  of  introducing  additional  nodal  values  of  the 
displacements  and  velocities  in  a  time  step  for  a  typical  finite  element  solution  of  the  prob¬ 
lem  of  nonlinear  elastodynamics.  Furthermore,  this  extension  is  done  in  such  a  way  that 
the  conservation  laws  of  linear  and  angular  momenta,  as  well  as  the  associated  relative 
equilibria,  are  fully  preserved.  Still,  the  developments  in  the  linear  range  dictate  the  form 
of  the  dissipative  function  in  the  nonlinear  range  so  the  desired  numerical  dissipation  in 
the  high-frequency  range  and  the  second  order  accuracy  are  attained. 

An  outline  of  the  rest  of  the  paper  is  as  follows.  Section  IV. 2  considers  the  problem 
of  linear  elastodynamics.  After  developing  the  new  ED-1  and  ED-2  schemes  in  Section 
IV. 2. 1.1  and  IV.2.1.2,  respectively,  we  present  the  spectral  analysis  of  these  methods  in 
Section  IV.2.2.  The  extension  of  these  ideas  to  the  nonlinear  range  is  undertaken  in 
Section  IV.3,  leading  to  the  new  EDMC-2  scheme,  including  rigorous  proofs  of  the  dis¬ 
sipation/conservation  properties  of  the  final  time-stepping  algorithm.  The  numerical  im¬ 
plementation  of  the  EDMC-2  scheme  is  described  in  detail  in  Appendix  IV. 2.  Section 
IV. 4  includes  several  representative  numerical  simulations  to  evaluate  the  accuracy  and 
dissipation/conservation  properties  of  this  scheme.  Finally,  some  concluding  remarks  are 
drawn  in  Section  IV.  5. 


IV. 2.  The  System  of  Linear  Elastodynamics 

We  consider  in  this  section  the  case  of  linear  elastodynamics  defined  by  the  system  of 
equations 

d  =  v  ,  1 

\  (IV. 2.1) 

Mv  =  -Kd+fext(t),  j 

for  unknown  functions  in  time  d,v  :  [0,  T]  — >  Rndof ,  corresponding  typically  to  a  set  of 
ridof  (nodal)  displacements  and  velocities,  respectively,  with  T  denoting  the  time  interval 
of  interest.  The  symbol  (•)  denotes  the  time  derivative  of  the  corresponding  variable. 
We  have  made  use  in  (IV. 2.1)  of  the  classical  notation  of  M  £  Kndo/  xndo/  for  the  mass 
matrix,  K  G  ~E.nd°fxnd°f  for  the  stiffness  matrix,  and  fext{t )  £  Rndo/  for  a  general  set  of 
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external  forces.  The  classical  properties  of  positive  definiteness  for  the  mass  matrix  M  and 
positive  semi-definiteness  for  the  stiffness  matrix  K  are  assumed  in  this  section,  implying 
the  relations 

a-Ma>  0  and  a-Ka>  0  Va  €  Rndo/  ,  a/0,  (IV. 2. 2) 

where  •  denotes  the  standard  Euclidean  inner  product  in  Rndo/  (i.e.  a  b  =  aibi  summation 
implied  among  the  ridof  components  Qj  and  b{  of  a  and  6,  respectively).  The  first-order 
system  of  ordinary  differential  equations  (IV.2.1)  is  accompanied  with  initial  conditions 

d( 0)  =  d0  and  u(0)  =  vQ  ,  (IV. 2. 3) 


for  given  initial  values  da  and  va  of  the  displacements  and  velocities,  respectively. 

The  system  of  equations  (IV.2.1)  defines  a  linear  Hamiltonian  system.  In  this  context, 
a  standard  calculation  shows  that 


H  =  fext  •  v  ,  (IV. 2. 4) 

for  the  Hamiltonian  function  (the  total  energy) 

H(d,p{v)):=  \v-Mv  +  \d-Kd  ,  (IV.2.5) 

> - - - '  ' - - - ' 

kinetic  energy  K  potential  energy  V 

with  the  (linear)  momenta  p(v)  :=  Mv  (so  the  kinetic  energy  reads  K  —  p  ■  M~1p/ 2)  to 
follow  the  classical  notation  in  the  field.  For  the  force-free  case  fext  =  0,  we  recover  the 
classical  conservation  of  energy  relation 

H(d,p(v))  —  constant ,  (IV. 2. 6) 


in  time. 

We  are  interested  in  time-stepping  algorithms  approximating  the  unknown  functions 
d(t)  and  v(t)  solutions  of  (IV.2.1)  through  the  sequence  dn  «  d(tn)  and  vn  «  v(tn ) 
(n  =  0, 1, 2, . . .)  for  a  partition  [0,  T]  =  Un[tn,  tn+i]  of  the  time  interval  of  interest  and  for 
given  initial  conditions  da  =  d0  and  v0  =  v0  after  (IV. 2. 3).  More  specifically,  it  is  the  goal 
of  this  section  to  identify  time-stepping  algorithms  that  for  a  typical  time  step  [tn,tn+i\ 
(with  At  =  fn+i  —  tn,  not  necessarily  constant  in  n)  show  the  stability  estimate 


Hn+ 1  —  Hn  —  —  V  <  0  , 


(IV. 2. 7) 
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for  the  homogeneous  problem  fext  =  0  and  unconditionally  in  At,  with  V  >  0  defining  the 
numerical  dissipation.  Here,  Hn  :=  H(dn,p(vn))  for  the  the  Hamiltonian  H(-)  in  (IV. 2. 5) 
of  the  continuum  problem.  We  note  that  the  estimate  (IV. 2. 7)  is  not  a  necessary  condition 
for  the  numerical  stability  of  a  linear  system  like  (IV. 2.1).  The  so-called  energy  method 
allows  the  identification  of  a  general  norm  of  the  discrete  solution  satisfying  a  decaying 
estimate  like  (IV. 2. 7),  and  not  necessarily  the  physical  (semi-)norm  defined  by  the  actual 
Hamiltonian;  see  e.g.  Hughes  [1987],  Chapter  9,  for  complete  details.  In  fact,  standard 
unconditionally  stable  time-stepping  algorithms  exhibiting  a  high-frequency  dissipation, 
as  it  is  the  interest  in  this  work  (namely,  the  dissipative  Newmark  and  the  HHT  schemes 
referred  to  in  Section  IV.  1)  do  not  satisfy  the  estimate  (IV.2.7).  Instead  an  algorithmic 
norm  (involving  also  contributions  of  the  discrete  acceleration  approximating  v )  is  shown 
to  be  decaying.  In  general,  one  can  prove  that  for  a  spectrally  stable  scheme  (that  is, 
possessing  a  spectral  radius  less  than  one,  as  defined  in  Section  IV. 2. 2  below)  one  can 
always  construct,  under  some  minor  technical  conditions,  a  numerical  norm  that  decays 
in  time;  see  Hughes  [1987],  page  564.  However,  and  as  illustrated  with  the  numerical 
examples  presented  in  Part  I  of  this  work,  these  stability  estimates  in  the  linear  problem 
do  not  extend  to  the  nonlinear  problem.  The  estimate  (IV.2.7),  on  the  other  hand,  leads 
to  a  natural  extension  in  the  context  of  nonlinear  dynamics  as  shown  in  the  developments 
presented  in  this  paper. 


IV. 2.1.  Some  one-step  dissipative  schemes 

With  the  stability  estimate  (IV.2.7)  in  mind,  we  consider  the  general  one-step  method 


M 


d>n+ 1  dn 

At 

Vn+l  -  Vn 


At 


—  dcons  "b  9diss  > 


—  (  f  cons  "b  f  d  iss  )  +  fext  > 


(IV. 2. 8) 


for  an  approximation  fext  of  the  external  force  vector  (e.g.  fext  =  fext{tn+i/2))-  Here  we 
have  introduced  conserving  and  dissipative  approximations  of  the  right-hand-side  terms  of 
the  original  equations  (IV.2.1),  in  the  sense  that  the  following  equalities  hold 


fcons  ’  (^n+1  dn)  —  Vn+1  Vn  i 

9cons  '  (^n+1  ^n)  =  •^■n+1  -^n  i 


(IV. 2. 9) 


and 


fdiss  '  (^n+ 1  dn)  —  T)y  , 
9diss  '  (Un+i  Un)  —  K  > 


(IV. 2. 10) 


as  their  counterparts  in  (IV.2.1).  The  notation  Vn  :=  V(dn)  and  Kn  :=  K(vn)  for  the 
exact  potential  V(-)  and  kinetic  K(-)  energies  defined  in  (IV. 2. 5)  has  been  used  in  (IV. 2. 9). 


F.  Armero 


172 


The  motivation  behind  the  additive  decomposition  considered  in  equation  (IV. 2. 8)  in  con¬ 
serving  and  dissipative  parts  is  clear:  to  follow  the  energy  contribution  of  the  different 
approximations  introduced  in  the  discrete  equations  by  the  numerical  scheme  in  a  typical 
time  step. 

To  this  purpose,  we  multiply  equation  (IV.2.8)i  by  M(vn+ 1  —  vn),  equation  (IV. 2. 8)2 
by  -(dn+ 1  —  dn)  and  add  the  resulting  expressions,  to  obtain 

(irn+1  +  Vn+1)  -  (v^n+^)  =-Vk+Vv  ,  (IV. 2. 11) 

Hn+i  Hn  V 

identifying  the  numerical  dissipation  V  in  (IV.2.7)  with  V  —  Vy  +  T>k  in  this  case.  We 
emphasize  again  the  need  of  a  non-negative  dissipation  V  >  0  for  numerical  stability,  not 
necessarily  each  of  its  components  T>k  and  Vy.  Similarly,  we  reiterate  our  interest  that  the 
final  numerical  dissipation  V  is  controllable  and  in  the  high-frequency  range,  as  motivated 
in  the  introduction  presented  in  Section  IV.  1. 

In  this  linear  setting,  linear  conservative  terms  are  easily  obtained  through  the  second- 
order  mid-point  approximations 

f cons  2 ^  i^n+l  “f"  dn)  ■  Kdr i-fi/2  i  and  9cons  ~  2  (un+l  "F  Vn)  Vn+i/2  ■ 

(IV.2.12) 

The  estimates  (IV.2.9)  can  be  easily  verified.  Therefore,  the  discrete  system  (IV. 2.8)  defines 
in  this  case  a  consistent  approximation  of  (IV. 2.1)  if 

fdiss  ~  0(Atp)  and  gdi3S  ~  0{Atp )  for  p  >  1  ,  (IV.2.13) 

where  we  have  used  the  standard  notation  of  O(-)  for  the  “big-oh”  (that  is,  lim  0(xp) /x(-p~1'* 
— >  0  as  x  — *  0).  Since  in  the  resulting  consistent  approximations  the  differences 

dn+ 1  -  dn  ~  O(At)  and  un+i  -  vn  ~  O(At)  ,  (IV.2.14) 

we  conclude  from  (IV.2.10)  that  (IV.2.13)  imphes  that  Vv,VK  ~  0(Atp+1).  The  final 
numerical  scheme  will  exhibit  an  order  of  accuracy  of  at  least  min{2,p},  that  is,  first  or 
second  order  methods.  We  consider  in  the  next  two  sections  these  two  cases  separately. 


Remark  IV. 2.1  We  have  considered,  for  simplicity  in  the  exposition,  the  Hamiltonian 
case  given  by  the  system  of  equations  (IV. 2.1).  The  consideration  of  linear  damping  in 
(rV.2.1)2,  that  is, 


Mv  =  -Cv  -  Kd+  fext  , 


(IV. 2. 15) 
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for  a  positive  semi-definite  damping  matrix  C  can  be  easily  incorporated  in  the  develop¬ 
ments  of  this  section.  In  particular,  the  general  approximation  of  the  damping  term 

Cv  ->  C{dn+1  -  dn)/At ,  (IV. 2. 16) 

leads  to  a  dissipative  approximation,  with  the  added  physical  dissipation  T>c  =  (dn+i  — 
dn)  ■  C(dn+ 1  -  dn)/At  >  0  to  the  numerical  dissipation  V  in  (IV.2.11).  We  note,  however, 
that  the  consideration  of  an  artificial  damping  C  alone,  not  necessarily  modeling  a  physical 
damping,  does  not  lead  to  the  introduction  of  dissipation  in  the  high-frequency  range  (see 
e.g.  Hughes  [1983],  page  97).  □ 


IV. 2. 1.1.  First-order  dissipative  schemes  (ED-1) 

Given  the  definiteness  properties  (IV. 2.2)  of  the  mass  and  stiffness  matrices,  the  sim¬ 
plest  choice  of  dissipative  terms  fdiss  and  gdiss  satisfying  the  dissipation  estimate  (IV. 2. 7) 
is  given  by 

fdiss  =  Xi  2 ^  i.dn+ 1  dn)  ,  and  gdiss  X2  2  (Wi-fl  ^n)  •  (IV. 2. 17) 


in  terms  of  two  numerical  parameters  Xi  and  x2-  With  these  definitions,  the  relations 
(IV. 2. 8)  lead  to  the  quadratic  dissipation  functions 


Vv  —  X12  (d«+i  dn)  •  K  (dn+i  dn)  ^  0  ,  'l 
Vk  =  X2\  (Vn+ 1  -Vn)'M  (Vn+i  -  Vn)  >  0  ,  J 


(IV.2.18) 


for  Xi )  X2  >  0  by  (IV.2.2).  Given  (IV.2.14),  we  conclude  that  the  choices  determined  by  the 
relations  (IV. 2. 17)  define  a  first-order  scheme  (note  that  T>v,T>k  *  0(At2)).  The  resulting 
scheme  is  denoted  ED-1  (energy  dissipative,  first  order),  and  reduces  to  the  scheme  referred 
to  as  0-method  in  Wood  [1990]  for  the  particular  case  given  by  xx  —  X2  • 


IV.2.1.2.  Second-order  dissipative  schemes  (ED-2) 

We  observe  that  the  limited  first-order  character  of  the  approximations  (IV. 2. 17)  arises 
from  the  first-order  differences  (IV.2.14).  Therefore,  to  arrive  to  second-order  dissipative 
linear  schemes,  we  consider  the  alternative  expressions  for  the  dissipative  terms 

fdiss  =  2  dn)  i  and  gdiss  2  (^n  Wi)  >  (IV. 2. 19) 

for  intermediate  stage  values  dn  and  vn.  We  are  interested  in  these  intermediate  values 
defining  a  second-order  approximation  of  the  corresponding  values  at  tn,  that  is, 

dn  —  dn  ~  0(At 2)  and  vn  —  vn  ~  0(At2)  , 


(IV. 2. 20) 
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so  fdiss  and  gdias  are  second-order  0{At2)  in  At.  This  order  can  be  achieved  with  the 
relations 

dn  —  dn  d-  At  a  (vn  nn-i-i)  , 

Advn  =  Advn  At  ex  K(dn  dn+\)  [d~At  fext ]  > 

for  an  algorithmic  parameter  a.  The  term  [+At  fext ]  in  (IV. 2. 21)2  has  been  added  to 
recover  some  existing  methods  as  particular  cases.  For  the  methods  proposed  in  this 
paper,  we  simply  take  fext  =  0.  We  note  that  the  second-order  relations  (IV. 2. 20)  are 
automatically  satisfied  for  the  definitions  (IV. 2. 21),  even  for  fext  =  0.  More  generally,  we 
would  need  fext  ~  O(At). 

The  particular  cross  definitions  (IV.2.21)  for  the  intermediate  values  dn  and  vn  have 
been  introduced  to  arrive  at  dissipative  approximations  for  any  value  of  the  parameter  a. 
Indeed,  combining  equations  (IV. 2. 19)  and  (IV.2.21),  the  numerical  dissipation  V  is  given 
by  (IV. 2. 10)  for  a  ^  0  as 


(IV.2.21) 


T  =  'Dr  d~  ~  9diss  ■  A/I  (l?n_|-i  Vn)  d"  fdiss  ‘  (^n+1  dn) 

=  2  (Vn  vti)  '  AI{vn+ 1  Vn)  d"  2  {dn  dn)  ’  dC{dn+l  ~  dn) 

=:  2  {Vn  vn)  ‘  AI{vn  Vn)  d~  2  {dn  dn)  •  K{dn  dn) 

d"  2  {Vn  ^n)  "  Al{vn+\  ®n)  d"  2  {dn  drl)  •  K{dnJf\  dn) 

2  fan  ^n)  ‘  AI{vn  Vn)  d"  2  {dn  dn)  ‘  K{dn  dn ) 

2  ~AtOi^n  "  Ad{dn  dn)  d-  2  /\fn  ^d{dn  dn)  •  {vn  ^n) 

=  5  (®n  -  «T»)  ■  M{vn-  vn)  +  \  {dn  -  dn)  ■  K{dn-  dn)>  0  ,  (IV.2.22) 


given  the  assumed  positive  definiteness  properties  (IV. 2. 2).  For  the  case  a  —  0,  the  estimate 
(IV.2.22)  still  holds  since  in  this  case  we  have  from  (IV.2.21)  dn  =  dn  and  vn  =  vn,  so 
fdiss  —  0,  gdiss  =  0,  and  V  =  Vy  =  T>k  =  0,  recovering  the  conserving  scheme.  For  future 
reference,  we  introduce  the  expressions 


TV  =  \  [dn  -dnj  -K  {dn+1  -  dn)  , 

d>K  =  \  {vn+l  ~Vn)-M  (t7n+i  -  Vn)  . 


(IV. 2. 23) 


We  observe  that,  in  contrast  with  the  first-order  methods  introduced  in  Section  IV.2.1.1,  it 
is  the  total  dissipation  V  of  the  second-order  schemes  (IV. 2. 19)  (and  not  necessarily  each 
component  Vy  and  Vk  in  (IV. 2. 23))  that  is  non-negative,  as  needed.  The  cross  definitions 
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(IV. 2. 21)  of  dn  and  vn  allow  the  cancellation  of  terms  in  the  proof  of  the  estimate  (IV. 2. 22) 
resulting  in  the  dissipative  character  of  the  final  scheme. 

We  can  recognize  several  existing  algorithms  as  particular  cases  of  the  time-stepping 
algorithms  given  by  (IV. 2. 19)  and  (IV. 2. 21).  Namely,  we  have: 

i.  a  =  0  leads  to  the  trapezoidal  rule  (with  fext  =  0),  the  conserving  formula  (IV. 2. 12). 

ii.  a  =  1/6  leads  to  (linear  in  time)  discontinuous  Galerkin  for 

fext  =  ^  [tn+fext(t )  dt  ,  (IV. 2. 24) 

*/  tn 

in  the  original  discrete  approximation  (IV.2.8),  and 

Art  =  /’"+I  (t)  dt .  (IV. 2.25) 

Jtn  2,/\t 

in  (IV. 2. 21).  These  very  particular  choices  lead  to  a  third-order  scheme;  see  Johnson 
et  al  [1984]. 

iii.  a  =  1/2  leads  to  the  Lobatto  IIIC  Runge-Kutta  method  for 

fext  —  \  {f extit n)  +  fext(tn+ 1))  ,  (IV.2.26) 

in  the  original  discrete  approximation  (IV.2.8),  and 

fext  =  i(/ext(in)  “  fext(tn+ 1))  ,  (IV.2.27) 


in  (IV. 2. 21). 

Hence,  the  new  methods  (rV.2.19)-(IV.2.21)  can  be  seen  to  be  extensions  of  the  particular 
cases  indicated  above,  with  the  algorithmic  parameter  a  controlling  the  introduced  nu¬ 
merical  dissipation.  The  dissipative  estimate  (IV. 2. 22)  shows  the  unconditional  stability 
of  all  the  resulting  schemes,  that  is,  for  any  a.  The  spectral  analysis  presented  in  the 
following  section  shows  that  numerical  energy  dissipation  in  the  high-frequency  range  is 
accomplished  for  a  >  0. 


Remarks  IV. 2. 2. 

1.  We  note  the  computational  expense  added  by  the  introduction  of  the  intermediate 
stage  (IV. 2. 21),  leading  to  an  algebraic  system  of  equations  in  4  •  ridof  unknowns 
(dn+ 1,  un+i,  dn  and  vn),  typical  of  multi-stage  implementations.  The  cross  character 
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of  the  relations  (IV. 2. 21)  leads  to  a  fully  coupled  system  of  equations  in  this  4  •  nd0f 
unknowns,  and  its  solution  does  not  reduce  to  the  simple  evaluation  of  two  dynamic 
stages.  For  this  reason,  the  use  of  the  proposed  numerical  schemes  in  the  linear  setting 
considered  in  this  section  may  appear  rather  limited  in  front  of  existing  single  stage 
formulas.  However,  and  as  shown  in  Section  IV. 3,  the  algorithms  described  in  this 
section  provide  the  basis  for  the  formulation  of  dissipative  time-stepping  algorithms  in 
the  fully  nonlinear  range.  The  developments  and  analyses  presented  in  this  section  will 
become  crucial  in  this  endeavor,  since  they  will  permit  to  identify  the  form  of  similar 
conserving  and  dissipative  terms  in  the  nonlinear  range.  In  addition,  the  generality 
added  by  the  consideration  of  nonlinear  formulae  allows  to  these  costly  multi-stage 
implementations  and  preserve  other  fundamental  properties  of  the  nonlinear  dynamics. 

2.  We  observe  that  the  use  of  other  mass  and  stiffness  matrices  in  equations  (IV. 2. 19) 
and  (IV.2.21)2,  say  M  and  K,  would  have  led  to  the  same  energy  decay  estimate 
(IV. 2. 22),  as  long  as  these  matrices  satisfy  the  conditions  (IV. 2. 2).  This  observation 
also  applies  to  the  relations  (IV. 2. 17)  and  (IV.2.18)  for  the  ED-1  scheme.  This  arbi¬ 
trariness  corresponds,  in  essence,  to  a  scaling  of  the  algorithmic  parameters,  a  or  Xi 
and  1  respectively.  □ 


IV.2.2.  Spectral  analysis 

The  complete  characterization  of  the  stability  and  accuracy  properties  of  time-stepping 
algorithms  in  the  linear  range  can  be  obtained  through  a  spectral  analysis  of  the  discrete 
equations.  In  particular,  and  following  standard  arguments  (see  e.g.  Hughes  [1987], 
Chapter  9,  for  complete  details),  we  consider  the  homogeneous  system  of  equations 

V  ’  \  4=>  d  +  u2  d  =  0  ,  (IV. 2. 28) 

— ciT  d  ,  J 


corresponding  to  a  free  one-degree  of  freedom  linear  oscillator  of  natural  frequency  u.  The 
system  of  equations  (IV. 2. 28)  can  be  understood  as  governing  one  of  the  modal  equations  of 
the  multi-dimensional  system  (IV.2.1),  for  the  corresponding  frequency  to  of  the  response. 
Indeed,  and  as  a  classical  argument  shows,  if  we  denote  by  Ui  and  u>i  the  eigenvectors  and 
eigenvalues  of  the  generalized  eigenproblem 

Kvi  =  u2  Mvi  ,  for  i  =  1  ,ridof  ,  (IV.2.29) 


(no  sum  in  i  implied),  the  contraction  of  the  equations  (IV.2.1)  with  each  eigenvector  V{ 
leads  to  the  scalar  equations  (IV. 2. 28)  for  each  modal  component  di  :=  Vi-d  and  Vi  :=  Ui-v 
(sub-indices  i  having  been  omitted  in  (IV. 2. 28)). 
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Following  the  same  modal  projection  argument,  the  general  class  of  linear  time¬ 
stepping  algorithms  (IV. 2. 8),  with  (IV. 2. 17)  or  (IV. 2. 19),  leads  to  the  same  discrete  rela¬ 
tions  when  applied  directly  to  the  scalar  system  (IV. 2. 28).  For  a  typical  time  increment 
[fn,fn+i]  (with  At  —  tn+ 1  -  tn),  the  resulting  equations  can  be  written  as 


f  fti-fl 
\  At  vn+i 


(IV.  2. 30) 


for  the  algorithmic  amplification  matrix  A{Q)  G  R2*2,  function  of  the  (non-dimensional) 
sampling  frequency  i?  :=  u  At  £  [0,  oo). 

The  interest  is  focused  on  the  properties  of  the  eigenvalues  7*  G  C  (i  =  1,  2)  of  the 
amplification  matrix  -4(12),  with  the  spectral  radius  p(i?)  for  the  frequency  Q  defined  as 

p(I2)  :=  max  |7i(l?)|  with  poo '■=  lim  p(I2)  .  (IV.2.31) 

1=1,2  fi— >00 


The  spectral  stability  of  the  numerical  scheme  is  then  defined  by  p(I2)  <  1,  with  linearly 
independent  eigenvectors  for  repeated  eigenvalues  7*  (otherwise,  p(fi)  <  1  strictly  if  the 
eigenvectors  of  repeated  eigenvalues  are  linearly  dependent).  In  particular,  the  numerical 
dissipation  in  the  high-frequency  range  is  reflected  by  the  property  Poo  <  1,  strictly.  A 
complete  characterization  of  the  spectral  properties  of  the  numerical  scheme  is  obtained 
by  considering  the  standard  spectral  error  measures:  the  relative  frequency  error 

cq  :=  q  ^  where  f2d  =  |Im(ln7j)|  , 

(note  that  71  and  72  are  real  or  complex  conjugate,  so  |Im(7i)|  =  |Im(72)|),  and  the 
algorithmic  damping  ratio 

U  min  £di  where  £di  :=  --^-Re(ln7i)  for  i  =  1,2  .  (IV.2.32) 

t=l,2 

We  refer  again  to  Hughes  [1987],  Chapter  9,  for  complete  details  on  these  classical  con¬ 
cepts. 

i.  First-order  ED-1  schemes.  The  amplification  matrix  (IV. 2. 30)  for  the  ED-1  scheme 
(IV. 2. 17)  is  given  by 


EDlA{Q)  = 


'  1  -ft+‘ 

-1 

'  1  ft"  " 

1 

ri-«2/3+/32-  1 

,I22ft+  1 

-Q2  ft~  1  . 

“  A 

-n2  1  -  s'PB^pt  . 

(IV. 2. 33) 
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Spectral  Radius 


FIGURE  IV. 2.1  Spectral  analysis,  ED-1  schemes.  Distribution  of  the 
spectral  radius  p(J?)  in  terms  of  the  sampling  frequency  Q  =  ljA t  of 
a  linear  oscillator  for  different  numerical  parameters  Xi  and  x2  •  Note 

that  poo  =  maxi=ii2(|l  -  Xil/1 +Xi)- 


where 


P\  2^  +  Xl)  J  P\ 


:=  |(1-X1) 


Pi 


=  |(1  +  X2)  P‘ 


— _ 1 


=  1(1 -X2) 


and  A  :=  1  +  i?2 P+ j3%  , 


(IV.2.34) 


in  terms  of  the  algorithmic  parameters  Xi  and  x2  •  The  eigen  aiues  of  the  amplification 
matrix  (IV. 2. 33)  are  given  in  closed-form  by 

*“TX2  =  ^  (l  -  ^  (#/?+«-#)  ±  «\/t  j  •  (IV.2.35) 

Some  analysis  shows  that  p(Q)  <  1  for  Xi  *  X2  >  0,  and  leads  to  the  closed-form  expression 


ED1Poo  =  max  11  Xl1  11  *2 


1  +  Xi  ’  1  +  X2 


(IV.2.36) 


for  the  spectral  radius  at  infinity.  We  observe  that  p^  <  1  if  ^  >0  and  x2  >  0,  thus 
requiring  the  presence  of  dissipative  terms  in  both  equations  (IV. 2. 8)  for  this  class  of 
first-order  schemes  to  exhibit  high-frequency  numerical  dissipation.  Hence,  we  conclude 
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ALGORITHMIC  DAMPING  RATIO 


RELATIVE  FREQUENCY  ERROR 


SPECTRAL  RADIUS 


FIGURE  IV. 2. 2  Spectral  analysis,  ED-1  schemes.  Distribution  of 
the  algorithmic  damping  ratio  relative  frequency  error  en{f2) 

and  spectral  radius  p(J2)  in  terms  of  the  sampling  frequency  Q  —  u)At 
of  a  linear  oscillator  and  the  numerical  parameter  x  (=  Xl  —  X2)- 
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that  the  schemes  proposed  in  Crisfield  et  al  [1997]  and  Kuhl  Sz  Crisfield  [1997], 
extending  similar  schemes  presented  in  Armero  &  Petocz  [1996]  for  contact  problems 
and  involving  only  displacement  based  dissipative  terms  (i.e. ,  x2  =0),  do  not  lead  to  the 
desired  dissipation  in  the  high-frequency  range. 

The  expression  (IV.2.35)  shows  that  a  bifurcation  from  two  complex  conjugate  to  two 
real  eigenvalues  occurs  for  the  sample  frequency 


12 bif  — 


PiPt  ~ PIP 2 


+  /o- 


(IV.2.37) 


at  which  a  repeated  real  eigenvalue  exists.  The  closed-form  expression  (IV.2.35)  reveals 
that  in  this  case  p(f2bif)  <  V  strictly.  We  also  observe  that  =  oo  if  and  only  if 
Xi  —  X2  •  This  bifurcation  can  be  seen  in  Figure  IV. 2.1  to  reduce  the  spectral  radius  at 
whenever  Xi  ^  X2-  From  these  considerations  (or  directly  from  the  expression  (IV. 2. 36) 
of  the  spectral  radius  at  infinity),  we  conclude  the  optimality  of  the  choice  xx  =  x2. 

Figure  IV. 2. 2  depicts  the  distribution  of  the  algorithmic  damping  ratio  £<*(12),  relative 
frequency  error  en  (1?)  and  spectral  radius  p(l7)  for  this  case.  The  three-dimensional  plots 
in  the  left  column  show  these  values  versus  the  sampling  frequency  17  and  the  algorithmic 
parameter  xx  =  X2-  The  2-D  plots  in  the  right  column  correspond  to  sections  of  these 
3D  plots  for  a  different  fixed  algorithmic  parameter.  The  absence  of  numerical  dissipation 
(reflected  by  the  values  £<*(17)  =  0  or  p(12)  =  1)  in  the  conservative  case  Xi  —  X2  =  0 
is  apparent,  with  increasing  values  of  this  numerical  dissipation  for  increasing  values  of 
the  algorithmic  parameter  Xi  —  X2-  The  relative  frequency  error  en  is  observed  to  be 
non-positive,  thus  concluding  that  the  computed  frequencies  17<*  are  smaller  than  the  exact 
frequency  17  for  this  scheme.  Alternatively,  we  may  say  that  the  computed  periods  (T<*  := 
At  27r/l2 <*)  are  always  elongated  when  compared  with  the  exact  periods  (T  :=  At  27r/l7). 

A  calculation  based  on  (IV.2.35)  results  in  the  asymptotic  values 

6l(fi)  =  f  n  +  0(Q2),  (IV.2.38) 

ea(0)  =  -  j  (x2+i)  n2  +  0(n 3)  ,  (IV.2.39) 

as  12  — >  0,  and  where  the  optimal  case  Xi  =  X2  =  X  h35  been  assumed.  The  first-order 
accuracy  of  the  method  (unless  x  =  0,  that  is,  the  conservative  case)  is  a  consequence 
of  the  first-order  nature  of  the  algorithmic  damping  ratio  £<*(17)  in  (IV.2.38).  Note  that 
the  dissipation  function  V  Vy  +  T>k  in  (IV.2.18)  is  of  second  order  in  At,  but  the 
final  scheme  is  first-order  only,  as  discussed  during  the  design  of  the  algorithm  in  Section 
IV.2.1.1.  This  first-order  accuracy  of  the  scheme  is  reflected  in  Figure  IV. 2. 2  by  the  non¬ 
zero  slope  at  17  =  0  of  the  distribution  of  the  algorithmic  damping  ratio  £<*(17)  for  a  fixed 
algorithmic  parameter  Xi  =  X2,  in  accordance  with  (IV.2.38). 
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FIGURE  IV. 2. 3  Spectral  analysis,  ED-2  schemes.  Distribution  of 
the  algorithmic  damping  ratio  £<*(!?),  relative  frequency  error  ed(D) 
and  spectral  radius  p(f2)  in  terms  of  the  sampling  frequency  fl  =  u>At 
of  a  linear  oscillator  and  the  numerical  parameter  a.  Note  that  poo  =  0 
and  the  second-order  accuracy  in  time  (as  reflected  by  the  zero  slope 

at  n  =  0). 
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ii.  Second-order  ED-2  schemes.  The  amplification  matrix  (IV. 2. 30)  for  the  ED-2 
scheme  (IV. 2. 19)  is  given  by 

ED2A{Q)  =  (A1  -  A2AJ1A4)"1  (1  -  A2A^)  ,  (IV. 2. 40) 


where 

0  a 

Q2a  OJ  ’ 

(IV. 2. 41) 

in  terms  of  the  algorithmic  parameter  a.  After  a  long  but  straightforward  calculation,  the 
eigenvalues  of  the  amplification  matrix  (IV. 2. 41)  are  given  in  closed-form  as 


ED  2 


1  -  -  a  Q2  +  a2  Q2  ±  i  Q 


71,2  = 


1  -  a^-  +  a2  Q2 


1  + -a  n2 +  a2  n2 +  a2  n4 


(FV.2.42) 


where  i  =  y/—l.  The  spectral  radius  is  then  given  by  the  closed-form  expression  (for  o;  >  0) 


ED2p{Q)  =  max|7i(l?)|  — 

i,2 


_ a2  D4 _ 

1  +  -  a  Q2  +  a2  Q2  +  a2  O4  ’ 


(IV. 2. 43) 


which  reduces  to  p(f2)  =  1  for  the  conservative  case  a  =  0  (no  dissipation  in  this  case  for 
any  sampling  frequency  17)  and  for  a  <  0. 

From  (IV. 2. 42)  and  (IV. 2. 43),  we  can  also  observe  the  limit 


lim 

Q—*oo 


ED  2 


71,2  =  o  , 


SO 


ED  2 


Poo  —  0  , 


(IV. 2.44) 


for  a  >  0,  thus  showing  a  full  numerical  dissipation  in  the  infinite  frequency.  The  ED-2 
schemes  are  then  L-stable  for  a  >  0  (see  e.g.  Hairer  &  Wanner  [1991]).  We  note  that, 
even  though  a  control  over  the  spectral  radius  at  infinity  p0 0  may  certainly  be  a  desired 
feature  (for  example,  for  the  calibration  of  the  algorithmic  parameter  a),  the  infinite  sam¬ 
pling  frequency  may  be  considered  as  “far  away  as  needed”  in  many  practical  applications. 
With  this  we  mean  that  we  still  have  full  control  over  the  range  of  finite  frequencies  for  a 
particular  problem  and  its  discretization  (in  the  sense  that  the  desired  amount  of  damp¬ 
ing  can  be  introduced  through  the  variation  of  the  algorithmic  parameter  a),  while  still 
exhibiting  energy  dissipation  in  the  infinite  (say  larger  or  unresolved)  frequencies.  The 
calibration  in  this  case  can  be  accomplished  through  the  value  of  the  spectral  radius  at  a 
given  sampling  frequency,  say  ED2p(tt)  in  (IV. 2. 43). 
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The  spectral  response  for  small  sampling  frequencies  12  is  characterized  by  the  asymp¬ 
totic  limits 


=  y  «3  +  0(«4)  ,  (IV .2.45) 

e„(«)  =  i  (a-^1  fl2  +  0(fi3),  (IV. 2. 46) 

as  12  — )■  0,  after  some  algebraic  manipulations  involving  (IV.?. 42).  The  third-order  ac¬ 
curacy  of  the  combination  a  =  1/6  becomes  apparent  from  these  two  last  expressions. 
This  property,  however,  does  not  extend  to  the  extensions  to  nonlinear  elastodynamics 
presented  in  the  next  section.  Furthermore,  we  observe  that  the  numerical  dissipation 
introduced  in  the  system,  measured  in  terms  of  the  damping  ratio  £<*  is  of  the  order  12 3  for 
small  values  of  1?  (note  that  the  dissipation  function  V  in  (IV. 2. 22)  is  of  order  At3). 

Figure  IV. 2. 3  depicts  the  results  of  this  spectral  analysis  of  the  ED-2  scheme.  As  in 
Figure  IV. 2. 2  for  the  ED-1  scheme,  the  distributions  of  the  damping  ratio  £d(12),  relative 
frequency  error  and  spectral  radius  p(l2)  are  shown  continuously  in  the  algorithmic 

parameter  a  (the  3D  plots  in  the  left  column)  and  for  fixed  values  of  a  (the  2D  plots 
in  the  right  column,  sections  of  the  previous  3D  plots  for  fixed  a).  As  expected  and 
shown  above,  we  observe  the  absence  of  numerical  dissipation  (£d(I2)  =  0  or,  equivalently, 
p(l2)  =  1)  for  the  conservative  case  a  =  0.  Increasing  the  algorithmic  parameter  a 
increases  the  numerical  dissipation,  characterized  by  increasing  values  of  £<*(12)  for  a  given 
sampling  sampling  frequency  12.  Similarly,  we  observe  that  for  large  sampling  frequencies 
the  relative  frequency  error  is  negative  (e^  <  0),  indicating  that  the  computed  frequencies 
are  diminished  compared  with  the  exact  value  12  for  this  range  of  frequencies  (i.e.,  the 
computed  periods  are  elongated,  as  defined  above).  For  small  frequencies  12,  the  relative 
frequency  error  is  positive  for  large  values  of  the  algorithmic  parameter  a.  The  second- 
order  accuracy  of  the  method  for  any  value  of  a  (third-order  for  a  =  1  /6)  is  also  apparent 
by  the  zero  slope  of  the  curves  in  the  right  column,  reflecting  the  limit  values  obtained 
analytically  in  (IV. 2. 45)  and  (IV.2.46)  for  small  12. 


IV. 3.  Extensions  to  Nonlinear  Elastodynamics 

We  address  in  this  section  the  extension  of  the  developments  presented  in  the  previous 
section  to  the  general  system  of  nonlinear  finite  elastodynamics.  The  challenges  in  this 
task  can  be  stated  as: 

i.  To  maintain  the  energy  dissipative  character  of  the  schemes  for  any  elastic  poten¬ 
tial,  including  the  control  on  the  numerical  dissipation  (through  the  appropriate 
algorithmic  parameters)  and  their  second-order  accuracy  in  time. 
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ii.  To  preserve  exactly  the  conservation  laws  of  the  momentum  maps  and  corre¬ 
sponding  relative  equilibria  of  the  underlying  continuum  system,  thus  preserving 
fundamental  qualitative  features  of  the  phase  dynamics. 

iii.  To  avoid  costly  multi-stage  implementations,  as  indicated  above. 

The  time-stepping  algorithms  developed  in  the  previous  section  where  focused  in  the  con¬ 
struction  of  linear  schemes  given  the  linearity  of  the  underlying  problem,  resulting  in  the 
two-stage  formulae  of  the  second-order  ED-2  scheme.  Therefore,  a  direct  application  of  the 
previous  algorithms  to  the  nonlinear  problem  does  not  address  the  three  aforementioned 
challenges,  including  especially  the  conservation  of  angular  momentum.  Nevertheless,  we 
show  in  this  section  that  these  objectives  can  be  accomplished  following  similar  arguments 
in  the  construction  of  the  numerical  schemes.  In  this  way,  after  defining  briefly  the  problem 
under  consideration  in  Section  IV.3.1,  we  formulate  in  Section  IV.3.2  a  new  second-order 
energy-dissipative/momentum-conserving  time-stepping  algorithm  for  nonlinear  elastody- 
namics. 


IV.3.1.  Problem  definition 

We  are  interested  in  the  integration  in  time  of  the  deformation  ip  :  B  x  [0,  T]  -+  R«- 
and  material  velocity  i):Bx[0,T]4  Rndim  (ndim  =  1, 2  or  3)  of  a  solid  B  C  Rndim  with 
material  particles  denoted  by  X  e  B  and  a  time  interval  [0,  T].  The  weak  form  of  the 
governing  equations  (balance  of  linear  momentum)  reads 

ip  =  v 

[  p0v-5<pdB  +  [  S  :  FTGiad(5<p)  dB  =  [  PoB  ■  6<p  dB  +  [  T  •  5ip  dr 

JB  JB  JB  JdTB 

(IV.  3.1) 

for  all  admissible  variations  5cp  satisfying  homogeneous  essential  boundary  conditions  Sip  — 
0  on  duB  (the  part  of  the  boundary  with  imposed  deformations),  as  usual.  We  have 
denoted  in  (IV.3.1)  the  reference  density  of  the  solid  by  p0  >  0,  the  deformation  gradient 
by  F  :=  Grade/?  (with  material  gradient  Grad[-]),  the  second  Piola-Kirchhoff  stress  tensor 
by  5,  the  external  body  force  B,  and  imposed  tractions  T  on  OtB  has  been  employed  in 
(IV.3.1).  The  hyperelastic  relation 


5  =  2—.  (IV.3.2) 

in  terms  of  a  general  stored  energy  function  W  =  W(C),  with  C  :=  FTF  (by  frame 
indifference) . 

As  described  in  Part  I  of  this  work,  the  system  of  equations  (IV.3.1)  defines  an  infinite 
dimensional  Hamiltonian  system,  exhibiting  the  following  conservation  laws: 
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i.  Conservation  of  energy.  For  the  Neumann  problem  with  no  applied  forces  (i.e.,  B  = 
T  =  0  and  duB  —  0),  the  total  energy  is  conserved,  that  is, 

H{<p,p(v))=  [  \  p0  ||u||2  dB  +  [  W{C{<p))dB  =  constant,  (IV.3.3) 
Jb  Jb 

for  the  Hamiltonian  H(-)  in  terms  of  the  linear  momentum  density  p  :=  pav. 

ii.  Conservation  of  linear  momentum.  The  invariance  of  the  Hamiltonian  (IV.3.3)  under 
rigid  translations  leads  to  the  conservation  law 

l  :=  p0  v  dB  =  constant ,  (IV. 3. 4) 

Jb 

when  the  boundary  conditions  and  loading  exhibit  this  invariance  (e.g.,  B  =  T  =  0 
and  duB  =  0). 

iii.  Conservation  of  angular  momentum.  The  invariance  of  the  Hamiltonian  (IV.3.3)  under 
rigid  rotations  leads  to  the  conservation  law 

J  /  p0  (p  x  v  dB  =  constant  ,  (IV.3.5) 

Jb 


when  the  boundary  conditions  and  loading  share  this  invariance  (e.g.,  B  =  T  =  0  and 
duB  =  0).  In  (IV.3.5)  we  have  made  use  of  the  cross  product  x  of  two  vectors  in  M3, 
or  its  corresponding  embedding  in  lower  dimensions. 

As  considered  in  detail  in  Part  I,  these  symmetries  lead  also  to  the  existence  of  relative 
equilibria  (see  e.g.  Marsden  [1992]),  that  is,  solutions  of  the  general  systems  of  equations 
(IV.3.1)  consisting  of  a  rigid-body  motion  (rigid  rotation  and  translation)  superposed  to 
a  fixed  equilibrium  deformation.  We  refer  to  Part  I  of  this  work  and  references  therein  for 
details. 

We  consider  a  general  isoparametric  finite  element  approximation  of  the  continuum 
equations  (IV.3.1)  through  the  interpolations 

Unode  Tlnode 

if  =  X  +  J2  NA(X)  dA(t)  and  v  =  NA{X )  vA(t)  ,  (IV.3.6) 

A= 1  A=1 


in  terms  of  the  shape  function  NA(-)  for  nnode  nodes,  nodal  displacements  d  =  j  dlT  d?T  . . .  j 
6  Rndo',  and  nodal  velocities  v  =  julT  v2*  ...j  G  Rndof .  Standard  procedures  lead  to 


the  nonlinear  system  of  spatially  discrete  equations 

d  =  v 


Mv 


-L 


BTS  dB  +  f extit) 


(IV. 3. 7) 
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in  terms  of  the  (consistent)  mass  matrix 

M  =  [Mab  1]  for  MAb  =  [  PoNA  NB  dB  for  A,B  =  1  ,nnode  ,  (IV.3.8) 

Jb 

the  identity  matrix  1  E  Rndim  xr*dim }  and  the  linearized  strain  operator  ( B5d  =  sym[.FrGrad<5<£>] 
for  a  deformation  variation  Sip  and  corresponding  nodal  variations  Sd),  and  external  forces 
fext  (including  possibly  imposed  boimdary  displacements).  This  system  of  ODE’s  is  sup¬ 
plemented  by  the  initial  conditions  (IV. 2. 3)  as  in  the  linear  case.  The  same  conservation 
laws  (IV.3.3)-(IV.3.5)  are  inherited  by  the  spatially  discrete  system  (IV. 3. 7). 


IV. 3. 2.  Energy  dissipative,  momentum  conserving  schemes 

Following  the  developments  in  Section  IV.2  for  the  linear  case,  we  consider  the  fol¬ 
lowing  temporal  discretization  of  the  nonlinear  system  of  equations  (IV. 3. 7) 


M 


dj+i  ~  dA 

At 
vn+i 


9 cons  +  9diss  >  (A  =  1.  nnode)  , 


At 


—  [  B n+i/2  {Scons  H“  Sdiss)  dV  +  fext  i 

Jb  ' - v - ' 


(IV. 3. 9) 


for  a  typical  time  increment  [tn,  tn+1],  with  the  linearized  strain  operator  Bn+i/2  evaluated 
at  the  mid-point  deformation  ipn+ 1/2  =  (<Pn+ 1  +  ‘fin)/ 2.  As  in  the  linear  case  (IV.2. 8), 
the  external  force  vector  is  approximated  through  a  general  expression  fext  (e.g.  the 
second-order  expression  fext  =  fext{tn+ 1/2))- 

The  structure  of  the  equations  (IV. 3. 9)  is  the  same  as  the  equations  (IV. 2. 8)  for  the 
linear  case  after  identifying  the  conserving  and  dissipative  part  of  the  approximation  of  the 
internal  force.  In  contrast,  however,  and  as  discussed  extensively  below,  this  decomposition 
is  considered  at  the  stress  level  through  the  expression 

S  —  Scons  +  Sdiss  j  (IV. 3. 10) 


for  a  conserving  and  dissipative  approximation  satisfying  the  pointwise  relations 

Scons  :  I  (Cn+1  -  Cn)  =  W(Cn+1)  -  W{Cn)  ,  (IV. 3. 11) 


and 


Sdiss  '•  2  i^Jn+1  (-Jn)  —  > 


(IV. 3. 12) 
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respectively,  for  a  dissipation  density  function  T>w  (i.e.,  per  unit  volume).  The  simulations 
presented  in  Section  IV. 4  consider  the  expression 


5  cons 


,ty(cn+1)-iy(c„ 


for  the  conserving  part,  with 


and  the  well-defined  limit 


N  := 


Cn-t-i  ~  Cn 

!|Cn-fl  —  Cn\\ 


(IV. 3. 14) 


2  dcW{- 


Cn+l  +  Cn 


)  for  Cn  =  Cn+ 1  . 


(IV.3.15) 


Here,  we  have  used  in  the  Eucfidean  norm  of  a  rank-two  tensor  ||C|j2  :=  CijCij.  The 
expression  (IV.3.13)  was  first  proposed  in  Simo  GONZALEZ  [1994].  We  observe  that 
Scons  defines  a  second  order  approximation  of  the  stress. 

A  consistent  dissipative  part  Sdiss  satisfying  the  relation  (IV. 3. 12)  can  then  be  con¬ 
structed  in  the  form 

s*“ :=  2Ic^cjN  ’  (IV'316) 

with  N  given  again  by  (IV. 3. 14)  and  the  scalar  T>w  to  be  defined  (with  the  proper  limit 
values  for  Cn+ 1  —  Cn).  As  noted  in  Remark  5.1.2  of  Part  I  of  this  work,  the  discrete  stress 
formula  (IV.3.10)  can  be  written  in  more  general  form  as 


S  =  S  + 


' nW(Cn+1)-W(Cn)  +  Vw  - 

IICW. -Cn|| 


N 


N 


(IV. 3. 17) 


for  a  general  second-order  approximation  S  of  (IV.3.15),  while  maintaining  the  dissipa¬ 
tion/conservation  properties  described  in  this  section. 

Following  the  ideas  developed  in  the  previous  section  for  the  linear  problem,  the 
velocity  contributions  in  (IV.3.9)  are  also  decomposed  in  conserving  and  dissipative  parts. 
As  occurred  in  the  linear  case,  the  conserving  part  can  be  easily  obtained  through  the 
mid-point  evaluation 

9cons  =  Vn+l/2  =  \  faf+1  +  )  >  (IV.3.18) 

for  each  node  A  =  1,  nnode-  The  dissipative  contributions  gaiss  to  the  velocity  equation 
(IV.3.9) i  are  defined  nodally  by  gAiss  £  Rndim  through  the  solution  of  the  system  of 
equations 


Tl-node 

X]  MaB  9diss 


B= 1 


f  jyA  _ _ ^n+l  +  Vn 

JB  ll^n+lll  ^n||  ll^n-l-lll  T  Vn 


(IV. 3. 19) 
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for  a  dissipation  density  function  Vv.  This  expression  is  motivated  by  the  equality 

nnode  p 

E  W+i  -  O  '  Mas  gl„  =  VvdB.  (IV.3.20) 


j4,B=1 


similar  to  (IV. 2. 10)2  for  the  linear  case,  and  its  momentum  conservation  properties  iden¬ 
tified  in  the  analysis  below. 

In  this  way,  multiplying  equation  (IV.3.9)i  by  M (un+i —  v'n)  and  (IV. 3. 9)2  by  (dn+ 1  — 
dn),  we  arrive  at  the  discrete  energy  evolution  equation 

#n+l  -  =  fext  •  (d„+i  ~  dn)  -  [  [Vv  +  Vw\  dB  ,  (IV.3.21) 

JB 

' - V - ' 

:  =  V 

after  some  algebraic  manipulations.  Here  and  H^+1  correspond  to  the  exact  Hamil¬ 
tonian  function  (IV. 3. 3)  evaluated  with  the  finite  element  solution  at  times  tn  and  £n+i, 
respectively.  As  employed  in  the  linear  case  of  Section  IV.2,  we  can  identify  the  total 
dissipation  contributions 

VK  :=  [  Vv  dB  and  Vv  :=  [  Vw  dB  ,  (IV.3.22) 

JB  JB 


with  V  =  T>k  +  XV-  The  dissipative  character  of  the  resulting  numerical  scheme  for  the 
force-free  case  fext  =  0  is  then  concluded  if  we  have  Vv  +  Vw  >  0.  We  note  that  the  two 
dissipation  density  functions  Vw  and  Vv  need  to  be  defined  only  locally  at  the  quadrature 
points  since  they  appear  under  an  integral  sign.  This  important  observation  is  employed 
below  to  arrive  to  efficient  second-order  schemes. 

In  addition,  the  specific  form  of  the  dissipative  terms  in  (IV. 3.9)!  and  (IV. 3. 19)  leads 
to  approximations  conserving  the  momenta.  Indeed,  denoting  by  Z^+1  and  the  linear 
momentum  of  the  finite  element  solution  at  tn  and  tn+i  respectively  (i.e.,  formula  (IV. 3. 4) 
with  the  finite  element  fields)  and  using  (IV.3.9)2,  we  arrive  at  the  relation 


(^n+l  ^n)  ■  a  ~  /  a  '  Po(vn+l  Vn) 

JB 


dB 


=  -  S  ■  Fn+l/2  dB  +  At  f  jP  fext 


a 


\  A=1 


'nnode 


fL  ]  a  Vae  Rndim  , 


A= 1 


=  At 


(IV. 3. 23) 
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thus  leading  to  the  conservation  of  the  linear  momentum  when  fext  =  0  (note  that  this 
implies  no  imposed  boundary  displacements  as  well).  Similarly,  denoting  by  J^+1  and 
the  linear  momentum  of  the  finite  element  solution  at  tn  and  tn+ 1  respectively  (i.e., 
formula  (IV. 3. 5)  with  the  finite  element  fields)  and  using  (IV. 3. 9),  we  arrive  after  some 
algebraic  manipulations  at  the  relation 


(*^n+l 


Jn)  '  a  =  /  a  ■  po((pn+ 1  X  Vn+1  ~  ipnX  Vn) 
JB 


dB 


=  -  /  Fn+ 1/2  s  F„+l/2  :  a  dB  +  At  rhext  ■  a 
Jb > - - - - 


“v* 

symmetric 


skew 

At  rhext  a  Va  e  Mndim  , 


(IV. 3. 24) 


where  a  denotes  the  skew-symmetric  tensor  with  axial  vector  a,  and  rhext  is  the  moment 
of  the  external  loading,  given  by 

‘wiext  • —  /  fPn-i-i/2  x  pQ  B  dB  /  ^Pn+i/2  x  T  dr  ,  (IV  .3.25) 

Jb  J  as 

where  B  and  T  denotes  the  temporal  discretization  assumed  for  the  external  loads,  the 
later  consisting  of  all  the  surface  loads  on  the  boundary  dB ,  including  the  reactions  at  the 
boundary  duB  with  imposed  displacements  at  the  mid-configuration  <Pn+i/2-  Therefore, 
the  conservation  of  the  angular  momentum  for  rhext  =  0  (including  no  imposed  boundary 
displacements  as  well)  is  concluded. 

The  above  developments  follow  the  same  arguments  as  the  ones  presented  in  Part  I 
of  this  work  (hence  the  conciseness  in  the  presentation)  for  the  analysis  of  similar  time¬ 
stepping  schemes  but  in  combination  with  a  lumped  form  of  the  mass  matrix  M  and 
dissipation  function  in  the  velocities.  In  the  same  way,  we  can  prove  that  the  relative 
equilibria  of  the  discrete  system  (IV. 3. 7)  (now  involving  a  consistent  form  of  the  centrifugal 
body  forces  in  the  equilibrium  configurations)  are  also  conserved  by  the  time-stepping 
scheme.  We  refer  the  reader  to  this  reference  for  a  proof  and  further  details.  We  summarize 
these  properties  in  the  following  proposition. 


Proposition  IV. 3.1  The  numerical  scheme  (IV. 3. 9),  with  (IV. 3. 16)  and  (IV. 3. 19),  pos¬ 
sesses  the  following  conservation/dissipation  properties  for  the  Neumann  problem  of  non¬ 
linear  elastodynamics  (i.e.  fext  =  0  with  duB  =  0): 

1.  The  discrete  lh  linear  and  angular  momenta  Jh  are  conserved.  That  is,  we  have 

lhn+1  =  g  and  Jj+1  = 


(IV.  3. 26) 
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unconditionally  in  the  time  step  At. 

2.  The  total  energy  evolves  as 

H*+1  -  Hi  =  -  [  [Vv+  Vw)  dB  .  ( IV.8.21 ) 

Jb 

Hence  the  scheme  is  dissipative  unconditionally  in  At  and  the  elastic  potential  W(-) 
if  T>v  +  Vw  >  0. 

3.  The  discrete  dynamical  system  preserves  the  relative  equilibria. 


The  numerical  scheme  is  then  totally  determined  once  the  dissipation  density  functions 
Vw  and  Vv  are  defined  at  the  quadrature  points.  In  this  context,  a  first-order  energy- 
dissipative  momentum-conserving  scheme  was  presented  in  Part  I  of  this  work,  with  the 
dissipation  functions 


VW=X,\  (Cn+i  -  Cn)  :  \Cn  (Cn+i  -Cn)>  O' 
Vv  =  X3  \  Po  (H«„+l||  -  ll-Unll)2  >  0 


(IV.3.28) 


for  two  algorithmic  parameters  Xi  >  0  and  x2  >  0,  and  a  positive  (semi-) definite  tensor  C„, 
e.g.  Cn  =  AdcCW\n  (or  its  convexification;  see  e.g.  Dacorogna  [1989],  page  35),  leading 
a  first-order  scheme,  referred  to  as  EDMC-1.  More  precisely,  we  presented  in  this  reference 
a  variant  involving  a  lumped  mass  matrix  with  an  equivalent  nodally-based  definition  of  the 
dissipation  function  Vv  that  leads  to  a  very  efficient  numerical  implementation  of  the  final 
discrete  equations,  involving  the  solution  of  a  system  of  ndof  equations  with  independent 
nodal  updates  for  the  nodal  velocities  corresponding  to  equation  (IV.3.9)i.  The  expressions 
(IV.3.28)  are  analogous  to  (IV. 2. 18)  for  the  linear  case.  In  this  way,  the  resulting  scheme 
can  be  considered  the  extension  to  the  nonlinear  case  of  the  energy-dissipative  ED-1  scheme 
described  in  Section  IV. 2. 1.1  for  linear  elastodynamics.  We  develop  in  the  next  section 
a  second-order  energy-dissipative  momentum-conserving  scheme,  denoted  by  EDMC-2, 
extending  the  energy  dissipative  ED-2  schemes  formulated  in  Section  IV. 2. 1.2  for  the  linear 
problem. 


IV. 3. 2.1.  A  second-order  energy  decaying  scheme  (EDMC-2) 

As  noted  in  the  beginning  of  this  section,  one  of  the  challenges  in  the  formulation  of 
efficient  time-stepping  algorithms  is  to  avoid  multi-stage  formulas  like  the  ED-2  scheme 
developed  in  Section  IV.2.1.2  for  linear  elastodynamics,  thus  avoiding  the  doubling  of 
the  number  of  unknowns  (i.e.,  nodal  displacements  and  velocities)  for  each  additional 
stage.  The  key  observation  is  again  that  the  dissipation  density  functions  Vv  and  Vw  (see 
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e.g.  (IV.3.27))  need  to  be  defined  locally  at  the  quadrature  points  of  the  finite  element 
implementation  only.  Therefore,  and  motivated  by  the  form  of  the  expressions  (IV. 2. 23) 
in  the  linear  case,  we  introduce  the  definitions 

Vw  =  \{Cn-  C„)  :  ±Cn  (Cn+1  -  Cn)  ,  (IV.3.29) 

for  an  intermediate  “strain  measure”  Cn,  second-order  approximation  in  time  of  Cn,  and, 
introducing  the  rotation  vn  :=  ||un||  and  vn+i  :=  ||wn+i||, 

Vv  =  \  (v„  -  V„)  Po  (vn+i  -  vn)  ,  (IV. 3. 30) 

for  an  intermediate  scalar  value  vn,  second-order  approximation  in  time  of  vn  :=  ||vn||. 
That  is,  we  require 


Cn  =  Cn  +  0(At2)  and  vn  =  v„  +  C(At2)  .  (IV.3.31) 

We  note  that  the  use  of  the  intermediate  values  Cn  and  vn  does  not  require  the  introduction 
of  new  nodal  displacements  and  velocities  (say  dn  and  vn)  as  in  the  linear  case.  These 
quantities  are  to  be  understood  as  numerical  terms  that  through  the  definitions  introduced 
next  lead  to  a  dissipative  numerical  approximation  being  second-order  in  time. 

Similarly,  the  only  property  required  to  the  fourth-order  tensor  Cn  introduced  in 
(IV.3.29)  is  its  positive  definiteness.  The  derivation  followed  here  emphasizes  the  de¬ 
velopment  of  a  general  procedure  for  the  construction  of  energy-dissipative  momentum- 
conserving  schemes,  leading  to  this  freedom  in  the  choice  of  the  general  terms.  This 
freedom  was  also  noted  in  Remark  IV. 2. 2. 2  for  the  linear  case.  The  consideration  of  a 
constant  Cn  in  the  time  step  simplifies  considerably  the  final  numerical  implementation, 
especially  the  consistent  linearization  of  the  resulting  equations.  In  this  way,  we  consider 
C„  =  AdQCW\n,  (or  its  convexification)  or  simply  Cn  =  kuI  for  a  scalar  parameter  Kn  >  0 
and  the  fourth-order  identity  matrix  I.  A  value  of  Kn  —  2p  (the  initial  shear  modulus) 
has  been  assumed  in  the  simulations  presented  in  Section  IV. 4  involving  a  compress¬ 
ible  Neo-Hookean  finite  elastic  model.  We  note  the  residual  character  of  the  definitions 
(IV.3.29)  and  (IV.3.30)  (through  the  proper  definition  of  the  intermediate  values  Cn  and 
vn,  as  developed  below),  and  conclude  the  consistency  of  these  different  alternatives  in  the 
definition  of  Cn. 

A  simple  definition  of  the  intermediate  tensor  Cn  is  given  in  the  form 

Cn  =  Cn  +  Pn  (Cn+1  -  Cn)  ,  (IV.3.32) 

for  an  unknown  scalar  parameter  j3n.  We  note  that  both  Cn  and  Cn+i  are  known  in  a 
typical  iterative  procedure  (e.g.  Newton- Raphson)  when  solving  the  nonlinear  system  of 
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equations  (IV. 3. 9).  The  requirement  (IV. 3. 31) i  for  a  second-order  scheme  translates  then 
to 

ft,  =  O(At)  .  (IV .3.33) 

since  Cn+i  —  Cn  =  O(At).  The  numerical  scheme  reduces  then  to  the  definition  of  the 
two  scalars  /3n  and  vn  at  each  quadrature  point. 

Motivated  by  the  developments  in  Section  IV. 2. 1.2  for  the  linear  case,  equations 
(IV. 2. 21)  in  particular,  we  introduce  definitions 


fin  =  a  —  (vn+i  -  v„)  , 

Vr,  =  V„-a~C2  ||Cn+I  -  C„f(l  -  ft.)  , 


\ 


> 


(IV. 3. 34) 


for  an  algorithmic  parameter  a ,  a  length  scale  h  (e.g.  based  on  the  quadrature  point 
structure  of  the  preceding  developments  h  =d’Vquadrature  point  reference  volume  ==diVJ> 
for  j  =  determinant  of  isoparametric  map  x  quadrature  weight,  the  isoparametric  map 
corresponding  to  the  reference  volume)  and 


K 


c  := 


Po 


where  k  := 


(Cn+l  -  Cn)  :  \Cn  (Cn+1  ~  Cn) 

l|Cn+l-Cn||2 


(IV. 3. 35) 


The  dimensional  consistency  of  the  final  equations  (IV.3.34)  can  be  verified.  We  emphasize 
that  the  length  scale  parameter  h  is  based  on  the  reference  spatial  discretization  and  it  is, 
therefore,  not  affected  by  the  distortions  of  the  spatial  mesh  that  may  lead  to  small  values 
of  the  volumes  associated  to  the  quadrature  points  in  the  deformed  mesh;  see  also  Remark 
IV.3.1.3  below.  We  also  observe  that  tfis.  required  order  conditions  (IV. 3. 31)  and  (IV. 3. 33) 
are  satisfied,  as  discussed  in  Remark  IV .3.1.2.  The  expressions  (IV.3.35)  are  simple  linear 
equations  in  the  two  unknown  scalars  j3n  and  vn,  with  the  closed-form  solution 


~  1  At 

=  A  a~h 


v'n+l  -  Vn  +a  ^  C2  ||C„+1  -  C„||2 


(IV. 3. 36) 


and 


for 


v„  = 


vn  -  a  ^1  -  a  ^  v„+1)  ^  c2  ||Cn+i  -  C,  1,2 


h 


At ' 


A=l  +  aMc-  ||Cn+1-Cn| 


with  pn  -  0  and  vn  =  vn  for  ||Cn+x  -  Cn\\  —  0  and  ||un+i||  =  ||un|  . 


(IV. 3. 37) 
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The  motivation  behind  the  definitions  (IV.3.35)  is  the  non-negative  character  of  the 
combination  T>w  +  v  appearing  in  the  final  expression  (IV. 3. 27)  of  the  total  dissipation, 
as  in  the  linear  case  considered  in  Section  IV. 2. 1.2  for  the  ED-2  scheme.  This  property  is 
achieved  through  the  cross-type  definitions  of  fin  and  vn  appearing  in  expressions  (IV.3.35). 
In  fact,  we  have 

'Ey  +  T>w  —  §  (vn  —  vn)  p0  (vn+i  —  vn)  +  \  (Cn  —  Cn)  :  |Cn  (Cn+1  —  Cn) 

=  \  Po  (v„  -  Vn)2  +  I  (Cn  -  Cn)  =  JCn  (C»  -  Cn) 

-  5  (Vn  “  Vn)  po  (v„  -  V„+i)  -  5  (C„  -  Cn)  l  j€n  (C„  ~  Cn+ 1) 

=  l  Po  (V„  -  Vn)2  +  |  (Cn-  Cn)  I  \Cn  (C„  -  Cn) 

“  5  (v„  -  vn)  Po  (Vn  -  Vn+i)  ~  \  (Cn  ~  Cn)  :  Jcn  (Cn  -^Cn+l) 

-  Pn(Cn+l-Cn)  =  -(l-jSB)(C„  +  1 -Cn) 

=  |  Po  (Vn  -  Vn)2  +  §  (Cn  -  C„)  :  JCn  (C„  -  C„) 

-  5  (v„  -  Vn)  Po  (v„  -  Vn+x)  -  |  ^n^  (1  -  /3n)  C2p0  ||C„+i  -  Cn||2 

=  a^(vn+i-€n)  by  (IV.3.34)i 


=  I  ft,  (v„  -  v„)2  +  1  (C„  -  C„)  :  ic„  (C„  -  C„) 


(v„  -  v„)  +  a  (1  -  /?„)  c2  ~  ||C„+1  -  <?„||2  ft,  (v„  -  v„+i) 

v  - ' 

=0  by  (IV. 3. 34)2 


i  Po  (v„  -  Vn)2  +  i  (Cn  -  Cn)  :  \Cn  (C„  -  C„)  >  0  , 


(IV.3.38) 


since  p0  >  0  and  Cn  is  positive  semi-definite.  Furthermore,  the  relation  (IV.3.38)  holds  un¬ 
conditionally  in  A t  and,  perhaps  more  importantly,  unconditionally  on  the  elastic  potential 
W(-). 

We  emphasize  once  more  that  the  final  numerical  scheme  reduces  to  the  evaluation  of 
proper  dissipation  functions  at  the  quadrature  points.  This  is  simply  accomplished  through 
the  (linear)  evaluation  (IV.3.36)-(IV.3.37)  of  two  scalar  parameters.  The  implementation 
involves  then  the  solution  of  a  2  •  ridof  algebraic  system  of  equations  in  dn+ 1  and  vn+1 
only,  and  not  4  •  ridof  equations  as  it  would  be  the  case  in  a  two-stage  scheme.  However, 
we  readily  observe  that  in  contrast  with  traditional  algorithms  where  the  2  •  ridof  equations 
can  be  decoupled  in  a  nonlinear  algebraic  system  of  ridof  equations  with  nodal  updates 
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for  the  velocities,  the  resulting  system  for  EDMC-2  scheme  is  coupled  in  the  velocity  and 
displacement  contributions.  This  situation  is  due  to  the  crossed  used  of  the  velocity  and 
displacement  in  the  dissipative  terms  (IV.3.34).  Furthermore,  the  conserving/dissipative 
contributions  lead  to  a  unsymmetric  material  stiffness  matrix,  as  it  is  common  in  existing 
conserving  schemes.  Appendix  IV.2  describes  the  details  of  a  numerical  implementation 
of  the  proposed  scheme  that  avoids  these  drawbacks  by  introducing  a  nested  iterative  pro¬ 
cess  based  on  a  symmetric  algebraic  system  of  equations.  A  complete  comparative  study 
of  the  computational  cost  involved  is  also  included,  showing  that  the  improved  conser¬ 
vation/dissipative  properties  of  the  proposed  schemes  can  be  obtained  at  a  comoetitive 
computational  cost.  The  dissipation/conservation  properties  summarized  in  Proposition 
IV.3.1,  as  well  as  the  second-order  accuracy  in  time  of  the  resulting  scheme,  have  been 
confirmed  in  the  numerical  simulations  presented  in  the  following  section. 


Remarks  IV.3.1. 

1.  We  note  that  the  need  to  introduce  the  length  scale  parameter  h  in  (IV.3.34)  is  a 
consequence  of  the  definition  of  the  dissipation  functions  at  the  level  of  the  quadra¬ 
ture  points,  with  temporal  relations  involving  strains  and  velocities  (thus  the  need  of 
the  length  parameter  for  dimensional  consistency).  This  situation  does  not  apply  to 
other  nonlinear  Hamiltonian  systems,  where  the  developments  presented  above  for  the 
system  of  nonlinear  elastodynamics  generalize.  For  example,  for  the  simpler  model 
problem  of  a  nonlinear  spring  with  elastic  potential  V(l)  (l  =  spring  length),  fixed  at 
one  end  and  with  a  point  mass  m  at  the  other  end  free  of  other  external  forces,  as 
considered  in  Part  I  of  this  work,  the  EDMC-2  scheme  reads 


VK  vn+i  +  vn 


1  x  vn+i 

aj.  \Qn+l  qn)—Vn+i/2+m  _ 

^Vi+1  Vn+1 


+  V, 


n 


m 


fUr.4-1 


V(L^) 


x  r/i 


(TV. 3. 39) 


that  is,  as  the  EDMC-1  scheme  presented  in  this  reference,  but  with  the  dissipation 
functions 

T>v  =  \  kn{In  -  ln)(ln+ 1  -  In)  ,  and  VK  =  \  m  (vn  -  v„)(vn+i  -  v„)  ,  (IV.3.40) 

where  Kn  :=  V"(ln)  >  0  (or  its  convexification)  and,  similar  to  (IV.3.34), 

in  =  In  +  a  At  (vn  -  v„+i)  ,  (IV. 3. 41) 

m  vn  =  m  vn  —  a  At  Kn  (ln  -  ln+1)  ,  (IV.3.42) 


with  no  need  to  introduce  additional  length  parameters.  Here,  we  have  used  the  no¬ 
tation  of  qt  €  R2  for  the  position  vector  at  time  t  of  the  mass  m  from  the  fixed 
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end  and  vt  €  R2  for  the  velocity  vector  of  the  mass  at  time  t,  with  lt  =  ||gt||  and 
vt  =  ||r?t||.  The  scheme  (IV.3.39)-(rV.3.42)  exhibits  the  same  dissipation/conservation 
properties  as  summarized  in  Proposition  IV. 3.1  for  nonlinear  elastodynamics.  In  par¬ 
ticular,  similar  arguments  show  unconditional  energy  dissipation  (the  energy  being 
H  =  m  v2/2  +  V(l ))  and  conservation  of  the  angular  momentum  around  the  center 
(the  angular  momentum  being  J  =  m  v  l  sin  <j>  for  the  angle  cj>  between  the  vectors 
q  and  u),  while  being  second-order  accurate  in  time.  We  refer  again  to  Part  I  of 
this  work  for  details  on  this  model  problem  as  well  as  for  a  related  simplified  model 
of  thin  beams.  Similar  arguments  apply  in  the  construction  of  second-order  energy- 
dissipative,  momentum-conserving  schemes  for  this  and  similar  nonlinear  Hamiltonian 
systems;  details  are  omitted. 

2.  The  order  conditions  (IV. 3. 31)  and  (IV.3.33)  are  satisfied,  in  fact,  in  the  form 

—  /\f. 

(3  =  0{^cfl  At)  and  vn  =  vn  +  0(\ cfl  At  )  for  A cfl  —  c ~j ~  ,  (IV. 3. 43) 

that  is,  a  “Courant  parameter”  in  terms  of  the  speed  value  c  defined  in  (IV. 3. 35).  Note 
that  the  introduction  of  A CFl  should  not  be  related  to  any  condition  on  the  stability 
of  the  algorithm;  we  have  shown  the  unconditionally  (energy)  stable  character  of  the 
proposed  scheme.  This  stability  is  accomplished  for  any  value  of  the  time  step  At  and 
spatial  discretization  (i.e.  h).  Nonetheless,  it  is  normal  to  consider  simulations  for  a 
fixed  (non-dimensional)  ratio  of  these  parameters,  that  is,  a  fixed  A CFL.  The  relations 
(IV. 3. 43)  show  the  consistency  (the  second-order  accuracy  of  the  scheme,  as  a  matter 
of  fact)  under  these  conditions.  No  conditional  consistency  is  observed. 

3.  We  also  note  the  lack  of  singularity  of  the  above  expressions  for  small  values  of  the 
length  parameter  h  (that  is,  fine  meshes)  for  a  fixed  time  step.  We  emphasize  again 
that  this  parameter  is  defined  in  terms  of  the  reference  mesh,  so  this  case  may  arise  for 
a  limit  choice  of  the  initial  mesh  and  not  due  to  excessive  distortions  of  its  deformed 
configuration.  A  straightforward  calculation  shows  that  for  h  — »  0  we  obtain  the  limit 
values  vn  — >  vn+i  and  Cn  — >  Cn+ 1  (i.e.,  /3n  — >  1),  leading  to  a  finite  value  of  the  total 
dissipation  density  Vv  +  T>w  in  (IV.3.38)i.  Observe  that  the  total  dissipation  is  given 
by  the  sum  over  all  the  ngau,,  quadrature  points 

a  ^ gauss 

V=  [Dv  +  Vw]  dB=  V  [Vv+Vw]l  ,  (IV. 3. 44) 

Jb  i=i 

so  still  the  contribution  to  the  total  dissipation  of  the  quadrature  point  with  hi  0 
vanishes,  as  expected. 

4.  We  note  again  the  emphasis  in  the  presentation  herein  on  the  construction  of  a  gen¬ 
eral  procedure,  leading  to  a  possible  multiple  choice  in  some  of  the  parameters.  Still, 
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from  a  practical  point  of  view  the  meaningful  parameter  controlling  the  numerical 
dissipation  is  only  one,  namely,  the  (non-dimensional)  algorithmic  parameter  a.  Par¬ 
ticular  choices  on  the  values  of  the  dissipative  terms  kn  defining  a  computationally 
convenient  Cn  (see  discussion  after  (IV. 3. 31)  would  only  correspond  basically  to  a 
re-scaling  of  the  parameter  a.  This  corresponds  to  the  same  situation  discussed  in 
Remark  IV.2.2.2  for  the  linear  case.  The  calibration  of  the  algorithmic  parameter 
a  can  be  obtained,  for  example,  through  the  dissipation  curves  in  the  representative 
linear  problems  considered  in  Section  IV. 2.  □ 


IV. 4.  Representative  Numerical  Simulations 

The  spectral  analyses  presented  in  Section  IV. 2. 2  characterize  completely  the  nu¬ 
merical  properties  of  the  new  ED-1  and  ED-2  schemes  presented  in  this  paper  for  linear 
elastodynamics.  To  evaluate  the  performance  of  the  newly  proposed  EDMC-2  scheme  for 
nonlinear  elastodynamics,  we  consider  in  this  section  several  representative  numerical  sim¬ 
ulations  that  verify  numerically  the  accuracy  and  dissipation/conservation  properties  of 
the  new  scheme  shown  in  Section  IV. 3. 2. 

To  this  purpose,  we  consider  the  finite  elastic  solid  depicted  in  Figure  IV. 4.1  in  its 
initial  configuration  (t  =  0).  As  seen  in  this  figure,  the  solid  consists  of  a  central  ring  with 
three  equally  spaced  blades  resembling  a  propeller.  The  ring  has  an  inner  radius  of  0.4, 
outer  radius  of  0.5  and  depth  of  0.2,  and  it  is  discretized  in  15  equally  spaced  groups  of  6 
8-node  bricks  each.  The  distance  from  the  the  center  of  the  ring  to  the  tip  of  the  blades  is 
2.5,  having  a  twisted  reference  shape  in  between,  with  linearly  varying  thickness  along  its 
height.  We  have  included  in  Figure  IV. 4. 2  the  coordinates  of  the  nodes  at  the  tip  and  at 
the  base  of  one  of  the  blades.  A  total  of  12  8-node  bricks  are  used  for  each  blade. 

The  compressible  Neo-Hookean  model  given  by  the  stored  energy  function 

W(C)  =  J  log2  J  +  1  -  3)  -  p  log  J  ,  (IV.4.1) 


for  J  =  VdetC  and  I\  =  trC,  and  material  parameters  A  and  p  (the  Lame  constants),  is 
considered.  As  indicated  in  the  previous  section,  the  numerical  properties  of  the  proposed 
schemes  generalize  to  any  elastic  potential.  The  parameters  =  57.70  and  pb  =  38.46  are 
assumed  for  the  blades.  The  inner  ring  is  assumed  stiffer,  with  Ar  =  8  •  Af,  and  pT  =  8  •  pb- 
The  reference  density  is  taken  to  be  pa  =  8.93  throughout. 

A  volumetric  body  force  is  applied  initially  to  the  inner  ring  only,  with  the  form 

B(X,t)  =  r(t)  [e3  x  ip(X,t)}  ,  (IV.4.2) 
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(25,  0.05,  -0.40) 

(2.5,  0.1.  -0.1333) 

(2.5,  -0.05,  0.1333) 
(25,  -0.40,  0.40) 


hidden  three  nodes  with 
the  same  coordinates  as 
below,  except  y  =  -0.104 

(0.4691,  0.104,  -0.10) 
(0.4691,  0.104,  -0.0333) 
(0.4691,  0.104,  0.0333) 
(0.4691,  0.104,  0.10) 


0.05,  -0.40) 

(2.5,  -0.0056,  -0.1333) 

(25,  -0.1369,  0.1333) 
(2.5,  -0.45,  0.40) 


linearly  varying  thickness 
with  4  equally  spaced  divisions 


equally  spaced 
blades 


FIGURE  IV.4.1  Three-dimensional,  Neo-Hookean  solid:  problem 
definition.  The  solid  consists  of  a  ring  of  inner  radius  0.4,  outer  radius 
0.5,  and  depth  0.2,  discretized  with  90  8-node  bricks.  Three  equally 
spaced  blades,  with  a  linearly  varying  thickness,  are  discretized  with  12 
finite  elements  each.  The  coordinates  shown  are  given  in  the  depicted 
x  —  y  —  z  Cartesian  system,  with  the  axis  of  the  ring  corresponding  to 
the  z— axis. 


where  e 3  is  the  unit  vector  in  the  direction  of  the  undeformed  ring  axis  (the  z-axis  in  Figure 
IV.4.1),  and  <p(X,t )  is  the  current  position  of  the  material  particle  X.  No  boundary 
loading  nor  displacements  are  imposed.  Different  loading  functions  r(f)  are  considered  in 
the  sections  that  follow.  The  mid-point  approximation  of  the  forcing  term  in  (IV. 3. 9)  is 
considered. 

With  this  problem  at  hand,  we  verify  first  in  Section  IV.4.1  the  second-order  accu¬ 
racy  of  the  proposed  scheme.  Section  IV. 4. 2  focuses  on  the  evaluation  of  the  dissipa¬ 
tion/conservation  properties  of  the  proposed  scheme  summarized  in  Proposition  IV. 3.1. 
Section  IV. 4. 3  assesses  in  more  detail  the  performance  of  the  numerical  schemes  under 
study  for  a  complex  forced  motion. 


IV.4.1.  Evaluation  of  the  numerical  accuracy  in  time 
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We  verify  in  this  section  that  the  theoretical  second-order  accuracy  in  time  of  the  new 
EDMC-2  is  actually  observed  in  numerical  simulations.  We  consider  the  triangular  loading 
function 


t 


T/2  ’ 


r(t)  =  < 


2  T/2)  ’ 


L  0 , 


0  <  t  <  T/2  , 

T/2  <  t  <  T  , 
t>  T . 


(IV. 4. 3) 


for  the  volumetric  loading  history  in  (IV. 4. 2).  Therefore,  the  solid  is  in  free  motion  after 
t  >  T  ( r(t )  =  0  thereafter).  We  consider  the  values  of  f  =  15  and  rmoi  =  5.6.  We  run  the 
simulations  for  a  fixed  period  of  time  [0,30],  different  steps  sizes  At  and  different  values 
of  the  algorithmic  parameter  a. 


We  report  in  Figure  IV. 4. 2  the  Euclidean  norm  of  the  errors  in  the  nodal  displacements 
and  nodal  velocities,  that  is, 


e<z  := 

Tlnode 

1/2 

and 

ev  • — 

Tlfiode 

£  ll*-1  -  ".iJ2 

.  A= 1 

.  A- 1 

(IV. 4. 4) 


where  the  “limit”  solution,  approximating  the  exact  solution,  is  taken  to  be  the  solution 
computed  with  a  very  small  time  step  (At  =  1  •  10~3)  and  the  conserving  scheme  (a  =  0); 
The  results  for  a  =  0  (energy-momentum  conserving  scheme),  a  =  1/8  and  a  =  1/6  are 
depicted  in  this  figure.  The  spatial  discretization  is  kept  fixed.  The  results  presented  in 
Figure  IV. 4. 2  verify  the  second-order  accuracy  of  the  EDMC-2  scheme  for  all  cases.  In 
fact,  we  observe  that  the  introduction  of  the  numerical  dissipation  through  the  algorithmic 
parameter  a^O  leads  to  numerical  errors  of  the  same  order  as  in  the  conserving  scheme 
a  =  0.  Figure  IV. 4. 3  depicts  the  final  deformed  configuration  of  the  solid,  computed  with 
the  EDMC-2  for  a  =  1/8  and  At  =  1  ■  10-2.  The  significant  amount  of  straining  of  the 
solid  is  apparent. 

We  note  that,  in  contrast  with  its  linear  counterpart  (the  ED-2  scheme  of  Section 
IV. 2. 1.2),  the  case  a  =  1/6  does  not  lead  to  a  third-order  scheme  in  time,  but  second-order 
only.  This  result  can  be  traced  back  to  the  forms  of  the  dissipative  stress  and  velocity 
terms  in  (IV. 3. 16)  and  (IV. 3. 19),  respectively,  irrespective  of  the  order  of  the  dissipation 
functions  T>w  and  Vv.  Remember  that  the  particular  form  employed  in  these  expres¬ 
sions  was  motivated  by  the  need  to  conserve  angular  momenta  and  corresponding  relative 
equilibria  (a  feature  much  more  important  that  the  added  extra  degree  of  accuracy,  we 
would  say),  thus  leading  to  a  numerical  scheme  that  shows  the  right  qualitative  dynam¬ 
ics  while  still  showing  the  desired  controlled  numerical  dissipation  in  the  internal  modes 
of  the  motion.  Additional  examples  evaluating  the  numerical  accuracy  of  the  proposed 
schemes  in  comparison  with  other  existing  methods,  including  an  evaluation  of  accuracy 
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FIGURE  IV. 4. 2  Three-dimensional,  Neo-Hookean  solid.  Conver¬ 
gence  plots  for  the  Euclidean  norm  of  the  nodal  errors  of  the  dis¬ 
placements  and  velocities.  The  second-order  accuracy  of  the  EDMC-2 
scheme  is  verified. 
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FIGURE  IV. 4. 3  Three-dimensional,  Neo-Hookean  solid.  Deformed 
configuration  at  t  =  30,  computed  with  the  EDMC-2  scheme,  with 
a  =  1/8  and  At  =  1  •  10-2. 


versus  computational  cost,  can  be  found  in  Section  IV. 2. 3.1  of  Appendix  IV. 2.  These 
dissipation/conservation  properties  are  evaluated  in  the  following  section. 


IV. 4. 2.  Evaluation  of  the  dissipation/conservation  properties 

To  verify  the  dissipation/conservation  properties  summarized  in  Proportion  IV. 3.1, 
we  compute  the  long-term  solution  of  the  same  problem  considered  in  the  previous  section 
under  the  loading  function  (IV. 4. 3),  with  the  values  T  =  10  and  Tmax  =  6.1.  We  carry 
out  the  numerical  simulation  with  the  EDMC-2  scheme  with  an  algorithmic  parameter  of 
a  =  2,  and  the  HHT  scheme  with  an  algorithmic  parameter  of  a  =  0.85. 

We  consider  first  simulations  with  a  time  step  of  A t  =  1.2.  Figure  IV. 4. 4  depicts 
the  evolution  of  the  energy  (including  kinetic,  strain  and  total  energies)  and  of  the  three 
components  of  the  angular  momentum  obtained  with  the  HHT  and  the  EDMC-2  schemes, 
respectively.  The  conservation  of  the  angular  momentum  by  the  EDMC-2  scheme  is  con¬ 
firmed,  as  it  can  be  observed  by  the  constant  value  of  its  different  components  after  the 
initial  period  of  application  of  the  load  (t  <  10).  Furthermore,  the  EDMC-2  scheme  ex¬ 
hibits  the  monotonic  non-negative  dissipation  shown  in  Proportion  IV.3.1.  This  situation 
is  to  be  contrasted  with  the  solution  obtained  with  the  HHT  scheme.  Clearly  the  angular 
momentum  is  not  conserved.  Furthermore,  the  dissipative  character  of  the  scheme  is  lost 
in  this  nonlinear  range.  Observe  how  the  energy  oscillates,  and  may  eventually  grow.  In 
fact,  we  have  not  obtained  convergence  with  this  time  step  at  a  time  of  t  =  23. 
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FIGURE  IV. 4. 4  Three-dimensional,  Neo-Hookean  solid.  Short-term 
solutions  ( t  €  [0,30])  obtained  with  time  step  size  At  =  1.2  for  the 
HHT  (left)  ,  a  =  0.85,  and  the  EDMC-2  (right)  a  =  2.  The  angular 
momentum  of  the  solid  remains  constant  upon  release  ( t  =  10)  for  the 
EDMC-2  in  contrast  to  the  solution  obtained  with  the  HHT  scheme. 
The  dissipation  in  the  latter  is  not  monotonic  (i.e.  the  total  energy 
may  increase)  and,  in  fact,  a  lack  of  convergence  is  observed  for  this 
time  step  at  t  =  23.  In  contrast,  the  monotonic  non-negative  character 
of  the  dissipation  of  the  EDMC-2  is  confirmed. 


Angular  momentum  Energy 


F.  Armero 


202 


HHT 


EDMC-2 


Energy 


Angular  momentum 


FIGURE  IV. 4. 5  Three-dimensional,  Neo-Hookean  solid.  Long-term 
solutions  ( t  £  [0,1000])  obtained  with  time  step  size  At  =  1.0  for  the 
HHT  (left)  ,  a  =  0.85,  and  the  EDMC-2  (right)  a  =  2.  The  angular 
momentum  of  the  solid  remains  constant  upon  release  ( t  =  10)  for  the 
EDMC-2  in  contrast  to  the  solution  obtained  with  the  HHT  scheme 
with  decreasing  angular  momentum.  In  this  case  with  a  small  time 
step,  the  total  energy  of  the  solid  decreases  tending  to  zero  for  the 
HHT  while  the  EDMC-2  decreases  to  the  level  marked  by  the  relative 
equilibria  associated  to  the  constant  angular  momentum.  The  solution 
for  the  HHT  tends  asymptotically  to  the  solid  at  rest. 
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FIGURE  IV. 4. 7  Three-dimensional,  Neo-Hookean  solid.  Solu¬ 
tion  obtained  with  the  new  energy-dissipative,  momentum-conserving 
(EDMC-2)  time-stepping  scheme  At  =  1.0.  Final  stages  (long-term 
solution).  Snapshots  shown  every  2  time  steps  starting  at  t  =  1000. 
The  solid  is  essentially  at  the  relative  equilibrium,  consisting  of  a  rigid 
rotation. 
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Reducing  the  time  step  to  At  —  1.0  allows  to  compute  the  solution  with  the  HHT. 
Figure  IV. 4. 5  (left  column)  depicts  the  evolution  of  the  energy  and  angular  momentum 
in  this  case.  The  long-term  solution  (t  e  [0,1000])  is  shown.  The  lack  of  conservation 
of  the  angular  momentum  for  the  HHT  scheme  is  again  clear.  We  observe  indeed  that 
the  angular  momentum  of  the  solid  decreases.  Observe  also  that  the  energy  tends  also 
to  decrease  to  zero.  This  response  confirms  the  results  obtained  in  Part  I  of  this  work. 
Traditional  “linearly  dissipative”  schemes  do  not  preserve  the  relative  equilibria  of  the 
system,  introducing  the  numerical  dissipation  (if  they  do,  that  is,  for  small  time  steps) 
in  all  the  modes  of  deformation  of  the  solid.  The  solid  tends  then  to  the  rest  position 
asymptotically. 

This  situation  is  to  be  contrasted  with  the  performance  of  the  newly  proposed  EDMC- 
2.  Figure  IV.4.5  (right  column)  includes  also  the  evolution  of  the  three  components  of 
the  angular  momenta  and  the  energy  (total,  kinetic  and  strain  energies)  for  this  case, 
and  a  time  step  of  again  At  =  1.0.  After  the  initial  loading  stages,  we  can  observe  the 
conservation  of  the  angular  momentum  and  the  monotonic  decay  of  the  total  energy,  as 
shown  in  Proposition  IV. 3.1  above.  In  particular,  we  observe  that  the  evolution  of  the 
energy  converges  asymptotically  to  a  non-zero  value.  It  converges,  in  fact,  to  the  energy 
of  the  relative  equilibrium  associated  to  the  constant  angular  momentum. 

Figure  IV. 4. 6  shows  the  configuration  of  the  deforming  solid  during  the  initial  stages 
of  the  simulation  with  the  EDMC-2  scheme.  The  varying  deformation  of  the  blades  and 
the  inner  ring  is  apparent.  In  particular,  we  can  observe  the  twisting  and  bending  of 
the  blades,  characteristic  of  the  existing  high-frequency  modes  in  the  short-term  solution. 
Figure  IV. 4. 7  depicts  the  configuration  of  the  solid  in  the  final  stages  of  the  very  same 
simulation.  In  particular,  the  absence  of  these  high-frequency  modes  is  apparent.  In 
contrast  with  the  HHT  solution,  the  solution  is  (asymptotically)  closed  to  the  relative 
equilibrium  of  the  system,  consisting  of  rigid  rotation  around  the  axis  of  symmetry  of  the 
solid  with  a  fixed  deformation  of  the  blades  and  inner  ring.  No  translation  is  involved  due 
to  the  symmetry  in  the  problem. 

Figure  IV.4.8  depicts  this  relative  equilibrium  configuration,  but  computed  directly 
from  the  equilibrium  equation  for  the  imposed  angular  momentum  (the  angular  momentum 
after  the  initial  loading  phase).  That  is,  we  solve  the  system  of  finite  element  equations 

[  Na  Po  [J?e  x  ( fle  x  <pe)\  dB  +  [  S{ifie)  dB  =  0  ,  A  —  1  ,nnode  ,  (IV.4.5) 

Jb  Jb 

for  the  equilibrium  configuration  <pe.  Here,  the  equilibrium  angular  velocity  J?e  has  the 
same  axis  as  the  imposed  angular  momentum  Je,  and  it  is  incremented  until  the  known 
value  of  the  angular  momentum  ||  «7e||  is  obtained.  We  note  that  the  equilibrium  velocity 
field  at  the  relative  equilibrium  is  given  by 


ve  =  f2e  x  ipe  , 


(IV. 4. 6) 
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FIGURE  IV. 4. 8  Three-dimensional,  Neo-Hookean  solid.  Relative 
equilibrium  configuration  computed  by  solving  directly  the  equilibrium 
equation  (IV.4.5). 


with  the  corresponding  angular  momentum  given  by  the  expression  (IV. 3. 5).  The  imposed 
boundary  conditions  when  solving  the  equations  (IV.4.5)  for  ipe  restrict  the  translations 
along  the  axis  defined  by  Qe  as  well  as  the  rotations  around  this  same  axis.  Physically, 
equation  (IV.4.5)  corresponds  to  the  balance  between  the  internal  stresses  at  the  equi¬ 
librium  configuration  S(ipe)  and  the  centrifugal  forces  associated  to  the  rigid  rotation 
—  fie  x  (J2e  x  <Pe)-  Note  that  a  consistent  approximation  has  been  assumed  for  this  forc¬ 
ing  term,  as  reflected  by  the  integral  involving  the  shape  function  Na  in  the  first  term 
of  (IV.4.5),  in  accordance  with  the  consistent  approximation  of  the  transient  term  as¬ 
sumed  in  tlx  EDMC-2  scheme.  The  computed  relative  equilibrium  solution  has  an  energy 
of  He  —  0.4033,  corresponding  to  an  angular  velocity  of  fie  =  0.272462  for  the  angular 
momentum  Je  =  2.9138.  We  observe  that  the  long-term  solution  computed  in  the  dy¬ 
namic  simulation  with  the  newly  proposed  EDMC-2  agrees  with  this  equilibrium  position, 
including  the  asymptotic  value  of  the  energy  in  the  long  term. 

Moreover,  further  analyses  show  that  the  consideration  of  this  equilibrium  configura¬ 
tion  with  the  initial  velocity  given  by  (IV. 4. 6)  as  initial  conditions  leads  to  a  numerical 
solution  corresponding  to  this  relative  equilibrium  (i.e.,  a  rigid  rotation),  when  computed 
with  the  proposed  second-order  EDMC-2  scheme.  At  the  relative  equilibrium,  the  EDMC-2 
scheme  reduces  to  the  energy-momentum  conserving  scheme  which  leads  to  a  second-order 
approximation  of  the  equilibrium  rotation,  as  shown  in  Part  I  of  this  work  for  general  nu¬ 
merical  schemes  of  the  form  (IV. 3. 9).  We  refer  to  this  reference  and  references  therein  for 
further  details  on  the  relative  equilibria  in  nonlinear  elastodynamics  and  their  numerical 
approximation. 
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We  conclude  that  the  EDMC-2  proposed  in  this  work  accomplishes  then  the  desired 
high-frequency  energy  dissipation  of  the  internal  modes  of  the  motion  while  preserving 
the  momenta  and  relative  equilibria  of  the  system,  and  exhibiting  at  the  same  time  a 
second-order  accuracy  in  time.  This  situation  is  to  be  contrasted  with  the  performance  of 
traditional  “dissipative”  numerical  schemes  like  the  HHT  a-method. 


IV. 4. 3.  Evaluation  of  the  numerical  performance  in  forced  motions 

To  conclude  with  the  assessment  of  the  numerical  schemes  under  investigation,  we 

consider  in  this  section  a  problem  involving  a  more  complex  forced  motion.  The  goal  is  to 

evaluate  the  numerical  performance  of  the  schemes  when  different  frequencies  are  excited 

in  an  extended  period  of  time.  To  this  purpose,  we  consider  the  same  solid  as  employed  in 

the  previous  sections,  subjected  to  same  torque  distribution  (IV. 4. 2),  but  with  the  loading 

function  ,  ,  ,  .  , 

5.6  sin (6£)  +  1.7  sin(27£)  for  t  <  8n 

0  for  t  >  87 r 


r(t) 


-{ 


(IV. 4. 7) 


consisting  of  two  sine  functions  with  angular  frequencies  of  6  and  27,  respectively.  The 
solid  is  then  released  at  the  time  t  &  25.  A  constant  time  step  of  At  =  0.02  is  considered, 
resolving  correctly  the  function  r(£)  in  (IV.4.7).  This  function  has  been  depicted  in  Figure 
IV.4.9.  This  specific  loading  has  been  chosen  after  carrying  out  a  modal  analysis  of  the 
solid  in  the  initial  undeformed  configuration,  consisting  of  a  total  of  828  modes.  The  lowest 
natural  frequency  in  this  configuration  is  wi  =  0.3  with  the  26th  natural  frequency  being 
W26  =  6.0  and  the  98th  frequency  being  wg$  =  27.0.  A  cluster  of  modes  can  also  be  ob¬ 
served  around  the  latter  value,  with  a  total  of  12  modes  in  the  frequency  range  [26.0, 28.0]. 
Obviously  the  natural  frequencies  associated  with  the  linearized  problem  change  in  time 
given  the  general  large  deformation  framework  considered  herein. 

Figure  IV. 4. 10  (top  row)  der’its  the  solution  obtained  with  the  conserving  scheme 
a  =  0.  We  have  included  the  evolution  of  the  total  energy  of  the  solid  and  the  quantity 


a"  := 


[ 

Un+1  -  vn 

2 

dB 

.  Jb 

At 

1/2 


(IV. 4. 8) 


approximating  the  Z/2-norm  of  the  acceleration  field.  The  high-frequency  content  of  the 
solution  is  apparent  in  the  acceleration  plot,  which  is  observed  to  increase  in  time.  This 
increase  is  observed  not  only  during  the  period  of  time  [0, 87r]  of  application  of  the  exter¬ 
nal  force,  but  also  after  the  solid  is  released.  Even  though  the  energy  is  conserved  after 
this  instant,  no  convergence  is  obtained  for  this  step  size  at  time  t  ~  39.  This  example 
illustrates  the  lack  of  control  on  the  acceleration  by  conserving  schemes,  leading  to  the  ob¬ 
served  difficulties  in  resolving  motions  with  a  high-frequency  content.  Additional  examples 
involving  simpler  Hamiltonian  systems  can  be  found  in  Part  I  of  this  work. 
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FIGURE  IV. 4. 9  Three-dimensional,  Neo-Hookean  solid.  Loading 
function  r(t)  =  50  sin(6f)  +  15  sin(27£)  with  At  =  0.02. 


Figure  IV. 4. 10  depicts  also  the  solutions  obtained  by  different  EDMC-2  dissipative 
schemes.  The  two  values  of  a  —  1/8  and  1/4  are  considered.  In  contrast  with  the  previous 
conserving  scheme,  the  numerical  acceleration  can  be  observed  to  be  under  control,  at  the 
price  of  a  dissipated  energy  upon  release.  No  lack  of  convergence  has  been  observed  in  these 
cases  for  tins  time  step.  The  total  energy  and  the  acceleration  norm  (IV. 4. 8)  is  depicted 
versus  time  for  the  different  values  of  the  algorithmic  parameter  a.  The  comparison  of  these 
solutions  illustrates  the  role  of  this  algorithmic  parameter  In  the  control  of  the  performance 
(the  numerical  dissipation,  in  particular)  of  the  numerical  scheme.  The  presence  of  this 
parameter  allows  then  to  obtain  the  numerical  solution  in  the  complex  motions  where 
conserving  schemes  show  clear  difficulties  in  the  resolution  of  all  the  components  of  the 
motion.  We  note  that  the  one-step  nature  of  the  proposed  scheme  allows  for  the  perfect 
control  of  the  numerical  dissipation  introduced  in  the  simulations  by  adapting  the  value 
of  this  algorithmic  parameter,  if  desired,  while  maintaining  a  reasonable  time  step  based 
only  on  accuracy  considerations. 


IV.  5.  Concluding  Remarks 

We  have  presented  in  this  paper  a  new  second-order  time-stepping  algorithm  for  non¬ 
linear  elastodynamics  (the  EDMC-2  scheme)  that  exhibits  rigorously  the  energy  dissipation 
properties  needed  for  the  solution  of  stiff  problems  of  interest,  while  preserving  the  conser- 
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FIGURE  IV. 4. 10  Three-dimensional,  Neo-Hookean  solid.  Evolution 
of  the  total  energy  Hh  and  the  Z/2-norm  of  the  numerical  accelera¬ 
tion  during  forced  motion,  obtained  with  the  new  energy-dissipative, 
momentum-conserving  (EDMC-2)  time-stepping  scheme  for  a  =  0 
(conserving),  1/8  and  1/4. 
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vation  laws  of  linear  and  angular  momenta  and  as  well  as  the  associated  relative  equilibria. 
The  spectral  properties  of  the  new  schemes  have  also  been  studied  in  detail  for  the  system 
of  linear  elastodynamics.  The  ideas  presented  here  lead  to  new  numerical  schemes  even  in 
this  linear  range,  being  second-order  in  time  and  exhibiting  controlled  energy  dissipation 
in  the  high-frequency  range.  In  fact,  the  new  second-order  scheme  ED-2  has  been  shown  to 
be  L-stable,  extending  in  this  way  some  existing  multi-stage  (Runge-Kutta  type)  schemes. 

As  discussed  and  shown  rigorously  in  Part  I  of  this  work,  traditional  “dissipative” 
numerical  schemes,  like  the  HHT  a-method,  not  only  loose  this  dissipativity  property 
in  the  nonlinear  range  (exhibiting  numerical  instabilities  in  the  form  of  an  uncontrollable 
energy  growth  in  time) ,  but  they  do  not  preserve  either  other  features  of  the  phase  dynamics 
like  relative  equilibria.  In  contrast,  the  newly  proposed  EDMC  schemes  (the  first-order 
EDMC-1  or  the  second-order  EDMC-2)  show  these  dissipation  properties  at  the  internal 
modes  of  the  motion,  as  illustrated  in  the  example  of  Section  IV.4.2.  We  emphasize  the 
controlled  character  of  the  numerical  dissipation  introduced  in  the  numerical  simulation. 
In  particular,  this  numerical  dissipation  may  be  turned  off  at  any  time,  if  desired,  while 
keeping  it  when  difficulties  appear  with  conserving  approximations  of  the  problem,  as 
illustrated  in  the  example  presented  in  Section  IV. 4. 3,  following  the  standard  philosophy 
for  the  use  of  dissipative  schemes  in  the  linear  range.  The  limit  situation  presented  in 
Section  IV.4.2  of  obtaining  asymptotically  the  relative  equilibrium  illustrates  the  long-term 
properties  of  the  proposed  numerical  scheme  and  the  nature  of  the  introduced  numerical 
dissipation,  even  though  we  may  not  be  interested  in  damping  all  the  internal  modes  of 
the  motion  in  particular  applications.  On  the  other  hand,  the  proposed  schemes  appear 
as  an  efficient  tool  for  obtaining  these  equilibrium  solutions. 

In  this  respect,  and  based  on  our  experience,  we  find  fundamental  that  the  numerical 
scheme  preserves  the  conservation  law  of  angular  momentum  at  all  times,  an  intrinsically 
nonlinear  property  as  indicated  in  the  introduction,  and  hence  absent  in  standard  high- 
frequency  “dissipative”  schemes.  The  need  to  assure  this  property  leads  necessarily  to 
complex  nonlinear  formulae  when  compared,  for  example,  to  the  ideas  presented  herein 
for  the  linear  range.  Nonetheless,  the  construction  of  the  energy  dissipative  properties 
in  nonlinear  elastodynamics  has  been  shown  in  this  paper  to  follow  the  same  arguments 
presented  for  the  linear  problem,  but  at  the  level  of  the  quadrature  points  of  a  typical 
finite  element  implementation  of  these  methods.  This  strategy  avoids  the  additional  large 
computational  cost  associated  with  the  doubling  of  the  number  of  unknowns  in  each  time 
step  for  each  stage  of  a  globally  defined  multi-stage  formula  (typical,  for  example,  of  dis¬ 
continuous  Galerkin-type  approaches),  with  a  fully  coupled  algebraic  system  of  equations 
between  all  these  stages.  Still,  the  new  scheme  requires  the  coupled  solution  for  the  nodal 
displacements  and  velocities  of  the  single  stage.  We  presented  in  Part  I  of  this  work  how 
a  lumped  implementation  of  these  ideas  led  to  a  more  standard  implementation  for  the 
first-order  EDMC-1  scheme,  involving  the  solution  of  an  algebraic  system  of  equations  for 
the  nodal  displacements  combined  with  independent  (nonlinear)  nodal  updates.  To  avoid 
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the  added  computational  cost  for  the  EDMC-2  scheme  proposed  herein,  a  nested  iterative 
procedure  has  been  developed,  applying  also  to  the  energy  conserving  limit  as  a  particular 
case.  In  contrast  with  existing  implementations  of  conserving  algorithms,  the  proposed 
technique  involves  a  symmetric  algebraic  system  of  equations  to  solve  and  leads  altogether 
to  a  computationally  efficient,  competitive  algorithm.  Complete  details  are  presented  in 
Appendix  IV. 2.  Finally,  the  ideas  presented  in  this  paper  can  be  applied  to  time-stepping 
algorithms  in  the  rotation  group,  with  applications  in  the  stable  integration  of  geometri¬ 
cally  exact  rod  and  shell  theories,  as  we  plan  to  present  in  a  forthcoming  publication. 
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Appendix  IV.  1.  Implementation  of  the  EDMC-2  scheme 

We  summarize  in  this  appendix  the  numerical  implementation  of  the  newly  proposed 
second-order  energy-dissipative,  momentum-conserving  EDMC-2  scheme.  The  implemen¬ 
tation  of  the  first-order  EDMC-1  scheme  can  be  found  discussed  in  Part  I  of  this  work. 
Of  interest  in  the  case  of  the  EDMC-2  is  to  avoid  the  coupling  between  the  nodal  veloc¬ 
ities  and  displacements  as  well  as  the  non-symmetry  of  the  material  tangent  mentioned 
in  Section  IV.3.2.1.  After  summarizing  the  algebraic  finite  element  equations  and  their 
consistent  linearization  in  Sections  IV. 2.1  and  IV. 2. 2  showing  these  conditions,  we  develop 
in  Section  IV. 2. 3  of  this  appendix  a  symmetric  nested  iteration  procedure  that  regains  the 
computational  efficiency  of  the  final  numerical  implementation.  A  complete  comparative 
study  is  included  in  Section  IV. 2. 3.1. 


IV.  1.1.  The  finite  element  residual 

We  begin  by  writing  the  discrete  finite  element  equations  (IV. 3. 9)  in  the  following 
residual  form 


-R(dn-fl)  'Un+l)  — 


} 

.  >  with  RA  =  |  |  ,  A  -  1,  Tlnode 

Rnnodc  J 


(LI) 


where  the  nodal  residuals  are  given 

Rd  =  ftt  -  JePo  nA  dB-^ b£1/2S  dB 

Hi  =  j  Po  Na  -  (1  +  U  i„)  vJ  dB 
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for  each  node  A  —  1  ,nnode,  with  the  linearized  strain  operator  in  total  Lagrangian  form 


ft  A 

a n+1/2 


T 

^n+l/2,1 

Ni 

T 

^n+1/2,2 

Ni 

T 

Vn+ 1/2,3 

Ni 

,1  ^3  +  ^n+1/2,3 

Ni 

,2  -^",3  +  S°„+i/2,3 

Ni 

1  Nj  +  V?n+l/2,2 

Ni 

for  the  material  derivatives 

(.) .  .=  m 

v  ),*  ■  dXi  ■ 


(1.3) 


Here,  the  rows  are  defined  in  terms  of  ipn+i/2,i  the  column  i  of  the  deformation  gradient 
Fn+ r/2  =  (JFn+i  +  Fn)/2.  The  stress  tensor  S  in  (1.2)  is  given  by  (IV.3.16),  which  can  be 
written  for  the  EDMC-2  scheme  of  interest  as 


S  —  Scons  T  fdiss  -V  1  for  fdiss  —  k  /^nllC'n+l  Cn  ,  (1.4) 


with  Scons  given  by  (IV.3.13)  and  (IV. 3. 15),  N  by  (IV. 3. 14),  pn  by  (IV. 3. 34) i  and  k  by 
(IV.3.35)2.  The  scalar  gdiss  in  (1-2)2  denotes  the  combination 


9diss  — 


Vn  ~  Vn 
Vn+1  +  Vn  ’ 


for  vn  given  by  (IV.3.34)2,  vn  =  ||vn||  and  vn+i  =  ||un+i||.  The  integrals  in  (1.2),  and 
similar  ones  appearing  below,  are  computed  through  the  standard  assembly  of  element 
contributions  computed  through  a  quadrature  rule. 


IV. 1.2.  The  consistent  linearization 

The  nonlinear  system  of  equations  R  =  0  is  solved  iteratively  through  a  Newton 
scheme,  leading  to  the  algebraic  system  of  equations 

|  “ft1 j  =  «(<£+!.  «J+i)  .  (1.6) 

with  Sk+1')  =  d^lx  +  Sdf^h  and  =  v^h  +  Sv^h.  The  tangent  matrix  K^x 

is  computed  as  a  function  of  the  nodal  vectors  d^x  and  v^x  through  the  standard 
finite  element  assembly  of  element  contributions,  each  contribution  consisting  of  block 


components  KAB  for  nodes  A  and  B  (the  indices  ( k )  and  n  + 1  have  been  dropped  to  ease 
the  notation).  We  can  write 


r  i v-AB  zrAB  -1 
kAB  _  ^dd  ^dv 
A  tsAB  jsAB  ’ 


with  each  sub-block  being  the  square  ridim  x  ridim  matrices 


Kif  =  J  Bily ,  Cco„s  B®+1  dB+J  Bily2  Cdi„  8®+l  dB  +  JjGABldB, (1.8) 
KiB  =  ^tMAB  1  +  J  Bily,  DNBdB,  (1.9) 


1  +  /  />„  76  o„+l/2  NT  Bi+1  dB , 


(1.10) 


Kab  =  \Mab  1+  f  75  NaNb  vn+1„  ®  ^±i  dB 


(Ill) 


where  the  scalar  MAB  is  given  by  (IV. 3. 8)2  and  we  have  introduced  the  notation 

eco.s  =  -n  »  s„+1  + 1  \n  ■  ecw(c^;  c" )  -  -  ^">1  n  »  iv 

v  v  L  2  1/ 

- i  [*■ . ^(.gai  +  g-) -  1  - ~n ® acw{^± 

v  2  1/  1/  2 


+  2  dhcW(CnA1+Cn)  -  N  ®  (2  aScH'(^±^Vil)jv)  ,  (1.12) 


Cdiss  =  |«^7iIV®IV+|k  pnl , 

^ab  3iVA  «  <9VB  „  , 

G  =  ~oxJ  SlJ  Jx]  ’  D=\l2N®  un+1  , 


(1.13) 


(1.14) 


N  =  (Nllt  N22,  V33,  N12,  N23 ,  V13)t  , 


2  a2  c2  At2  v  (1  -  p)  a  At  h  v  k 

7i  =  - ~ -  ,  72  =  — j -  , 

A  A  vn+l 

1  2ac2  Aiv.,  A  . . 

73  =  1-X,  74  = - - (h  +  a  At(vn  -  v„+i))  , 


(1.15) 


(1.16) 


(1.17) 
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73  9diss 
V n  "t"  ^n+1 


76 


74 

Vn+I  "F  ^ n 


(1.18) 


v  =  2||C„+1  - C„||  ,  A  =  4!  +  oc!4(!i/!,  (1.19) 

which  simplify  for  the  limit  case  [IC'n+i  —  C^H  — >■  0  to  the  values  C  cons  —  2  d*cW((Cn+1  + 
Cn)/2),  Cdiss  =  0  and  D  =  0.  The  values  h  and  c  in  these  expressions  are  defined  in 
(IV. 3. 35). 


IV. 1.3.  A  symmetric  nested  iterative  procedure 

The  tangent  matrix  (1.7)  leads  to  a  coupled  system  of  equation  on  the  nodal  displace¬ 
ments  increment  and  the  nodal  velocities  increment  A  close  examination  of 

the  matrix  blocks  in  (1.7)  reveals  that  if  the  dissipative  contributions  vanish  (that  is,  if 
a  =  0,  so  all  the  7’s  in  the  previous  section  vanish),  we  have  the  relation 

At  =  2  =  Mab1  ,  (IV.1.20) 

for  nodes  A  and  B,  which  allows  to  write  the  nodal  relation 

=  VwSi  ,  (IV.1.21) 

after  noting  that  Ry  =  0  due  to  its  linearity  in  this  case.  As  it  is  the  case  in  common,im- 
plementation  of  many  standard  time-stepping  algorithms  in  elastodynamics,  this  structure 
allows  the  elimination  of  the  nodal  velocities  increment,  leading  to  the  reduced  system  of 
equations 

Sd™,  =  „»£+,),  '  (1.22) 

for  the  condensed  tangent  matrix  obtained  by  assembling  the  nodal  contributions 

K*AB  =  ^  mABi  +  Kdd  ■  (IV. 1.23) 

The  implementation  then  reduces  to  the  solution  of  the  algebraic  system  of  na0f  equations 
(1.22)  with  the  nodal  velocity  updates  (IV.1.21).  We  can  also  observe  that,  even  in  this 
conserving  case,  the  final  system  of  equations  is  unsymmetric  due  to  the  first  term  in  (1. 11), 
the  material  stiffness  matrix. 

To  avoid  the  cost  added  by  the  coupled  and  unsymmetric  structure  of  the  equations 
in  the  general  case,  we  propose  to  stagger  the  system  through  a  nested  iteration  that 
maintains  constant  the  terms  leading  to  these  drawbacks,  namely,  the  dissipative  and 
conserving  contributions.  The  additive  structure  of  these  terms  in  the  proposed  methods, 
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a  structure  that  has  been  fundamental  in  the  previous  theoretical  analyses,  becomes  now 
the  key  for  this  efficient  numerical  implementation.  To  this  end,  we  rewrite  the  stress 
formula  (IV. 3. 10)  as 

5  =  2 'dcW(C(<pn+1/2))  +  Scons  +  Sdiss  ,  (IV.1.24) 

an  expression  that  accounts  explicitly  in  the  first  term  of  the  right-hand-side  for  the  stress 
approximation  in  the  mid-point  rule,  given  directly  in  terms  of  the  mid-point  deformation 
(Pn+i/2  =  (<pn+i  +  V>n)/2.  The  term  5cons  in  (IV.1.24)  is  then  given  simply  by 

Scons  ■■=  Scons  -  2 dcW(C(cpn+1/2))  ,  (IV. 1.25) 

where  Scons  is  the  conserving  approximation  to  the  stress  given,  e.g.,  expression  (IV.3.13). 
The  dissipative  contribution  Sdiss  in  (IV.1.24)  is  still  given  by  the  equation  (IV.3.16).  The 
velocity  follows  a  similar  approximation,  which  we  rewrite  for  completeness  as 


^  — ■  Vn+l/2  "I"  9diss  > 


(IV.  1.26) 


with  gdias  defined  nodally  by  the  relation  (IV. 3. 19),  since  gCOns  gcons  ~  v n+i/2  =  0. 
This  relation  can  be  written  in  the  notation  introduced  in  this  appendix  as 

Mgdisa  =  Ry  with  RA  :=  [  pD  NA  gdiss  vn+1/2  dB ,  (IV.1.27) 

Jb 

for  each  node  A  =  l,nnode  and  the  scalar  gdisa  given  by  (1.5). 

After  noting  that  the  first  terms  in  the  right-hand-side  of  the  stress  and  velocity 
approximations  (IV.1.24)  and  (IV. 1.26),  respectively,  lead  to  a  symmetric  tangent,  we 
consider  the  rest  of  the  terms  (that  is,  Scons,  Sdiss  and  gdiSs )  at  a  fixed  deformation  and 
velocity  fields.  With  these  terms  fixed,  new  deformation  and  velocity  fields  are  sought 
by  the  iteration  defined  by  the  nodal  iterative  update  (IV. 1.21)  and  the  ndof  system  of 
equations  (1.22),  after  performing  the  condensation  (IV.1.23)  with  the  stiffness  matrix 
given  in  this  case  by 

Ku  ->  Kff  =  [  b£,/2  Ccon.  Bj?+1/a  dB  +  f  \Gab  1  dB  ,  (1.28) 

mid-  JB  Jb 

point 

instead  of  (1. 11).  The  symmetry  of  this  expression  is  to  be  contrasted  with  the  original 
expression  (1.11).  In  fact,  this  symmetry  allows  to  rewrite  efficiently  this  expression  in  its 
updated  Lagrangian  form 

Ku  =  [  l >ih/2  ccm,  b^V2  dB+  f  \Gab  1  dB  ,  (1.29) 

mid-  Jb  Jb 

point 
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for  the  spatial  linearized  strain  operator 

NA  0  0 

? x 

0  N$  0 
0  0  NA 

NA  0  NA 
0  N$ 

Na  N$  0 

and  the  (symmetric)  spatial  tangent  defined  in  components 

^dim 

cijki  =  ^  Fu  Fjj  FkK  FiL  Cijkl  ,  (1-31) 

I,J,K,L= 1 


(■ i,j,k,l  =  l,ndim)  the  components  of  the  deformation  gradient  Fn+ 1/2  evaluated  at 

the  mid-point,  configuration.  The  geometric  contributions  GAB  in  (1.29),  defined  in  (1.19) 
can  be  expressed  in  terms  of  the  spatial  derivatives  (1.31)2  as 


=  £ 
M  =  1 


dNA 

dxi 


dNB 

dx« 


(1.32) 


for  the  Kirchhoff  stress  tensor  r  :=  FSFT ,  with  the  deformation  gradient  F  and  the 
spatial  derivatives  in  (1.32)  evaluated  at  the  mid-point  configuration  ipn+i/2- 

The  sparsity  of  the  linearized  strain  operator  (1.30)  is  employed  in  the  actual  compu¬ 
tation  of  the  material  tangent  (1.29),  leading  to  substantial  computational  savings  when 
compared  with  the  full  linearized  strain  operator  (1.3),  as  shown  by  the  examples  presented 
in  the  next  section.  Observe  that  a  similar  transformation  involving  the  unsymmetric  ma¬ 
terial  tangent  (1. 11)  would  lead  to  an  unsymmetric  tangent  (1.31),  leading  then  to  a  more 
costly  calculation  of  the  different  arrays. 

Once  this  symmetric  iterative  process  converges,  the  terms  Scons,  Sdiss  and  gdiss  are 
updated  with  the  newly  computed  deformation  and  velocity  fields,  and  the  iteration  (1.22) 
repeated.  These  nested  iterations  are  taken  to  convergence.  We  observe  that  the  update 
of  the  dissipative  velocity  gdiss  involves  solving  the  system  of  equations  (IV.  1.27).  This 
system  of  equations  involves  the  mass  matrix  M,  a  symmetric  positive  definite  banded 
matrix  and  fixed  during  the  entire  computation.  This  matrix  is  evaluated  at  the  begin¬ 
ning  of  the  solution  process  for  a  given  problem,  and  stored  after  computing  its  Cholesky 
decomposition  M  =  LLT .  The  calculation  of  gdiss  involves  then  simply  one  forward  and 
one  backward  substitution,  after  the  evaluation  of  the  right-hand-side  in  (IV.  1.27) 2.  The 
updates  of  the  stress  terms  Scons  and  Sdiss  are  performed  readily  at  the  quadrature  point 
level. 
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FIGURE  IV.  1.1  Problem  definition:  geometry  definition,  material 
parameters  and  initial  conditions.  The  material  parameters  correspond 
to  the  Lame  constants  of  the  compressible  Neo-Hookean  hyperelastic 
model,  and  the  reference  density.  The  three  shaded  areas  have  the 
initial  velocities  shown  next  to  them. 


IV.1.3.1.  Numerical  assessment 

We  present  in  this  section  a  numerical  evaluation  of  the  nested  iteration  process  pro¬ 
posed  in  the  previous  section.  To  this  purpose,  we  consider  the  example  depicted  in  Figure 
IV. 1.1  consisting  of  a  three  dimensional  hyperelastic  solid.  A  compressible  Neo-Hookean 
model  is  assumed  again;  the  material  parameters  are  included  in  this  figure,  and  so  is  the 
assumed  initial  velocity.  We  consider  the  two  finite  element  discretizations  depicted  in 
Figure  IV. 2. 2:  a  coarse  mesh  of  56  brick  elements  with  135  nodes  (405  degrees  of  freedom), 
and  a  fine  mesh  of  448  elements  with  725  nodes  (2,175  degrees  of  freedom). 

We  compare  the  computational  cost  of  the  HHT  scheme  (a  =  0.7),  the  energy- 
momentum  conserving  scheme  (i.e.,  EDMC-2  with  a  =  0  with  its  original  unsymmetric 
implementation)  and  the  EDMC-2  (a  =  1/8)  with  the  proposed  symmetric  nested  itera¬ 
tion.  We  note  that  we  have  chosen  this  example  as  being  the  best  possible  case  for  the 
HHT  scheme,  that  is,  we  allow  comparisons  for  large  time  steps  despite  the  fact  that  this 
scheme  has  shown  dynamic  instabilities  in  this  nonlinear  range;  see  Part  I  of  this  work. 
Figure  IV.2.3  depicts  the  CPU  time  required  in  a  typical  time  increment  with  a  relatively 
large  time  step  of  At  =  1.0  for  the  coarse  and  fine  meshes.  The  calculations  have  been 
performed  in  a  Pentium  III  700MHz  desktop  personal  computer.  We  have  included  the 
time  spent  in  the  assembly  process  and  the  solving  phase.  A  direct  solver  (based  on  a 
Gauss  elimination  with  an  skyline  storage  of  the  banded  matrices  involved)  is  employed, 
with  the  system  fitting  in  the  core  memory.  The  total  number  of  iterations  (that  is,  solver 
calls)  is  also  included. 
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Coarse  mesh  Fine  mesh 

FIGURE  IV. 1.2  Finite  element  discretizations:  coarse  mesh  (left) 
with  56  brick  elements  and  135  nodes,  and  fine  mesh  (right)  with  448 
elements  and  725  nodes. 


As  expected,  the  computational  cost  is  dominated  by  the  assembly  phase  for  the 
coarse  mesh.  We  can  observe  the  higher  cost  of  the  original  energy-momentum  conserving 
scheme  when  compared  with  the  HHT  and  the  nested  EDMC-2  scheme.  This  difference  is 
to  be  traced  back  to  the  symmetric  nature  of  the  tangent  in  these  two  last  schemes.  This 
symmetry  allows  not  only  to  construct  only  the  lower  (or  upper)  part  of  the  tangent  matrix, 
but  also  to  calculate  this  tangent  matrix  in  the  updated  Lagrangian  form  (1.29)  taking  full 
advantage  of  the  sparsity  of  the  linearized  strain  operator  (1.30).  As  noted  in  the  previous 
section,  a  similar  transformation  for  the  original  energy-momentum  scheme  would  lead 
to  an  unsymmetric  tangent,  given  the  evaluation  of  the  linearized  strain  operator  at  two 
different  configurations  (Bn+i  and  J3n+1/2);  see  equation  (1. 11).  These  crucial  differences 
allow  to  reduce  dramatically  the  cost  for  the  nested  EDMC-2  scheme,  despite  the  higher 
number  of  iterations  required  by  the  nested  iterations. 

Figure  IV.  1.3  includes  also  the  cost  in  a  typical  time  increment  for  the  fine  mesh  with 
the  same  time  step  At  =  1.  The  solver  dominates  the  total  computational  cost  in  this  case. 
Under  these  conditions,  we  observe  how  the  symmetric  nested  EDMC-2  scheme  leads  to 
a  cost  of  the  same  order  of  the  unsymmetric  energy-momentum  conserving  scheme.  This 
is  a  big  improvement  over  the  consistent  linearization  of  the  EDMC-2  scheme  (case  not 
shown)  which  we  recall  involves  the  solution  of  an  unsymmetric  system  of  2nd0f  equations. 
The  original  HHT  scheme  shows  the  better  performance  in  cost  for  this  time  step.  We 
emphasize  again  though  that  we  have  chosen  the  best  case  scenario  for  the  HHT  (i.e.,  with 
no  dynamic  instabilities).  Figure  IV. 1.4  shows  the  costs  measured  for  the  two  meshes  and 
a  much  smaller  time  step  (At  =  0.01).  The  dominance  of  the  assembly  phase  in  the  coarse 
mesh  remains,  but  now  with  a  comparable  cost  for  the  HHT  and  EDMC-2  schemes.  The 
unsymmetric  energy-momentum  scheme  is  still  the  most  expensive  scheme.  For  the  fine 
mesh,  perhaps  a  more  realistic  situation  in  typical  applications,  we  observe  that  the  HHT 
and  the  nested  EDMC-2  lead  to  the  same  computational  cost  in  this  case.  The  energy- 
momentum  scheme  leads  again  to  double  the  cost  given  its  non-symmetry.  We  note  that 
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5  iterations 


HHT  Energy-momentum  EDMC-2 

(original  unsymmetric)  (nested) 


HHT  Energy-momentum  EDMC-2 

(original  unsymmetric)  (nested) 


Coarse  mesh 


Fine  mesh 


FIGURE  IV. 1.3  CPU  time  for  the  coarse  mesh  (left)  and  the  fine 
mesh  (right)  for  a  time  step  of  At  =  1.0. 


400, 


HHT  Energy- momentum  EDMC-2 

(original  unsymmetric)  (nested) 


Coarse  mesh 
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U  6000] 
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HHT  Energy- momentum 

(original  unsymmetric) 


3  Iterations 


Fine  mesh 


FIGURE  IV.  1.4  CPU  time  for  the  coarse  mesh  (left)  and  the  fine 
mesh  (right)  for  a  time  step  of  At  =  0.01. 


the  total  number  of  iterations  is  the  same  for  all  the  schemes  with  this  time  step. 

We  conclude  this  study  comparing  the  accuracy  of  the  different  schemes.  Figure  IV. 1.5 
depicts  the  Euclidean  norm  of  the  displacement  error  (IV. 4. 4)  at  a  final  time  of  T  —  160 
versus  the  time  step  At.  The  error  is  measured  with  respect  to  the  reference  solution 
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FIGURE  IV. 1.5  Convergence  plot:  displacement  error  versus  time 
step  At.  A  slightly  better  accuracy  of  the  dissipative/conserving  meth¬ 
ods  when  compared  with  the  the  HHT  scheme  can  be  observed. 


FIGURE  IV. 1.6  Convergence  plot:  displacement  error  versus  CPU 
cost.  A  better  performance  can  be  observed  by  the  HHT  at  larger 
time  steps  (in  this  case  where  no  instabilities  appear),  with  the  dissi¬ 
pative/conserving  schemes  improving  in  performance  for  smaller  time 
steps  when  the  proposed  symmetric,  nested  iterative  procedure  is  con¬ 
sidered. 
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obtained  with  the  energy-momentum  conserving  scheme  and  a  time  step  of  At  =  0.001. 
The  coarse  mesh  is  considered.  Figure  IV. 1.5  shows  the  evolution  of  this  error  versus  the 
time  step  At  itself.  Note  that  the  reference  solution  corresponds  to  a  time  step  size  of 
one  order  of  magnitude  below  the  smallest  time  step  shown.  The  slope  of  the  curves  in 
the  considered  double  log  scale  confirm  the  second  order  accuracy  of  all  the  schemes.  The 
EDMC-2  and  conserving  schemes  show  a  slightly  better  accuracy  for  a  fixed  tune  step  At 
when  compared  with  the  HHT  method,  but  the  performance  is  very  similar  overall  in  this 
example. 

Figure  IV. 1.6  depicts  the  evolution  of  the  same  displacement  error  norm  but  versus 
the  total  CPU  time  (in  s).  Confirming  the  results  obtained  before  for  a  single  time  step, 
we  observe  a  better  performance  of  the  HHT  scheme  for  large  time  steps  At.  We  note 
again  that  this  scheme  may  lead  to  dynamic  instabilities  (i.e.,  unbounded  energy  growth) 
in  general.  These  instabilities  have  been  observed  for  large  time  steps.  We  refer  to  the 
complete  analysis  presented  in  Part  I  for  this  scheme,  where  the  lack  of  momentum  con¬ 
servation  (for  any  step  size)  was  found  to  be  even  more  conserving  that  the  numerical 
instabilities  themselves.  The  newly  proposed  symmetric  nested  EDMC-2,  including  the 
nested  form  of  the  energy-momentum  scheme,  leads  to  a  better  performance  for  smaller 
time  steps,  improving  even  on  the  original  HHT  scheme. 

We  have  also  included  in  these  plots  the  results  obtained  with  the  original  unsymmetric 
implementation  of  the  energy-momentum  scheme  and  a  fully  coupled  implementation  of  the 
EDMC-2  based  on  its  consistent  linearization.  The  significant  improvement  in  performance 
gained  by  the  proposed  symmetric  nested  iterative  procedure  is  apparent,  which  makes 
us  conclude  its  appropriateness.  We  claim  then  that  the  significantly  improved  energy 
stability  and  momentum  conservation  properties  of  the  newly  proposed  methods,  including 
the  controlled  high-frequency  dissipation,  all  rigorously  proven  in  the  nonlinear  range,  come 
with  a  computational  cost  of  the  same  order  of  existing  methods. 
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APPENDIX  V 


An  ALE  Finite  Element  Method  for 
Finite  Strain  Plasticity  and 
Viscous  Fluids 


Based  on  the  paper: 

Armero,  F.  &  Love,  E.  [2000]  “An  Arbitrary  Eulerian-Lagrangian 
(ALE)  Finite  Element  Method  for  Finite  Strain  Elastoplasticity  and 
Viscous  Fluids,”  to  be  submitted  to  International  Journal  of  Numer¬ 
ical  Methods  in  Engineering. 
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V.l.  Introduction 

The  Arbitrary  Lagrangian-Eulerian(ALE)  formulation  of  continuum  mechanics  was 
intially  developed  to  circumvent  the  limitations  of  pure  Eulerian  and  pure  Lagrangian 
formulations.  In  particular,  the  fundamental  idea  is  to  allow  the  computational  mesh  to 
move  in  an  arbitrary  manner  independent  of  the  physical  material  motion.  By  using  this 
approach,  the  severe  mesh  distortion  of  a  pure  Lagrangian  formulation  or  the  complicated 
boundary  tracking  of  a  pure  Eulerian  formulation  can  be  avoided.  Two  review  papers 
which  discuss  the  general  notion  of  ALE  formulations  are  Benson  [1989]  and  Benson 
[1992], 

Within  the  context  of  fluid  mechanics,  the  ALE  approach  has  been  used  recently 
by  Venkatasubban  [1995].  Huerta  &:  Liu  [1988]  and  Chippada,  Ramaswamy  & 
Wheeler  [1994]  have  considered  fluid  mechanics  problems  with  free  surfaces.  Another 
important  area  of  research  is  fluid-structure  interaction.  The  reader  may  consult  No¬ 
mura  [1994]  and  Nomura  &  Hughes  [1992]  for  more  information.  The  ALE  formulation 
has  obvious  appeal  in  these  classes  of  problems.  However,  in  this  work  we  are  primarily 
interested  in  non-linear  solid  mechanics. 

A  considerable  amount  of  work  has  been  done  within  the  field  of  non-linear  solid  me¬ 
chanics.  Authors  have  considered  rolling  problems  (Hu  &  Liu  [1993],  Hu  &:  Liu  [1992]), 
metal  forming  and  plasticity  problems  (Ghosh  &:  Kikuchi  [1988],  Ghosh  &  Kikuchi 
[1991])  and  contact  problems  (Ghosh  [1992]).  An  important  area  of  research  is  the  numer¬ 
ical  simulation  of  localized  failure  in  solids  (Ghosh  &  Raju  [1996],  Pijaudiercabot  & 
Huerta  [1995]).  The  paper  of  Huerta  &  Casadei  [1994]  provides  a  good  general  review 
of  ALE  formulations  in  solid  mechanics. 

Other  researchers  have  considered  what  is  known  as  adaptive  remeshing.  In  this 
strategy,  an  entireb'  new  mesh  is  generated  for  the  problem  once  the  existing  mesh  is 
judged  unsuitable  The  new  mesh  is  entirely  unrelated  to  the  previous  mesh,  except 
of  course  for  preservation  of  the  boundary.  In  a  general  sense,  the  adaptive  remeshing 
approach  and  the  ALE  approach  may  be  considered  related.  Much  of  the  work  in  adaptive 
remeshing  can  be  found  in  the  papers  of  Camacho  h  Ortiz  [1997],  Lee  &  Bathe  [1994] 
and  Ortiz  &  Quigley  [1991]. 

We  propose  in  this  work  an  ALE  formulation  relevant  to  solid  mechanics.  In  particular, 
we  consider  the  numerical  simulation  of  finite  strain  elasticity  and  plasticity.  Unlike  much 
of  the  previous  ALE  performed,  the  approach  here  is  fully  implicit.  Rodriguez-Ferran, 
Casadei  &  Huerta  [1998]  have  recently  discussed  both  explicit  and  implicit  solution 
strategies  for  the  ALE  problem,  but  for  the  so-called  hypoelastic  models  of  elastoplasticity 
in  rate  form.  The  interest  in  this  work,  however,  lies  in  the  consideration  of  multiplicative 
models  of  plasticity,  rather  than  rate  models,  involving  a  hyperelastic  relation  in  particular. 

The  present  formulation  is  based  critically  on  the  work  of  Yamada  &;  Kikuchi  [1993]. 
In  that  paper,  the  authors  consider  an  implicit  ALE  finite  element  method  for  elasticity 
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problems.  The  general  basis  of  the  formulation  is  that  the  physical  particle  motion  is  a 
composition  of  two  mappings,  a  mesh  motion  and  a  material  remap.  The  authors  present 
only  a  fully  coupled  solution  strategy;  namely,  The  equilibrium  equations  couple  the  mesh 
motion  and  material  remap.  The  consideration  of  purely  elastic  models  in  the  quasi-static 
limit,  however,  simplifies  considerably  the  problem,  since  the  material  remap  do  not  imply 
the  advection  of  any  internal  variables  as  it  is  the  case  in  elastoplasticity,  the  focus  herein. 

We  develop  in  this  work  the  complete  treatment  of  multiplicative  finite  strain  elasto¬ 
plasticity  in  this  context  involving  a  direct  solution  of  the  material  map.  In  particular,  the 
direct  use  and  interpolation  of  this  mapping,  in  contrast  with  alternative  ALE  approaches 
for  finite  strain  elastoplasticity,  leads  to  a  considerable  simplification  of  the  advection  of 
internal  variables.  In  fact,  this  advection  can  be  accomplished  by  an  exact  simple  particle 
tracking,  without  the  need  of  complex  approximations  of  the  pure  advection  equation.  This 
particle  tracking  is  efficiently  accomplished  by  the  use  of  the  appropriate  description  of 
the  reference  mesh  through  its  connectivity  graph.  We  develop  these  ideas  in  the  context 
of  a  staggered  strategy  for  the  solution  of  the  equations.  A  Lagrangian  step  is  followed 
by  a  material  remap  calculation  followed  by  the  aforementioned  advection  based  on  this 
computed  material  remap.  The  proposed  procedure  shows  to  be,  in  particular,  a  very 
efficient  strategy  in  its  computational  cost.  Remarkably  all  these  developments  apply  to 
the  solution  of  contained  fluids  flows  as  a  particular  case  through  the  consideration  of  a 
rigid-viscoplastic  model.  In  fact,  this  approach  leads  to  novel  integration  algorithms  in 
Lagrangian  treatments  of  fluid  problems  in  this  context. 

An  outline  of  the  rest  of  the  paper  is  as  follows.  Section  V.2  summarizes  the  continuum 
equations  of  the  ALE  approach,  including  a  brief  description  of  multiplicative  plasticity 
in  Section  V.1.2  as  considered  in  this  work.  Section  V.3  describes  the  general  approach 
proposed  herein  for  the  solution  of  the  ALE  equations.  In  particular,  we  describe  the 
algorithms  considered  for  the  material  remap  based  on  a  measure  of  the  mesh  distortion. 
The  proposed  treatment  for  the  adve^oion  of  the  plastic  internal  variable  is  discussed 
in  Section  V.4.  Section  V.5  develops  the  application  of  the  previous  developments  to 
the  case  of  viscous  fluids.  We  present  in  Section  V.6  several  representative  simulations 
depicting  the  performance  of  the  proposed  approach.  Concluding  remarks  are  included  in 
Section  V.7.  Finally,  we  present  in  a  series  of  appendices  several  details  of  the  considered 
implementation.  More  specifically,  Appendix  V.2  summarizes  the  specific  constitutive 
models  considered  in  the  numerical  simulations  of  Section  V.6,  Appendix  V.3  presents  a 
summary  of  the  finite  element  equations. 


V.2.  Continuum  Equations  of  the  ALE  Formulation 

There  are  many  references  on  the  kinematics  and  dynamics  of  ALE  continuum  me¬ 
chanics.  The  equations  we  will  discuss  can  be  found  in  papers  such  as  Huerta  &:  Casadei 
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[1994],  Benson  [1989],  Yamada  k  Kikuchi  [1993]  and  Ghosh  k  Kikuchi  [1988].  Some 
other  possible  references  are  listed  alphabetically  in  the  bibliography  of  this  report. 


V.2.1.  ALE  kinematics 

Firstly,  assume  there  exists  a  fixed  reference  (computational)  domain  M  independent 
of  any  physical  motion  of  the  body.  There  also  exist  two  additional  domains  denoted 
by  170  and  17,  which  are  the  material  and  spatial  configure  tions  of  the  physical  body, 
respectively.  The  physical  particle  motion  is  given  by  the  one  parameter  family  of  dif- 
feomorphisms  tpt  :  170  — >  17.  The  subscript  t  represents  time.  Assume  there  exist  two 
additional  diffeomorphisms  Xt  ■  M.  — >  17o  and  ipt  :  M  — >  17  which  relate  the  material 
and  spatial  configurations  to  the  reference  domain.  By  this  construction,  tpt  =  ipt  °  Xt~l- 
Setting  Xt  —  id,  so  that  tpt  —  ipt,  is  known  as  the  Lagrangian  formulation  and  is  com¬ 
monly  used  in  solid  mechanics.  Setting  ipt  =  id,  so  that  ipt  —  Xt,  is  known  as  the  Eulerian 
formulation  and  is  commonly  used  in  fluid  mechanics.  We,  of  course,  are  interested  in  the 
case  when  neither  mapping  in  necessarily  the  identity.  Figure  (V.2.1)  is  a  helpful  visual 
representation  of  the  present  discussion. 

Define  the  tangent  maps  :=  Dipt  and  F%-  :=  Dxt ■  The  physical  deformation 
gradient  is  defined  by  F  :=  Dtpt  ■  By  application  of  the  chain  rule,  we  have  the  important 
relationship  F  =  If  one  assumes  fixed  cartesian  coordinate  systems  for  each  of 

the  three  domains,  further  developments  can  be  simplified.  Let  points  in  M.  be  denoted 
by  their  position  vector  m.  Let  points  in  17q  be  denoted  by  position  vector  X.  Let  points 
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in  Q  be  denoted  by  position  vector  x.  Given  this,  it  is  possible  to  then  write 


£ 

II 

Sp  CD 

(V.2.1) 

dx 

Fv  = 

*  dm 

(V.2.2) 

dx 

F  = 

dX 

(V.2.3) 

Define  the  Jacobians  J  det(F),  J ^  :=  det(F^)  and  :=  det(i^).  Next,  noting  that 
ine  may  view  x  as  a  function  of  X  and  t,  define  the  physical  particle  velocity  as 


v  := 


dx(X,  t) 
dt 


dx 

dt 


X 


(V.2.4) 


where  the  introduced  notation  means  the  derivative  of  the  position  x  with  respect  to  time 
t  while  holding  the  position  X  fixed.  This  notation  is  often  used  in  the  literature  and  we 
shall  adopt  it  henceforth  here.  Of  course,  x  may  also  be  viewed  as  a  function  of  m  and 
time  t.  Define  the  mesh  velocity  as 


Vm  •  — 


dx(m ,  t ) 
dt 


dx 

dt 


m 


(V.2.5) 


where  again  use  is  made  of  the  newly  introduced  notation  for  the  derivative  of  the  position 
x  with  respect  to  time  t  while  holding  the  position  m  fixed. 


V.2.2.  Material  derivative 

It  is  now  possible  to  develop  useful  expressions  for  what  is  commonly  referred  to  as 
the  material  derivative.  For  notational  convenience,  define 


GRADm[-] 


m 

dm 


(V.2.6) 


and 


GRADjf  [•]  :=  fh 
g^y-l  := 


Let  /  be  a  smooth  scalar  valued  function  defined  on  f20.  We  may  write 


(V.2.7) 

(V.2.8) 


(V.2.9) 


f{X,  t)  =  f(m(X ,  t),t)  =  f(m,  t). 


The  material  derivative  of  f,  /,  is  defined  as  the  derivative 


df(X,t)  df 


(V.2.10) 


Using  the  chain  rule,  write 


+  GRADmf/j 


-  dm(X,t) 


(V.2.11) 


For  convenience,  the  tilde  notation  is  dropped  and  the  above  simply  written,  consistent 
with  the  new  notation, 


f=U  +GRADm|/].^ 


(V.2.12) 


Using  the  above  results  alternative  expressions  can  be  developed  for  the  material  velocity 
v.  We  may  write 

Qyh 

v  =  vm  +  F1p  .  (V.2.13) 


which  results  in 


dm  „  _i, 

-gf  =F^, 


Making  a  substitution  into  (V.2.12)  yields 


(V.2.14) 


+  GRAD m [/]  •  l{v  —  vm). 


(V.2.15) 


Noting  that,  by  simple  use  of  the  chain  rule, 


(GRADml/DFy,-1  =  gradx[/l 


(V.2.16) 


equation  (V.2.15)  becomes 


—  +gradx[/]-(»-t>m). 

Ui  m 


(V.2.17) 


This  is  the  classical  relationship  between  the  material  time  derivative,  the  referential  time 
derivative  and  the  spatial  derivative.  It  will  prove  useful  in  the  development  of  the  ALE 
balance  laws. 
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Finally,  consider  the  material  derivative  of  the  material  position  vector  X.  This 
produces  the  equation 


X  =  0  =  ^  +  GRADm[X]  ^  . 

dt  m  dt  X 


(V.2.18) 


Noting  Equation  (V.2.2)  the  above  may  be  rearranged.  This  produces  the  desired  results 


dm  _x  dX 

~dt  x  ~  ~FX 


(V.2.19) 


i  _  df  r*i  P  -1  dX 


-GRAD  m[f]‘Fx 


(V.2.20) 


This  equation  will  prove  useful  in  subsequent  developments  involving  implementation  of 
plasticity  within  an  ALE  context. 


V.2.3.  The  balance  laws 

i.  Conservation  of  mass.  The  Eulerian  form  of  conservation  of  mass  may  be  written 

p  +  pdivx[v]  =  0  (V.2.21) 

where  p  is  the  mass  density  and  divx[-]  is  the  spatial  divergence  operator.  Using  the  result 
in  (V.2.17),  this  equation  can  be  rewritten  as 

^  +  gradx[/?]  •  (v  -  vm)  =  -pdivx[u]  ,  (V.2.22) 

at  m 

showing  explicitly  the  advection  of  the  spatial  density. 

ii.  Balance  of  linear  momentum.  The  Eulerian  form  of  balance  of  linear  momentum 
may  be  written 

pv  =  divx[cr]  +  pb  (V.2.23) 

where  er  is  the  Cauchy  stress  tensor  and  b  is  the  body  force  density.  Again,  using  the 
relationship  for  material  derivatives,  we  can  rewrite  the  equation  (V.2.23)  as 

+  p(gradx[u])(u  -  vm)  =  divx[<r]  +  pb  .  (V.2.24) 

m 
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Some  of  the  simulations  presented  in  this  paper  consider  the  quasi-static  approximation 
defined  by  the  simpler  equation 

divx[cr]  +  pb  =  0  ,  (V.2.25) 

avoiding  the  need  of  considering  the  advection  of  the  velocity  v  (or,  equivalently,  the  linear 
momentum  pv)  in  (V.2.24). 

Remark  V.2.1  There  exist  equivalent  alternative  equations  for  the  above  balance  laws. 
The  laws  can  be  written  with  respect  to  the  reference  domain  and  can  also  be  expressed  in 
what  is  known  as  conservation  form.  It  will  not  be  necessary  to  discuss  these  alternative 
representations  for  the  quasi-static  problems  considered  herein.  The  reader  may  consult, 
for  example,  Benson  [1989]  for  the  conservation  forms  of  the  equations.  A  more  detailed 
derivation  of  the  ALE  balance  laws  can  be  found  in  Ghosh  &  Kikuchi  [1988]  □ 


V.2.4.  Boundary  conditions 

Along  the  boundary  of  the  domain,  kinematical  and  dynamical  boundary  conditions 
must  be  defined.  Assume  the  boundary  df2  admits  the  decomposition  dQ  —  Tv  |J  Ft  where 
Fv  f~]  rt  =  0.  Additionally, 

v  —  v  on  Tv  (V.2.26) 

an  =  t  on  Tt  (V.2.27) 

where  v  are  prescribed  velocities,  t  are  prescribed  tractions  and  n  is  the  outward  unit 
normal  to  the  spatial  domain.  There  is  an  additional  boundary  condition  if  some  part  of 
the  boundary  is  a  material  surface.  The  appropriate  boundary  condition  is 

(v  -  vm)  n  —  0.  (V.2.28) 


It  will  of  some  benefit  to  derive  an  alternative  equivalent  form  for  this  boundary 
condition.  Let  Nx  denote  the  outward  unit  normal  to  the  boundary  of  the  material 
domain  Let  T  C  dft  be  an  open  subset  of  the  boundary  of  the  spatial  domain  and  let 
To  =  v3_1(T)  C  First,  we  note  from  equation  (V.2.13)  that 

Qyjl 

v-vm  =  F^  —  .  (V.2.29) 

-X” 


Using  equation  (V.2.19),  this  may  be  rewritten  as 


=  -ml 


(V.2.30) 
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Now,  we  may  write 


=  J  (v  -  vm) 

=  -[  F™ 

Jr  dt 
Jr  dt  m 

Jr0  dt  m 

r  dX 

Jrn  dt  7 


•  n  dr 


■  n  dr 


FTndr 


ftjf~tnx  dr0 


r0  dt  m 


JNxdr0 


(V.2.31) 


where  the  well  known  transformation  (Nansen’s  Formula)  for  deforming  area  elements  has 
been  used.  Since  the  above  must  hold  for  all  open  r  and  thus  for  all  open  Jo?  it  must  be 
that 

^  -JNX  =  0  (V.2.32) 

dt  m 

pointwise.  Since  J  >  0  this  reduces  to 


Nx  =  0 


(V.2.33) 


This  form  will  prove  more  useful  for  future  numerical  implementation. 


V.2.5.  Weak  formulation 

Let  77  be  a  kinematically  admissible  virtual  displacement  field  defined  on  In  the 
present  context,  every  choice  of  r\  can  be  characterized  by 


77  =  Si/j  o  x' 


(V.2.34) 


where  8ip  is  a  kinematically  admissible  virtual  displacement  field  defined  on  M.  Let  9 
and  p  represent  kinematic  volume  and  stress  resultant  pressure  variables,  respectively. 
Additionally,  let  89  and  8p  be  admissible  variations  of  9  and  p,  respectively.  Solving  the 
equilibrium  equation,  along  with  compatibility  equations  for  9  and  constitutive  equations 
for  p,  is  weakly  equivalent  to  the  following  set  of  equations: 


/  gradxfa]  :  [hevT  +  pJ  1]  dfi 0  =  PexM 

J 


(V.2.35) 
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d£2  o  —  0 


(V.2.36) 


(V.2.37) 


ldev  is  the  rank  four  deviatoric  projection  tensor  defined  by  :=  t  —  Atrace(t)l  for 
any  rank  two  tensor  t,  not  necessarily  symmetric,  r  is  the  Kirchhoff  stress,  computed  as 
a  function  of 


F(u^,ux,9) 


..g_j 


(V.2.38) 


Pext  represents  external  loading. 


Remark  V.2.2  Within  the  context  of  finite  strain  elasticity,  the  above  equations  can 
be  viewed  as  the  variation  of  an  energy  functional.  Assume  that  the  external  loading  on 
the  body  may  be  characterized  by  a  potential  function  next.  Let  W(F )  be  the  isothermal 
free  energy  function  defining  the  elastic  response  of  the  material.  Proceeding,  define  the 
potential  energy  for  the  problem  as 


n(U7p,ux,e,P)  =  [w(F)+p(j-d)]df20  +  next.  (v.2.39) 


This  three  field  expression  can  be  found  in  SiMO,  Taylor  &  Pister  [1985],  and  has  been 
discussed  more  recently  in  SiMO  &  Taylor  [1991].  A  computation  of  the  first  variation 
of  the  above  generates  the  system  of  three  equations  stated  above.  □ 


V.2.6.  Multiplicative  plasticity 

The  goal  here  is  to  introduce  a  formulation  for  isotropic  plasticity  at  finite  strains 
within  a  three-dimensional  context.  The  discussion  follows  very  closely  the  presentations 
in  SiMO  &  Miehe  [1992]  and  SiMO  [1992].  Also,  many  of  the  standard  and  well  known 
results  concerning  isotropic  tensors  and  isotropic  tensor  functions  can  be  found  in  the 
appendix  of  Gurtin  [1981]. 

Let  £  be  the  isothermal  elastic  domain,  defined  in  the  spatial  configuration  of  the 
body  as 

£  ■-  {(r, q)e  R7  :  <f>{r, q)  <  0}  (V.2.40) 

where  r  is  the  Kirchhoff  stress  and  q  is  a  scalar  stress-like  isotropic  hardening  variable.  The 
scalar  valued  function  <j>,  assumed  convex,  is  commonly  referred  to  as  the  yield  function. 
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The  principle  of  invariance  under  superposed  rigid  body  motion  restricts  (f>  to  be  a  isotropic 
function  of  r.  Invariance  requires  that 

^(QrQ:r,5)  =  «r,?)  VQ  6  SO(3).  (V.2.41) 


We  decompose  the  deformation  gradient  into  elastic  and  plastic  parts  via  the  multi¬ 
plicative  split  F  —  FeFp.  For  subsequent  developments,  define  two  strain  measures 


Gp  := 

T  l 

JTP  JTP 

(V.2.42) 

and 

be  := 

■-  FeFe 

(V.2.43) 

The  relationship 

be  =  FGpFt 

will  prove  useful  for  later  developments.  Set 

(V.2.44) 

Jp  :=  det[Fp]  =  (det[Gp])1/2 

(V.2.45) 

and 

Je  :=  det[Fe]  =  (det[6e])1/2 

so  that  J  =  JeJp.  Finally,  time  differentiation  of  (V.2.44)  gives 

(V.2.46) 

be  =  lbe  +  be\T  +  £vbe 

(V.2.47) 

where  1  :=  FF  1  is  the  spatial  velocity  gradient  and  £ybe  :=  FGPFT  is  called  the  Lie 
Derivative  of  the  elastic  left  Cauchy-Green  tensor  be. 

Additionally,  and  consistent  with  the  assumption  of  isotropy,  we  assume  the  existence 
of  an  isothermal  free  energy  function  W(be,£),  where  £  is  a  scalar  strain-like  isotropic 
hardening  variable.  The  function  W  is  often  referred  to  as  the  strain  energy  density 
function.  This  function  must  also  satisfy  the  invariance  requirement 

W{QbeQT,0  =  W(be,0  VQ  e  SO(3).  (V.2.48) 


The  equations  for  this  general  plasticity  model  take  the  form  : 
1.  Hyperelastic  response  defined  by  free  energy  function 


r 


dW 
2  dbe 


be  . 


(V.2.49) 
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2.  Associative  Evolution  Equations  : 

~^£vbe:=^be  Gp  —  — 2A  ~  F^j  Gp  ,  (V.2.50) 

*  =  *§•  (v-2-51) 

3.  Kuhn- Tucker  Conditions 

A>0  (f>(r,q)<0  A<^>(r,  g)  =  0,  (V.2.52) 

where  A  is  the  consistency  parameter. 

The  previous  flow  equations  have  an  alternative  form  within  the  ALE  context.  Using 
equation  (V. 2. 20), the  flow  rule  for  Gp  may  be  rewritten  as 

(V.2.53) 

The  hardening  law  for  f  has  a  similar  form. 


Remark  V.2.3  An  important  property  to  note  concerning  the  flow  rule  is  that  for 
pressure  insensitive  yield  criterion,  the  plastic  volume  Jp  is  conserved.  This  is  shown 
simply  as  follows. 


Je jp  =  j-  Jpje 

=  Jtrace[d]  -  ^  JpJebe~'  :  be 

=  Jtrace[d]  -  \  jbe~l  :  (16e  +  6el  +  £vbe ) 

=  Jtrace[d]  —  Jtrace[d]  —  J~£vbe  :  be 

2 


be  :  be 


=  J A  trace 


=  0 


(V.2.54) 


assuming  that  the  normal  to  the  yield  surface  is  traceless.  This  will  be  the  case  for  the 
classical  von  Mises  yield  criterion  based  on  the  deviatoric  part  of  the  Kirchhoff  stress 
tenser.  This  also  implies  that  det[Gp]  =  0  and  thus  det[Gp]  =  1. 
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V.3.  A  Staggered  Approach  to  the  ALE  Problem 

We  develop  in  this  section  a  staggered  method  for  the  solution  of  the  ALE  equations, 
involving  a  separate  solution  of  the  material  and  spatial  deformation  mapping.  This  strat¬ 
egy  is  especially  convenient  for  the  treatment  of  the  advection  of  internal  variables  in  the 
context  of  elastoplasticity,  leading  to  computationally  atractive  methods.  Section  V.6  in¬ 
cludes  also  purely  elastic  numerical  examples  treated  with  a  fully  coupled  solution  of  the 
material  x  and  spatial  ip  deformation  mappings.  The  absence  of  any  advection  of  internal 
variables  simplifies  considerably  the  problem. 


V.3.1.  The  discrete  equations 

The  continuum  equations  summarized  in  the  previous  section  are  discretized  in  space 
and  time  using  standard  techniques  in  the  context  of  the  finite  element  method.  Appendix 
V.3  summarizes  the  mixed  finite  element  implementation  considered  in  this  work. 

The  temporal  discretization  considered  corresponds  to  the  standard  Newmark  formu¬ 
las,  in  terms  of  the  algorithmic  parameters  7  and  /?, 

Ma( X,  tn+l)  T  fint{&{X,tn+l)  =  fextn+ 1  1 

x(X,tn+ 1)  =  x(X,tn)  +  Atv(X,tn+i)  +  |  A t2  (2(3a(X ,tn+i)  +  (1  —  2fi)a(X  ,tn))  > 

v(X,  tn+ 1)  =  v{X,  tn)  +  At  (7 a(X,  tn+ 1)  +  (1  -  7 )a(X,tn))  ) 

(V.3.1) 

for  the  material  acceleration  a(X,t )  and  velocity  v(X,  t)  fields,  and  the  spatial  position 
x(X,  t)  =  ip(X ,  t).  The  nodal  internal  and  external  forces,  corresponding  to  the  two  terms 
in  the  right-hand  side  of  (V.2.23)  have  been  denoted  fint  and  fext,  respectively,  with  M 
referring  to  the  mass  matrix  of  the  assumed  finite  element  interpolation.  A  typical  time 
step  [tn,£n+i]  has  been  considered.  The  dependence  on  the  material  particle  X  has  been 
indicated  in  these  expressions  to  emphasize  its  constancy,  reflecting  their  nature  as  material 
time  derivatives.  Therefore,  the  different  fields  at  tn  and  tn+ 1  correspond  to  different  mesh 
points  in  the  ALE  context,  requiring  then  their  advection  as  the  following  sections. 


V.3. 2.  The  global  approach 

The  global  approach  can  be  easily  outlined  as  follows.  Assume  that  all  variables  are 
known  at  time  step  n.  This  includes  the  positions  Xn  and  xn,  the  mixed  fields  pn  and 
6n  and  the  internal  variables  and  £n.  The  solution  strategy  proceeds  in  the  following 
steps  : 

1.  Perform  a  chosen  number  of  pure  Lagrangian  steps.  Hold  u-%  fixed  and  solve  for  u 
p  and  6.  For  an  associative  flow  rule  model  of  plasticity,  such  as  the  one  considered 
herein,  the  tangent  matrix  for  this  step  is  symmetric. 
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2.  Perform  mesh  smoothing  and  advection  : 

2a.  Hold  u ^  fixed.  Choose  u %  to  minimize  mesh  distortion.  This  will  define  Xn+i- 
This  step  is  discussed  in  Section  (V.3.4). 

2b.  Having  defined  Xn+1,  advect  plastic  variables  to  define  the  new  trial  state,  and 
the  spatial  positions,  velocities  and  accelerations  appearing  in  (V.3.1)  for  the 
dynamic  case.  This  step  is  discussed  in  Section  (V.4). 

2c.  Hold  u%  fixed.  Having  determined  the  new  trial  state,  solve  for  u^,  p  and  9. 
This  is  an  equilibrium  correction  which  is  necessary  since  we  have  changed  u %■ 

3.  Return  to  Step  1. 

A  discussion  of  the  strategies  for  mesh  smoothing  and  plastic  variable  advection  is  presented 
next. 


Remarks  V.3.1. 

1.  The  above  approach  is  also  applicable  to  finite  strain  elasticity.  In  such  a  case,  simply 
omit  step  2(b)  above  for  the  plastic  variables. 

2.  It  may  not  be  necessary  to  perform  step  2c.  One  may  simply  skip  to  step  3  and  carry 

any  unbalanced  forces  on  to  the  next  load  step.  □ 


V.3.3.  Mesh  distortion  measures 

The  first  objective  is  to  measure  the  distortion  of  the  spatial  mesh.  To  this  puprpose, 
define 

fi,  ■■=  V1/3jV  <v-3-2) 

Let 

■=  and  cn>~plp<i>-  (v-3-3> 

Both  Oddy,  Goldak  &  Bibby  [1988]  and  Sarrate  [1996]  have  suggested  using 

WWfy)  :=  ||dev  b^f  =  1 1 dev  C^tf  =  dev  :  dev  (V.3.4) 

as  a  measure  of  mesh  distortion,  where  dev[-]  :=  [•]  —  l/3(trace[-])l.  Note  that  Wd  as 
defined  is  simply  an  example  of  a  properly  invariant  stored  energy  function.  In  fact,  one 
could  use  this  function  to  determine  the  stress  response  for  a  finitely  elastic  material. 

With  this  fact  in  mind,  any  properly  invariant  scalar  energy  function  can  be  used  to 
measure  mesh  distortion.  The  only  requirement  would  be  that  the  function  be  indepen¬ 
dent  of  volumetric  distortion.  Purely  volumetric  deformation  is  not  a  factor  in  element 
distortion.  Thus  the  requirement  on  the  function  Wd  is  that 

Wd( A)  =  Wd{ AA)  VA  >  0  VA  such  that  det(A)  >  0. 


(V.3.5) 
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Any  invariant  function  Wd  which  depends  only  on  is  an  admissible  choice. 

Remark  V.3.2  It  is  possible  to  choose,  for  example,  a  Neo-Hookean  or  Mooney-Rivlin 
response  function.  Another  possible  choice  is  a  logarithmic  stretch  model  of  elasticity  such 
as  the  one  used  in  our  J2  model  of  plasticity.  In  these  cases,  we  would  simply  set  the 
volumetric  energy  parameter  to  zero.  □ 


V.3.4.  Mesh  smoothing  (determination  of  x) 

We  discuss  in  this  section  the  implementation  of  step  2a  above.  This  involves  choosing 
ux  so  as  to  minimize  spatial  mesh  distortion  as  defined  by  a  scalar  energy  function  Wd- 
Assume  step  1  above  has  been  performed.  We  now  have  a  spatial  mesh  distortion  jF!^,  a 

material  remap  Fx  and  most  importantly  the  physical  deformation  F  :=  F^ Fx  ~ 1 .  Note 
that 

F 0  =  FFX.  (V.S.6) 

Now,  holding  F  fixed,  minimize 

nd(Fx)  :=  [  Wd(FFx)  dM.  (V.3.7) 

JM 


The  minimization  of  this  functional  requires  the  determination  of  ux . 
We  define 


_  .  .  dWd  T 
^  '  dF ^ 


F^FFX 


The  first  variation  (  weak  form  )  of  equation  (V.3.7)  is 


snd 


=  /  Ftt7l  :  gradx77  dM  =  0 
JM  ^ 


(V.3.8) 


(V.3.9) 


where  rj  is  a  kinematically  admissible  virtual  material  remap  displacement  field  defined  on 
M. 


V.4.  An  Advection  Method  Based  on  Particle  Tracking 

We  discuss  in  this  section  a  procedure  for  the  advection  of  the  internal  variables  due 
to  the  material  motion.  To  this  purpose,  we  first  rewrite  in  Section  V.4.1  the  problem  in 
the  classical  form  of  the  pure  advection  equation.  Section  V.4.2  summarizes  some  general 
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properties  of  this  equation  as  well  as  its  numerical  treatment  through  the  classical  method 
of  characteristics;  see  PlRONNEAU  [1989],  page  75,  for  details.  The  availability  of  the  actual 
material  mapping  in  our  case  of  interest  identifies  a  related  but  much  simpler  approach  to 
the  integration  of  the  advection  step.  These  ideas  are  developed  in  Section  V.4.3. 


V.4.1.  Plastic  variable  advection 

Consider  the  plastic  internal  varible  Gp.  Noting  equation  (V.2.53),  the  evolution 
equation  for  Gp  is 


dGp 

dt 


m 


8X 

-GRAD m 


=  — 2A 


m 


Gp 


(V.4.1) 


During  the  advection  step,  one  must  transport  Gp  by  solving  the  above  with  zero  right 
hand  side  (A  =  0).  More  precisely,  the  advection  equation  to  be  solved  is 


dGp 

dt 


m 


-  GRADm  [Gp]  •  P*'1 


dX 


=  0. 


(V.4.2) 


The  same  equation  is  used  to  determine  advected  values  of  £  and  any  other  internal  vari¬ 
ables.  Define 

(V.4.3) 
m 

With  this  notation,  equation  (V.4.2)  reads 

+  a  •  GRADm  [Gp]  =  0  ,  (V.4.4) 

m 

corresponding  to  the  pure  advection  equation.  We  discuss  next  a  general  treatment  of  this 
equation. 


dGp 

dt 


V.4.2.  The  pure  advection  equation 

The  considerations  in  the  previous  secion  led  to  the  consideration  of  the  equation 

~Mm,t)  +  a(m,t)  •  GRADm(l)(m,t)  —  0  (V.4.5) 

dt 

on  the  fixed  domain  M  during  the  plastic  variable  advection  step.  The  variable  (f)  may 
represent  the  components  of  the  plastic  strain  Gp,  for  example.  In  the  above,  t  is  time,  a 
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is  the  advection  velocity  and  GRADm,  is  the  standard  gradient  operator.  Let  X(t),  with 
r  a  scalar  time-like  variable,  be  the  solution  of 

4-X(r)  =  a(X(  t),t)  (V.4.6) 


subject  to  the  condition  X(t)  =  m.  Given  that  a  is  the  velocity  of  the  material  particles, 
X  is  the  trajectory  of  the  material  particle  that  passes  m  at  time  t.  Since  X  depends 
on  the  parameters  m  and  t,  we  denote  the  solution  by  X(m,t;r).  This  solution  is  often 
referred  to  as  the  “characteristic”  of  the  hyperbolic  equation  (V.4.5). 

The  important  result  of  the  above  can  be  obtained  by  application  of  the  chain  rule  : 


— cj)(  X(m,t;T),T  ) 


t—T 


=  +  a-GRADm^(wi,t). 

at 


(V.4.7) 


Then  equation  (V.4.5)  can  be  written 


(V.4.8) 

when  defined  on  the  domain  Qq  of  material  particles  X  as  defined  by  the  mapping  of 
equation  (V.4.6).  The  physical  interpretation  of  this  is  simple  :  4>  is  temporally  constant 
along  the  path  of  a  given  material  particle  X.  In  other  words,  is  transported  along 
the  “characteristics”  X  of  the  advection  equation.  If  it  is  possible  to  track  the  material 
particles  X,  this  will  lead  easily  to  determining  advected  values  of  (j). 

Remarks  V.i.x. 

1.  As  indicated  in  Section  V.3.1,  the  velocity  and  acceleration  fields  require  also  to  be 
advected  in  the  dynamic  case.  The  above  development  apply  to  these  cases  with 
(f>(-)  denoting  each  component  of  these  fields.  To  this  purpose,  the  nodal  values  are 
considered,  that  is,  m  refers  to  a  node  in  this  case,  with  the  corresponding  nodal 
values  of  these  fields  defining  their  conforming  interpolations. 

2.  Recall  that  X  is  actually  given  by  the  material  remap  x,  and  that  the  velocity  a  is 
actually  computed  from  X,  rather  than  converse  which  equation  (V.4.6)  implies.  In 
our  case,  a  is  defined  by  (V.4.3).  Nevertheless,  the  previous  arguments  are  still  valid. 

□ 


V.4.3.  Numerical  particle  tracking 
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One  approach  to  solving  equation  (V.4.5)  numerically  is  the  Euler  scheme 

4>(m,t  +  At)  =  </>(rh,t)  (V.4.9) 

where 

rh  :=  m  —  a(m,  t  -f  At) At.  (V.4.10) 

In  the  above,  t  denotes  time  as  before  and  At  is  the  numerical  time  step.  This  is  a  backward 
particle  tracking  technique.  Higher  order  accurate  approaches  are  also  available.  The 
above  technique  is  reviewed  on  pp. 84-90  of  PlRONNEAU  [1989].  This  method  is  obviously 
not  exact.  The  backward  tracked  particle  locations  m  are  only  approximate  unless  a  is 
spatially  and  temporarily  constant.  In  our  case,  this  approach  can  be  written  as 

m  =  m  +  F^1(m,l)  Au^  (V.4.11) 

where  Au^  is  the  displacement  increment  to  the  material  position  X  (see  Appendix  V.3.1). 

We  shall  not  use  the  Euler  scheme  just  presented.  We  are  already  tracking  particles 
exactly.  The  finite  element  displacement  field  u-%  is  exactly  the  motion  of  the  material 
particles  X  relative  to  the  fixed  mesh  coordinates  m.  Thus  the  chosen  advection  technique 
is  to  solve  for  rh  by  solving  the  material  particle  tracking  equation 

X(rh,t)  —  X(m,t  +  At)  (V.4.12) 


where  X  is  the  material  particle  locations  in  170.  This  equation  can  be  rewritten  (see 
Appendix  V.3.1) 


rh  +  u-^(rh,  t  +  At)  =  m  +  t). 


(V.4.13) 


Having  determined  m,  the  advected  scalar  field  may  be  computed  by 


fiadvectedi TYl)  —  ^unadvectediX^)  ■  (V.4.14) 

This  must  be  done  at  each  quadrature  point  m  of  the  mesh  after  the  smoothing  step  has 
determined  new  values  of  Au^. 

Equation  (V.4.13)  is  non-linear.  There  exist  at  least  two  possible  ways  to  solve  it.  The 
first  is  a  simple  fixed  point  iteration.  To  this  purpose,  equation  (V.4.13)  can  be  rearranged 
as 

rh  =  m  +  t)  —  u-^(rh,  t  +  At).  (V.4.15) 

The  above  equation  is  now  in  the  form  of  a  fixed  point  iteration  for  m.  Alternatively,  one 
can  use  Newton’s  method  to  solve  the  residual  equation 


r(rh)  :=  rh  +  u^(rh,  t  +  At)]  —  [m  +  u^(m,  t)]  =  0, 


(V.4.16) 
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FIGURE  V.4.1  Particle  tracking.  Computation  of  ifl 


a  rearrangement  again  of  (V.4.13).  In  this  case,  the  tangent  at  each  Newton  step  is  given 
by 


dr 

dm 


=  I 


+ 


du-^(m,  t  +  At) 
dm 


m=m 


F-^(m,  t  +  At). 


(V.4.17) 


In  principle,  the  convergence  of  the  fixed  point  iteration  is  only  linear.  The  convergence 
of  Newton’s  method  is  quadratic.  In  all  of  the  numerical  simulations,  Newton’s  method  is 
used.  No  problems  have  been  noticed  in  the  convergence  of  ihis  approach. 


V.4.4.  Additional  practical  considerations 

One  issue  is  how  to  determine  which  element  contains  the  new  point  m.  This  determi¬ 
nation  must  be  performed  at  every  Newton  step  until  convergence  is  achieved.  Given  that 
each  element  is  a  convex  set  (otherwise  negative  Jacobians  are  detected),  the  inside/outside 
check  is  not  difficult.  Simply  check  the  components  of  the  new  point  with  respect  to  a 
tangent/normal  coordinate  system  originating  at  the  midpoint  of  each  element  side.  The 
normal  component  must  be  negative  for  the  point  to  be  inside  the  element.  See  Figure 
V.4.2. 

The  issue  of  the  order  in  which  to  check  the  elements  is  more  important.  One  could 
simply  loop  over  all  the  elements  starting  from  element  one,  performing  the  inside/outside 
check  for  each  element.  This  “bucket  search”  is  clearly  inefficient.  The  most  probable 
situation  is  one  in  which  the  new  point  rh  is  inside  an  element  which  in  geometrically  close 
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•  Out 


FIGURE  V.4.2  Quadrilateral  finite  element  as  a  convex  set 


to  the  original  element  containing  the  quadrature  point  at  position  m.  With  this  in  mind, 
we  have  chosen  to  determine  the  order  for  checking  by  using  a  breadth  first  search  of  the 
element  connectivity  graph. 

A  third  issue  is  that  of  local  interpolation  for  the  plastic  internal  variables.  In  all 
probability,  the  new  point  rh  will  not  be  a  quadrature  point.  Thus  it  is  necessary  to 
interpolate  for  the  the  internal  variables  locally  at  the  element  level.  We  could  of  course 
project  the  quadrature  point  values  onto  a  continuous  interpolation  defined  by  the  natural 
coordinate  basis  functions  {1,  L2,  L1L2}  defined  on  the  parent  domain  [—1, 1]  x  [  -1, 1], 

A  discontinuous  interpolation  is  also  possible.  Note  that  in  each  of  the  subdomains  I  —  1 , 0]  x 
[—1,0],  [0,1]  x  [—1,0],  [0,1]  x  [0,1]  and  [—1,0]  x  [0,1]  there  is  one  quadrature  point.  See 
figure  (V.4.3).  Define  the  interpolation  as  constant  over  each  of  these  subdomains,  equal 
to  the  value  at  the  quadrature  point  which  the  domain  contains.  Since  the  interpolation 
is  locally  constant  the  constraint  det  Gp  =  1  will  be  preserved. 

Having  defined  an  interpolation  in  terms  on  the  natural  coordinates  of  the  element,  we 
need  to  determine  the  natural  coordinates  of  the  point  whose  mesh  coordinates  are  rh.  Let 
m(Li,  L2)  represent  the  mapping  from  the  domain  [—1, 1]  x  [—1, 1]  to  the  physical  domain 
of  the  element  in  question.  The  following  problem  needs  to  be  solved  :  find  ( Li,!^ )  such 
that  rh(Li,L2)  =  rh.  If  the  element  is  a  parallelogram,  this  problem  will  be  linear.  In 
general  it  is  non-linear.  It  can  be  solved  using  Newton’s  Method,  a  standard  approach 
for  non-linear  problems.  A  reasonable  initial  guess  for  (Li,!^)  is  (0,0).  Lee  &  Bathe 
[1994]  have  used  Newton’s  method  to  solve  this  same  problem,  referring  to  it  as  the  inverse 
isoparametric  mapping  technique. 
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FIGURE  V.4.3  Local  Interpolation  on  Quadrilateral  Element 


Remark  V.4.2  In  the  absence  of  advection,  i.e.  —  0,  this  approach  is  exact  at  the 

quadrature  points.  Q 


V.5.  Applications  to  Viscous  Fluids 

The  previous  developments  extend  easily  to  the  ALE  treatment  of  viscous  fluids. 
Classical  Newtonian  and  non-Newtonian  fluid  models  can  be  obtained  as  a  particular  form 
of  a  viscoplastic  regularization  of  the  elastoplastic  models  discussed  in  Section  V.2.6.  This 
is  summarized  in  Section  V.5.1  below.  The  ALE  treatment  of  the  resulting  equations  lead 
to  the  new  integration  algorithms  presented  in  Section  V.5.2 


V.5.1.  Rigid-viscoplastic  laws 

The  yield  condition  (V. 2. 52)2  defines  a  constraint  on  the  stresses  r  and  hardening 
variables  q,  leading  to  a  constrained  set  of  equations.  This  constrained  character  can  be 
eliminated  through  a  penalty  regularization  by  which  the  Kuhn-Tucker  loading  unloading 
conditions  (V.2.52)  are  replaced  by  the  equation 
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for  the  viscosity  parameter  77  >  0  and  the  viscosity  function  g(x)  (monotonically  increasing, 
with  g(x )  =  0  for  x  <  0).  The  equation  (V.5.1),  usually  known  as  the  Perzyna  viscoplastic 
regularization  (see  Simo  &  Hughes  [1998]),  defines  a  direct  relation  between  the  rate  of 
plastic  strain  (measured  by  the  consistency  parameter  A)  and  the  stress  state  (measured 
by  the  stress  function  </»(r,g)).  The  constrained  case  defined  by  the  relations  (V.2.52)  is 
recovered  in  the  inviscid  limit  77  — >-  0. 

A  common  example  of  yield  function  0(r,  q)  is  provided  by  the  von  Mises  yield  function 

<t>(r,  q )  =  ||  dev  r||  -  ^/|  q(0  ,  (V.5.2) 

for  the  deviatoric  part  dev(r)  of  the  Kirchhoff  stresses  and  the  hardening  law  <?(£)>  <?( 0)  = 
cr0  the  initial  yield  limit.  See  (II. 7)  in  Appendix  V.2  for  a  particular  example.  Hence, 
the  value  of  o0  =  0  corresponds  to  a  material  that  yields  initially  for  any  level  of  stress. 
For  the  case  of  no  hardening  q  =  0,  the  material  always  yields  upon  following  the  viscous 
relation  (V.5.1)  as  in  the  case  of  a  fluid.  In  this  situation,  and  assuming  an  incompressible 
response  (i.e.,  J  =  Je  =  1),  no  elastic  strains  appear,  so 

Fe  =  1  ,  be  =  1  =»  Fp  =  F  ,  Cp  =  C  ,  (V.5.3) 


characterizing  a  rigid-viscoplastic  material  or,  in  other  words,  a  viscous  fluids. 

General  non-Newtonian  laws  are  ecompassed  in  the  general  relation  (V.5.1).  A  clas¬ 
sical  Newotian  fluid  is  recovered,  in  particular,  by  the  linear  viscoplastic  relation 

A  =  —  =  — 1|  dev  r  ||  ,  (V.5.4) 

77  77 


in  combination  with  the  Mises  yield  function  (V.5.2).  Noting  the  relation 


dcj)  _  devr 
dr  ||  devr ||  ’ 


(V.5.5) 


for  this  case,  the  flow  rule  (V.2. 50)  reads 

g» = -c-’cc-1  =  _2ii^jij.  ^vr  F.1{rl 

77  ||  devr | 


d  —  -  dev  r  , 
V 


or,  equivalently, 


(V.5.6) 
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after  using  the  relation  C  =  2 FTdF  for  the  strain  rate  tensor  d  =  sym(gradxv).  We 
recover  then  the  constitutive  relation 

o-  =  r  =  -pi  +  t?  sym(gradxv)  ,  (V.5.7) 

of  an  incompressible  Newtonian  fluid  for  the  Caucly  stresses  cr  —  r/  J  and  the  pressure 
field  p  imposing  the  incompressibility  constraint  J  —  1. 


V.5.2.  Integration  algorithm 

The  developments  in  the  previous  section  corresponds  to  a  Lagrangian  formulation  of 
an  incompressible  Newtonian  fluid,  identifying  it  as  a  particular  case  of  a  rigid- viscoplastic 
model.  The  general  return  mapping  algorithms  considered  in  the  Lagrangian  step  applies 
to  this  case.  In  particular,  the  consideration  of  the  exponential  mapping  to  equation 
(V.2.50)  reads 


G p  ,  for  AA  =  AA t  ,  (V.5.8) 

71+1 

in  a  typical  plastic  step  [fn+1,fn]  with  At  =  tn+i  —  tn.  As  it  is  common  practice,  a 
plastic  step  is  detected  by  the  trial  condition  <j>(rtrial ,  qn)  >  0  for  the  trial  stresses  rtrtaI  = 
r(Fn+i,  (?£)  (that  is,  by  the  current  strain  at  fixed  plastic  internal  variables). 

For  the  particular  case  of  the  viscous  incompressible  fluid  considered  in  the  previous 
section,  the  discrete  equation  (V.5.8)  simplifies  after  some  algebraic  manipulations  (using 
A  =  <f>n+i/v)  to 

dev  7n+i  =  log  [ffT]  ,  (V.5.9) 

for  the  incremental  deformation  gradient 

f  :=  F„+1F, '-1  ,  (V.5.10) 

between  the  total  deformation  gradients  at  tn  and  fn+i-  Note  that  in  this  case  no  trial  state 
is  required  since  a  viscoplastic  always  occurs.  The  integration  formula  (V.5.9)  defines  a  new 
objective  integration  of  Newtonian  fluids  in  the  Lagragian  setting.  It  has  the  important 
property  that  the  right-hand-side  is  strictly  deviatoric  (note  that  det  /  =  1). 

We  consider  in  our  numerical  implementation  a  penalty  regularization  of  the  incom¬ 
pressibility  constraint  (e.g.  p  =  ju'(J)  for  a  general  volumetric  function  U(J ))  with  an 
Augmented  Lagrangian  treatment  to  impose  exactly  this  constraint,  if  desired.  All  the 
developments  presented  in  the  previous  sections  in  the  formulation  of  the  proposed  ALE 
technique  apply  to  this  case.  Section  V.5.4  illustrates  the  improvement  obtained  with  its 


Gpn+ 1  =  exp 


-2AXF~l^F 

OT 
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FIGURE  V.6.1  Impact  of  a  circular  bar.  Reference  mesh.  Only  half 
of  the  specimen  is  discretized  with  7  x  32  Q1/P0  mixed  finite  elements, 
with  axisymmetric  conditions. 


consideration  in  contrast  of  a  pure  Lagrangian  formulation  given  the  large  finite  strains 
observed  in  this  type  of  fluid  problems. 


V.6.  Representative  Numerical  Simulations 

We  present  in  this  section  two  representative  numerical  simulations  in  finite  strain 
elastoplasticity  and  the  sloshing  of  a  viscous  fluids.  The  staggered  ALE  technique  just 
discussed  is  employed.  All  the  simulations  use  the  well  known  Q1/P0  four  node  quadrilat¬ 
eral  element  (bilinear  displacements  and  constant  mixed  variables;  see  Brezzi  &:  Fortin 
[1990]). 


V.6.1.  Impact  of  a  circular  bar 

We  consider  in  this  section  the  dynamic  impact  of  a  circular  bar  on  a  rigid  frictionless 
wall.  This  is  a  commonly  simulated  test  problem  in  the  finite  element  literature  and  a 
standard  benchmark  problem  for  transient  dynamic  computer  codes.  The  problem  was 
originally  studied  both  theoretically  and  experimentally  by  Taylor  [1948],  where  a  cor¬ 
relation  was  obtained  between  the  initial  velocity  of  the  bar  and  its  final  length.  This 
relationship  depends  critically  upon  the  yield  stress  of  the  bar,  leading  to  a  useful  method 
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TABLE  V.6.1  Impact  of  a  circular  bar.  Assumed  material  properties 
for  Copper  OFHC. 


Bulk  Modulus 

K 

130.000 

GPa 

Shear  Modulus 

P 

43.333 

GPa 

Flow  Stress 

Vo 

0.12 

GPa 

Saturation  Hardening 

Voo 

0.62 

GPa 

Hardening  Exponent 

5 

3.01 

Density 

Po 

8930. 

kg/m3 

TABLE  V.6.2  Impact  of  a  circular  bar.  Assumed  material  properties 
for  Aluminum  6061-T6. 


Bulk  Modulus 

K 

58.33333 

GPa 

Shear  Modulus 

P 

26.92308 

GPa 

Flow  Stress 

Vo 

0.30 

GPa 

Saturation  Hardening 

Voo 

0.42 

GPa 

Hardening  Exponent 

s 

28.60 

Density 

Po 

2700. 

kg/m3 

to  determine  experimentally  the  yield  limit  of  the  material  under  high  strain-rate  condi¬ 
tions.  Wilkins  &  Guinan  [1973]  extended  this  original  work  with  further  experiments 
and  numerical  simulations.  In  particular,  they  developed  the  improved  relation 


Po^o  _  ,  Ip  —  h 
2awg  °S  If  -  h  ’ 


(V.6.1) 


where  vp  is  the  initial  velocity,  Ip  is  the  initial  length  and  If  is  the  final  leng(,n.  The 
parameter  h  is  the  mean  position  of  the  plastic  front,  which  is  assumed  to  be  approximately 
h  ~  0. 1 2Z0 ,  independent  of  the  material  properties.  Finally,  awg  is  the  yield  limit  of  the 
material  under  high  strain-rate  conditions.  This  stress  parameter  is  correlated  to  fit  the 
experimental  and  numerical  work  in  Wilkins  &  Guinan  [1973]. 

Based  on  the  experimental  results  reported  in  Wilkins  &  Guinan  [1973],  we  consider 
a  bar  of  length  lo  =  32.4  mm  and  a  circular  cross  section  of  radius  ro  =  3.2  mm.  Two 
materials  are  considered:  pure  copper  (Copper  OFHC)  and  a  structural  aluminum  alloy 
(Aluminum  6061-T6).  The  assumed  material  parameters  are  summarized  in  Tables  V.6.1 
and  V.6.2,  respectively.  The  contact  with  the  rigid  wall  is  assumed  frictionless  and  non- 
sticky,  that  is,  with  the  bar  free  to  rebound  from  the  wall.  The  reference  mesh  for  all  the 
simulations  is  shown  in  Figure  V.6.1. 

The  time  step  used  in  the  numerical  calculations  is  At  =  1.0  /as.  The  Newmark 
parameters  are  chosen  as  f3  =  0.5  and  7  =  1.0.  For  the  ALE  calculation,  the  material 
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remap  x  is  determined  using  the  Mooney-Rivlin  energy  function 


Wd(F)  =  \Cl{h  -  3)  +  §c2(J2  -  3)  ,  (V .6.2) 

in  (V.3.7)  for  the  two  principal  invariants  I\  and  I2  of  C  =  FT F.  The  value  c\jc2  =  3 
is  assumed.  The  determination  of  x  is  based  only  on  F22.  In  other  words,  the  smoother 
performs  calculations  based  on  the  assumption  that  F  is  of  the  form  F  :=  I  +  F2 2e2  ®E2. 
Other  components  are  not  considered.  This  is  the  same  methodology  used  for  the  necking 
problem  of  the  previous  section. 

The  initial  velocities  considered  in  the  numerical  simulations  are  vq  =  0.210  mm / fj,s 
for  the  Copper  OFHC,  and  vq  =  0.373  mm//is  for  the  Aluminum  6061-T6.  The  final 
deformed  meshes  obtained  in  fully  Lagrangian  simulations  are  shown  in  Figure  V.6.2  for 
both  the  Copper  OFHC  and  Aluminum  6061-T6  specimens.  Figure  V.6.3  depicts  the 
spatial  meshes  obtained  in  the  ALE  simulations.  We  note  that  these  deformed  meshes  do 
not  reflect  directly  the  deformation  of  the  material.  They  correspond  to  the  deformations 
from  the  material  mesh,  which  is  depicted  in  Figure  V.6.4  for  both  cases.  The  distortion  of 
the  mesh  in  the  original  Lagrangian  simulation  is  avoided  by  rezoning  the  material  domain. 
The  smaller  distortion  of  the  meshes  in  Figure  V.6.3  is  to  be  noted  when  compared  with 
the  Lagrangian  solutions  in  Figure  V.6.2. 

Figure  V.6.5  includes  a  picture  of  some  of  the  deformed  specimens  reported  by  Wilkins 
&  Guinan  [1973],  together  with  the  solutions  computed  in  this  work  depicting  the  dis¬ 
tribution  of  the  equivalent  plastic  strain  confirming  the  preceding  observations.  A  good 
agreement  is  observed  on  the  final  deformation  of  the  specimens.  It  is  interesting  to  note 
the  differences  in  the  results  between  the  aluminum  and  the  copper.  Note  that  the  con¬ 
tours  of  equivalent  plastic  strain  for  the  copper  bar  are  less  concentrated  in  the  impact 
region  than  in  the  aluminum  bar.  The  copper  strain  hardens  much  more  than  the  alu¬ 
minum,  and  thus  the  deformation  in  the  copper  bar  is  less  concentrated  and  more  diffuse. 
The  characteristic  bulging  of  the  specimen  is  to  be  noted.  The  aluminum  hardens  less 
and  over  a  smaller  range  of  strain  than  the  copper.  Under  these  impact  conditions,  the 
aluminum  behaves  essentially  as  a  elastic-perfectly  plastic  with  no  hardening  at  an  initial 
yield  stress  of  Upon  impact,  the  aluminum  hardens  and  reaches  this  limiting  value 
quickly.  On  the  other  hand,  the  copper  does  not  reach  the  limiting  value  of  cr0 0  so  quickly, 
and  thus  assuming  the  copper  to  be  elastic-perfectly  plastic  is  not  reasonable.  The  value 
of  crwg  is  chosen  less  than  a0 0  to  account  for  the  extensive  ductility  and  wide  range  of 
strain-hardening  the  copper  undergoes. 

Finally,  Figure  V.6.6  depicts  a  plot  of  the  scaling  law,  equation  (V.6.1),  the  computed 
ALE  solutions  for  the  copper  and  the  aluminum  bars,  and  the  reported  experimental 
results.  A  good  correlation  is  found,  validating  the  proposed  ALE  finite  element  methods. 
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FIGURE  V.6.2  Impact  of  a  circular  bar.  Lagrangian  solutions  for 
the  Copper  OFHC  and  Aluminum  6061-T6  bars. 
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FIGURE  V.6.3  Impact  of  a  circular  bar.  ALE  solutions  for  the  Cop¬ 
per  OFHC  and  Aluminum  6061-T6  bars.  The  spatial  mesh  is  shown. 
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FIGURE  V.6.4  Impact  of  a  circular  bar.  ALE  solutions  for  the 
Copper  OFHC  and  Aluminum  6061-T6  bars.  The  material  remap  is 

shown 
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Copper  QFHC 


EQUIVALENT  PLASTIC 
STRAIN 


2.00E-01 
4.B0E-01 
7.60E-01 
1.04E+0Q 
1.32E+00 
1 . 60E+00 


Aluminum  6061-T6 


EQUIVALENT  PLASTIC 
STRAIN 


2.00E-01 

4.80E-01 

7.60E-01 

1.04E+00 

1.32E+00 

1.60E+00 


FIGURE  V.6.5  Impact  of  a  circular  bar.  ALE  numerical  solutions  for 
the  Copper  OFHC  and  Aluminum  6061-T6  bars  showing  the  equivalent 
plastic  strain,  and  the  experimental  results  reported  by  WlLKINS  & 
GUINAN  [1973]. 


FIGURE  V.6.6  Impact  of  a  circular  bar.  Comparison  between  com¬ 
puted  results,  experiments  and  scaling  law. 
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FIGURE  V.6.7  Fluid  sloshing  problem  I.  Normalized  sloshing  dis¬ 
placement  of  viscous  fluid. 


V.6.2.  Sloshing  of  a  viscous  fluid 

We  evaluate  in  this  section  the  application  of  the  ALE  finite  element  method  developed 
in  this  work  in  the  solution  of  contained  flows  of  a  viscous  fluid  as  considered  in  Section 
V.5.  To  this  purpose,  we  consider  a  viscous  fluid  in  a  rectangular  container.  Frictionless 
conditions  with  perfect  stick  are  are  assumed  along  the  fluid-structure  interfaces  (i.e.,  the 
fluid  nodes  are  constrained  to  move  along  the  solid  walls).  The  length  L  of  the  container 
is  L  —  0.8,  and  the  initial  depth  D  of  the  fluid  is  D  —  0.3 

The  solid  container  is  assumed  rigid  and  subjected  [,o  a  ground  acceleration  in  the 
horizontal  direction.  Equivalently,  looking  at  the  system  from  a  reference  system  fixed 
at  the  solid  container,  we  apply  the  ground  acceleration  to  the  fluid  through  the  external 
force  term  in  (V.3.1).  We  consider  the  harmonic  ground  acceleration 

Ag(t)  =  agsin(wt)  ,  (V.6.3) 


for  a  =  0.120,  g  =  9.81,  u>  =  2k  f  anf  /  =  0.89.  The  viscous  fluid  is  characterized  by  a 
reference  density  pQ  =  1000,  viscosity  77  =  100  and  bulk  modulus  k  =  1.08  •  107  (for  the 
volumetric  response  function  U(J )  =  |k[(J2  —  l)/2  -  log  J]). 

We  consider  a  finite  element  discretization  of  the  fluid  domain  in  16  x  8  Q1/P0  quadri¬ 
lateral  elements.  Plane  strain  conditions  are  assumed.  The  Newmark  parameters  (3  =  0.5 
and  7  =  1,  including  then  a  high-frequency  dissipation,  are  considered  with  a  fixed  time 
step  of  At  =  0.01.  We  consider  both  fully  Lagrangian  and  ALE  numerical  simulations. 
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Lagrangian  simulation:  deformed  mesh 


ALE  simulation:  spatial  mesh 


ALE  simulation:  material  remap 


FIGURE  V.6.8  Fluid  sloshing  problem  I.  Deformed  meshes  for  the 
Lagrangian  and  A1E  simulations  at  time  t  =  5,  showing  the  spatial 
mesh  and  the  material  remap  for  the  latter. 
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Lagrangian  simulation: 


Min  =  O.OOE+OO 
Max  =  1.B0E+02 

2-58E+01 
5.15E+01 
7.73E+01 
1.03E+02 
1.29E+02 
1.55E+02 

Current  View 
Min  *  8.02E+00 
X  »  1.55E-01 
Y  x  3.63E-01 

Max  =  1.80E+02 
X  x  O.OOE+OO 
Yt  0.00E+00 


ALE  simulation: 


Min  *  O.OOE+OO 
Max  =  2.10E+02 

B3.00E+01 
6.00E+01 
9.00E+01 
1.20E+02 

1.80E+02 

Current  View 
Min  =  1.23E+01 
X  =  3.17E-01 
Y  =  7.67E-02 

Max  =  2.10E+02 
X  =  8.00E-01 
Y  =  2.21  E-01 


FIGURE  V.6.9  Fluid  sloshing  problem  I.  Mises  stress  contours  over 
the  deformed  (spatial)  meshes  for  the  Lagrangian  and  ALE  simulations 
at  time  t  =  5. 


FIGURE  V.6.10  Fluid  sloshing  problem  II.  Problem  definition  of  a 
top  covered  fluid  container. 


Time  t  =  1.0  Time  t  =  1.5 


Time  t  =  2.0 


Time  t  =  2.5 


Time  t  =  3.0 


Time  t  =  3.5 


Time  t  =  4.0 


Time  t  =  4.5 


Time  t  =  5.0  Time  t  =  5.5 

FIGURE  V.6.11  Fluid  sloshing  problem  II.  Lagrangian  simulation: 
deformed  mesh  at  different  times 


Time  t  =  0.0  Time  t  =  0.5 


Time  t  =  1.0 


Time  t  =  1.5 


Time  t  =  2.0 


Time  t  =  2.5 


Time  t  =  3.0 


Time  t  =  3.5 


Time  t  =  4.0 


Time  t  =  4.5 


Time  t  -  5.0  Time  t  =  5.5 

FIGURE  V.6.12  Fluid  sloshing  problem  II.  ALE  simulation:  de¬ 
formed  spatial  mesh  at  different  times 
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Time  t  =  1.0 


Time  t  =  1.5 


Time  t  =  2.0 


Time  t  =  2.5 


Time  t  =  3.0  Time  t  -  3.5 


Time  t  =  4.0  Time  t  =  4.5 


FIGURE  V.6.13  Fluid  sloshing  problem  II.  ALE  simulation:  material 
remap  at  different  times 
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The  latter  are  run  with  the  staggered  scheme  presented  in  Section  V.3.  In  particular, 
the  material  remap  x  is  determined  using  the  Mooney- Rivlin  energy  function  (V.6.2)  in 
(V.3.7)  for  the  full  deformation  gradient.  The  values  C1/C2  =  3  are  assumed  again.  The 
smoothing  is  performed  at  every  time  step.  The  top  surface  is  treated  fully  Lagragian 
(i.e.,  no  lateral  material  motion  is  allowed),  whereas  the  lateral  surface  only  the  normal 
component  of  the  material  remap  is  constrained  to  vanish. 

Figure  V.6.7  depicts  the  sloshing  displacement  of  the  upper  right  corner  of  the  fluid 
(coordinates  {L,D}),  normalized  by  the  depth  D,  versus  time  t.  We  can  observe  that 
the  Lagrangian  simulation  is  slightly  more  dissipative  than  the  ALE  simulation.  The 
deformed  mesh  in  the  Lagrangian  simulation  at  time  t  =  5  is  shown  in  Figure  V.6.8.  If 
the  computation  continues  the  finite  elements  at  the  lower  right  and  left  corners  start 
accumulating  too  much  distortion.  This  situation  is  avoided  by  the  ALE  method,  as 
shown  in  the  plot  of  the  spatial  mesh  for  this  case  in  Figure  V.6.8  as  well.  This  distortion 
is  avoided  by  the  smoothing  in  the  material  configuration,  as  shown  in  this  same  figure  by 
the  material  remap  x ■  The  contour  plots  of  the  Mises  stress  (i.e.  ||  devr||)  are  shown  in 
Figure  V.6.9  for  both  the  Lagrangian  and  the  ALE  simulations. 

To  illustrate  the  use  of  the  proposed  ALE  technique  in  the  analysis  of  fluid-structure 
interactions,  we  consider  the  same  problem  but  with  the  reservoir  covered  by  a  flexible 
solid  top;  see  Figure  V.6.10.  The  top  cover  has  a  thickness  of  0.01  and  is  assumed  elastic 
following  the  logarithmic  Hencky’s  law  with  a  bulk  modulus  of  5.0  x  104,  shear  modulus  of 
2.5  x  104  and  a  density  of  2.7  x  103.  The  contact  interface  between  the  fluid  and  the  solid 
top  is  assumed  frictionless.  It  is  resolved  numerical  through  a  Lagrangian  contact  scheme 
(see  AA). 

Figure  V.6.11  depicts  the  solution  obtained  in  a  pure  Lagrangian  simulation.  The 
cyclic  interaction  of  the  fluid  with  the  top  generates  flexural  waves  in  this  top  cover.  We 
can  observe  that  the  distortion  of  the  finite  elements  accumulate,  specially  at  the  bottom 
corners  again.  In  fact,  the  deformed  mesh  at  time  t  =  5.5  shows  elements  folding  at  these 
corners.  Figure  V.6.12  depicts  the  spatial  mesh  obtained  with  the  ALE  simulation.  A  much 
smoother  can  be  observed,  avoiding  the  extreme  distortions  in  the  Lagrangian  simulation. 
This  is  again  accomplished  by  the  consideration  of  the  material  remap  as  depicted  in  Figure 
V.6.13. 


V.7.  Concluding  Remarks 

We  have  presented  an  Arbitrary  Lagrangian-Eulerian  (ALE)  formulation  for  solid 
mechanics  which  may  be  used  for  the  finite  element  simulation  of  elasticity  and  plasticity 
problems.  The  proposed  method  involves  a  fully  implicit  formulation,  with  a  staggered 
treatment  of  the  advection  of  the  internal  variables.  In  particular,  the  direct  use  and 
interpolation  of  the  material  map  x  has  been  shown  to  lead  to  a  simplified  treatment 
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of  the  advection  part,  in  contrast  with  existing  procedures.  Numerical  simulations  have 
verified  the  validity  of  the  approach.  Current  work  includes  the  consideration  of  the  fully 
dynamic  problem 


Appendix  V.l.  Constitutive  Models 

We  summarize  in  this  appendix  the  specific  constitutive  models  used  in  the  numerical 
simulations  presented  in  Section  V.6.  For  all  the  elasticity  numerical  simulations,  we 
consider  the  classical  Mooney-Rivlin  model  for  rubber  elasticity,  modified  to  allow  for  non- 
isochoric  response.  Given  a  deformation  gradient  F,  define  F  :=  det(F)~*  F.  Let  C  := 
FtF.  In  the  actual  numerical  implementations,  we  evaluate  the  constitutive  response 
using  F  defined  in  equation  (V.2.38).  Then,  the  free  energy  function  W  is  given  by 

W(F)  :=  Cl  [h(C)  -  3]  +  c2  [I2(C)  -  3]  +kU(J)  ,  (V.1.1) 


where  1 1  and  I2  are  the  first  and  second  invariants  of  a  symmetric  rank  two  tensor,  respec¬ 
tively,  and  J  =  det(F).  Also,  U(-)  is  the  volumetric  response  function  and  cx  >  0,  c2  >  0 
and  k  >  0  are  fixed  material  parameters.  We  use  U(J)  :=  |(J2  -  1)  -  log(J).  This  is  a 
convex  function  of  the  argument  J. 

For  all  the  plasticity  numerical  simulations,  we  use  a  finite  strain  J2  flow  theory 
designed  to  mimic  the  classical  model  of  infinitesimal  elasto-plasticity.  It  is  the  same 
model  as  discussed  in  section  5  of  SiMO  [1992].  Define  {ef ,  ^  the  principal  values 

of  |log6e.  These  are  the  principal  logarithmic  elastic  stretches.  Next,  define 

(V.l. 2) 


Let 


a  := 


K+U 

K-b 

R-b 


K~y 

K+b 

K-b 


k- y 
K-b 
K+b 


where  K  >  0  and  fj,  >  0  are  two  material  constants.  Let 


/3  :=  aee 


(V.l. 3) 


(V.l. 4) 


be  the  principal  Kirchhoff  stresses  (  the  principal  values  of  r  ). 
The  model  of  plasticity  is  given  by 
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1.  Hyperelastic  resonse  defined  by  free  energy  function  : 


W(e)  := 


5 


(1.5) 


2.  von  Mises  yield  criterion  : 


<t>(r,q)  :=  ||dev/3| 


(1.6) 


3.  Saturation  Isotropic  Hardening  : 


q(0  :=  O'oo  +  (ffo  -  ^oo)exp(-^)  +  H£  , 


(1.7) 


where  a0,  a^,  5  and  H  are  prescribed  material  parameters. 

4.  Associative  Evolution  Equations  : 


1  _  ,e  d(f> 

-2£vb  :=r^b 


=  Gp  =  — 2A  (  jP-1 


dcj) 

dr 


F)Gp, 


(1.8) 


(  ■■=  \\[\  .  (1-9) 

with  d(j)/dT  =  dev  /3/|j/3|j  in  the  principal  directions. 

The  model  is  implemented  numerically  using  an  exponential  return  mapping  approach. 
The  readcx  may  consult  Cuitino  &  Ortiz  [1992]  and  SiMO  [1992]  for  more  detailed 
information. 


Appendix  V.2.  Numerical  Implementation  of  Three  Dimensional 
Elasticity 

The  discussion  in  this  section  focuses  on  the  finite  element  implementation  of  finite 
strain  elasticity  within  an  ALE  context.  The  discussion  is  very  similar  to  that  of  Yam  ADA 
&  Kikuchi  [1993].  In  this  paper,  the  authors  discuss  the  equations  within  a  two  field 
variational  context.  Here,  we  shall  discuss  a  three  field  approach  to  the  problem.  The 
discussion  here  assumes  a  fully  coupled  solution  strategy  to  the  elasticity  problem. 


V.2.1.  Preliminaries 
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Assume  there  exists  a  fixed  Cartesian  coordinate  system  for  our  problem  which  all 
three  domains  (  reference,  material,  spatial )  share.  In  such  a  case,  introduce  displacement 
fields  ux  and  u ^  such  that 

X  =  m  +  ux  (V.2.1) 

and 

x  =  m  +  u ^  (V. 2.2) 

where  m  is  the  reference  coordinate,  X  is  the  material  coordinate  and  x  is  the  spatial 
coordinate.  This  then  gives 


Fx  =  GRADm[X]  =  1  +  GRADm[ux]  (V.2.3) 


and 

=  GRADm[x]  =  1  +  GRADm[«^].  (V.2.4) 

The  fields  ux  and  shalll  be  discretized  using  standard  finite  element  interpolations. 

Let  A ux  be  an  arbitrary  increment  to  ux  and  let  A be  an  arbitrary  increment  to 
u^p .  For  future  use,  define 


AF  := 


+  aAuiP’UX  +  UX) 


a- 0 


(V.2.5) 


and 

Iau  :=  (A F)F~\ 

After  some  manipulations,  one  may  produce  the  result 

Iau  =  eradx[Aw^]  -  Fgradx[Aux] 


(V.2.6) 


(V.2.7) 


Assume  there  exists  an  isothermal  free  energy  function  W (F)  describing  the  consti¬ 
tutive  response  of  the  elastic  material.  Defining  r  as  the  Ivirchhoff  stress  tensor,  one  has 
the  well  known  result 


(V.2.8) 


This  constitutive  response  will  produce,  upon  time  differentiation,  a  rank  four  tensor  D(F) 
such  that  t  =  D1  where  1  :=  FF~  is  the  spatial  velocity  gradient. 


V.2.2.  Linearizations 

In  this  section  we  give  the  consistent  linearizations  of  the  three  weak  equations  (V.2.35) 
-  (V.2.37).  We  have  previously  defined  Au^  and  A ux.  Let  A6  and  A p  be  arbitrary 
increments  to  6  and  p,  respectively.  Note  that  the  volume  element  df20  is  not  constant  in 
this  case,  but  can  be  related  to  the  constant  reference  volume  element  by  dQ o  =  Jx  dM. 
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V.2.2.1.  Linear  Momentum 

The  linearization  of  the  linear  momentum  equation  yields  the  terms 

TANGENT  =  -  [  gradx[r7]  gradjAit^,]  :  [Idevr  +  pJ  1]  dfi 0 
Jn  o  ^ 

+  /  gradx[77]  :  [Ide„]D>Idei;  +  pJ  1  ®  1]  lAu  df20 

J  Q  o 

+  In  gradx^  :  (^Idev®1)  Addf2° 


+  /  gradx  [77]  :  JlApdf20 
J  i?o 

+  /  gradx[77]  :  [(Idevf  +pJ  1)  ®  FT]  gradx[Au^j  dQ0. 
J  Qq 


V.2.2.2.  Constitutive  Equation  for  Pressure 

The  linearization  of  the  constitutive  equation  for  p  yields  the  terms 


TANGENT  =  /  69 
'n0 


J 

Jn , 

/ 

Jn, 

J 

Jn, 


'302(r  :  1)+  902  0*1 : 


A  9dn0 


+  /  69 

'  n0 


1  -T 

—ldevlD>  1 


1  Au  d£2(\ 


T  :  1 

~w 


+  /  69 

'n0 

-j-  /  69 Ap  di?o- 
J  no 


~P 


Ft  :  gradx[Au^]  dfi0 


V.2.2.3.  Compatibility  Equation  for  Theta 

The  linearization  of  the  compatibility  equation  for  9  generates  the  terms 


TANGENT  =  f  6pJl  :  gradx[A u^dOo 
Jn0  v 

—  /  6p9FT  :  gradx[Au^-] 

J  fin 


f  6p  A9  dQ$. 
J  0 


(V.2.9) 


(V.2.10) 


(V.2.11) 


Remarks  V.2.1. 


1.  In  general,  the  system  tangent  matrix  is  unsymmetric. 

2.  The  pure  Lagrangian  formulation  is  easily  recovered  by  setting  u-%  0,  so  that  %  := 

id.  In  this  case,  F  —  F^.  Additionally,  all  terms  involving  gradx[A-u^]  in  the  tangent 
terms  are  to  be  neglected.  In  particular,  we  get  the  simplification  1a«  =  gradx[Aw^]. 
□ 


V.2.3.  Augmented  Lagrangian  modifications 

The  augmented  Lagrangian  technique  to  be  presented  here  is  reviewed  within  the 
purely  Lagrangian  finite  element  setting  in  SiMO  &:  Taylor  [1991].  We  wish  to  enforce 
the  constraint  of  incompressibility  upon  this  formulation  of  finite  strain  elasticity.  To  that 
end,  assume  that  the  free  energy  function  may  be  additively  decomposed  such  that 


W(F)  =  W  (det[F]-*F^  +  kU  (det[F]) 


(V.2.12) 


where  k  >  0  is  a  penalty  parameter,  W”  is  a  free  energy  function  based  on  the  isochoric 
component  of  F  and  U  is  a  scalar  convex  function  of  the  determinant  of  F.  If  W(F)  is 
evaluated,  the  result  is 

W(F)  =  IT(j-3F)  +kU(9).  (V.2.13) 

The  constraint  chosen  is  hiO)  :=  0  —  1  =  0.  Other  equivalent  forms  for  the  function  h  may 
be  chosen.  For  example,  h(8)  =  log(0)  is  also  a  suitable  choice.  The  requirements  for  h 
are  simply  that  h(  1)  =  0  and  that  h'(  1)  ^  0. 

Towards  enforcement  of  said  constraint,  add  the  following  term  to  the  potential  energy 
expression  17  : 

[  A Ah{8)df20,  (V.2.14) 

where  Ayi  is  the  augmented  Lagrangian  parameter.  Thus,  the  constitutive  equation  for 
pressure  becomes 

[  68  '^--p  +  \Ati(8)  dn 0  =  0  (V.2.15) 

Jn0  L 

This  produces  two  extra  tangent  terms,  which  are 


TANGENT  =  [  58  \AFT  :  gradx[Aux] 

J  f2o 

+  [  88h"{9)MdQQ. 

J  Qo 


(V.2.16) 


The  actual  implementation  of  the  augmented  Lagrangian  technique  involves  a  nested 
iteration  process.  First,  for  a  given  time  step,  an  initial  value  of  is  chosen.  One  usually 
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chooses  the  converged  value  from  the  previous  global  time  step.  Next,  the  above  equations 
are  solved  with  this  fixed  value  of  A .4.  After  convergence  is  achieved,  the  parameter  is 
updated  using  the  equation 

A^(i+1)  :=  AA(i)  +  k  h(9 W)  (V.2.17) 

where  the  equations  have  been  solved  at  augmented  Lagrangian  iteration  (i)  and  the 
analysis  is  to  advance  to  iteration  (i  +  1).  This  process  continues  until  the  constraint  is 
satisfied  to  some  chosen  numerical  tolerance.  The  convergence  rate  towards  the  constraint 
is  expected  to  be  linear.  Then,  we  may  advance  to  the  next  global  time  step. 
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